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"Jetzt, Mengenlehre”
(1937-1939)

THE EARLY HISTORY of set theory, from its founding by Cantor as
an outgrowth of his studies of trigonometric series to its axiomatization by
Zermelo in 1908, has been briefly sketched in chapter III. It will be recalled
that it was Cantor who first conjectured (and later attempted unsuccessfully
to prove) both that every uncountable set of real numbers can be put in
one-to-one correspondence with the set of all real numbers and that every
set can be well-ordered; Hilbert who first called those two problems to the
attention of the mathematical community, when he listed them together as
the first of the twentythree open problems that he posed to mathematicians
of the coming century; and Zermelo who succeeded in deriving the well-
ordering property from the Axiom of Choice, a principle whose fundamental
character he was the first to recognize.

A definitive history of the controversy that ensued thereafter, together
with a detailed examination of the complexly interwoven ramifications of the
Axiom of Choice and its numerous variants, has been given by Gregory H.
Moore [283]. His account is the basis for the discussion given in the next
few pages, which is devoted to a summary of the developments in set theory
during the years 1908-30 that are essential to a proper understanding of
Godel’s later contributions to the subject.

Zermelo’s first axiomatization for set theory appeared in his paper 1908b.
He was not the first, however, to suggest the need for such an axiomatization:
The Italian mathematician Cesare Burali-Forti had already done so in 1896,
well before the set-theoretic paradoxes came to the fore. Indeed, Burali-Forti
had proposed two possible candidates for axioms; but he had not given an
axiom system. Similarly, ”certain propositions which now seem similar to ...
Zermelo’s Axioms of Union and Separation” had also appeared in a letter
that Cantor sent to Dedekind in 1899; in that case, however ”there is no
evidence that Cantor regarded [them| as postulate [284]. Zermelo was thus
the first to propose an explicit axiomatization for set theory as such.

Zermelo’s axiomatization preceded by twenty years the precise delineation
of first-order logic (the framework in which his axioms are now usually re-
cast), so his system was not a formal one in the modern sense. Rather, his
seven axioms were augmented by a number of ”fundamental definitions,”



among them that ”Set theory is concerned with a domain ... of individuals

callfed] objects ... among which are the sets”! and that between some
of those objects ”certain fundamental relations of the form a € b” hold (in
which case b was understood to be a set and a an element of it). In addition
to the usual notion of subset Zermelo introduced the notion of definite prop-
erty: one for which, "by means of the axioms and the universally valid laws
of logic,” a determination ”whether it holds or not” could be made from ”the
fundamental relations of the domain” [285] (in effect, a property decidable
on the basis of those relations). The axioms themselves (lightly paraphrased
in modern notation) were the following:

I. (Axiom of Extensionality) If M and N are sets for which both
M C N and N C M (that is, every element of M is an element of N,
and vice-versa), then N = M. Sets are thus completely determined
by their elements.

II. (Axiom of Elementary Sets) There exists a set (the null set) that
contains no elements at all; if a is any object of the domain, there
exists a set {a} containing a as its only element; if @ and b are any
two objects of the domain, there exists a set {a,b} containing just a
and b as elements.

III. (Axiom of Separation) Whenever the propositional function F'(z)
is definite for all elements x of a set M, M possesses a subset whose
elements are those x in M for which F(z) is true.

IV. (Axiom of the Power Set) To every set M there corresponds
another set (its power set) whose elements are (all) the subsets of
M.

V. (Axiom of the Union) To every set M there corresponds a set (its
union) whose elements are (all) the elements of the elements of M.

VI. (Axiom of Choice) If M is a set whose elements are all sets, and if
those elements are all mutually disjoint and not null, then the union
of M includes at least one subset having one and only one element
in common with each element of M.

'In particular, Zermelo allowed the domain to contain objects that were not themselves
sets. Such urelements could occur as elements of sets, but beyond that the axioms said
nothing about them. Their ontological status was left entirely unspecified.
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VII. (Axiom of Infinity) There is at least one set in the domain
that contains the null set as an element and that contains {a} as an
element whenever it contains a itself as an element.

According to Moore, "Zermelo ... [gave] no explicit rationale for his
[particular] choice of axioms except that they yielded the main theorems
of Cantorinan set theory” [286]. He recognized that Cantor’s set theory —
in particular, Cantor’s conception of a set as "a collection, gathered into a
whole, of certain well-distinguished objects of our perception or ... thought”
— had been undermined by ”certain contradictions,” but he thought that
by restricting Cantor’s principles he could exclude the contradictions while
retaining everything of value. Zermelo admitted that he had "not yet ...
been able to prove rigorously” that his axioms were consistent, but he en-
deavored nonetheless to show how ”the antinomies discovered so far vanish
one and all if (my) principles ... are adopted”; in particular, he noted that
his Axiom of Separation did not allow sets to be ”independently defined” but
only to be "separated as subsets from sets already given,” and hence that
”contradictory notions such as 'the set of all sets’ or 'the set of all ordinal
numbers’ would be excluded. Likewise, he pointed out that the requirement
that the separating property be definite prevented antinomies such as that of
Richard from arising. With regard to the ”deeper problems” of consistency
and independence he expressed the hope that he had ”at least ... done some
useful spadework ... for subsequent investigations.”

In fact, it was to be many years before such questions were taken up.
Meanwhile, Zermelo’s attempt to secure the acceptance of his well-ordering
theorem by embedding the Axiom of Choice within a larger axiomatic frame-
work did little to silence his critics. Instead, his Axiom of Separation - and
especially the notion of ”definite property” that occurred within it - served
only to generate further controversy. Bertrand Russell and Philip Jourdain
were among those who criticized Zermelo’s axiomatization privately, while
Poincaré and Weyl did so publicly (the latter constructively, by making the
concept of "definite property” more precise). Outside Germany Zermelo’s
axiomatization found no acceptance whatever.

Among Zermelo’s compatriots, one of the few to embrace it was Abraham
Fraenkel. In 1919 Fraenkel published an introductory textbook on set theory
in which he adopted Zermelo’s system without qualification - apparently
unconcerned (or unaware) that although the Axiom of Separation prevented
the construction of Russell’s paradoxical set {z : x & x}, it did not rule out



sets that were self-members (nor, more generally, those that stood at the top
of an infinite descending €-sequence: ... € M,, € ... € My € My € M).

The Russian Dimitry Mirimanoff had pointed out that possibility two
years earlier. He had called such sets "extraordinary,” but he apparently
regarded their existence more as a curiosity than a defect. In 1922, however,
Fraenkel and, independently, Skolem, discovered a more serious flaw in Zer-
melo’s system: Its axioms did not permit the construction of certain sets of
mathematical interest (in particular, the set {N, p(N), p(p(N)),...}, where
© denotes the power-set operation).

To remedy that oversight Fraenkel, in his paper 1922a, proposed a new
axiom — that of Replacement, according to which, whenever each element
of a given set is replaced by an object of the domain, the entity so obtained
is also a set. At almost the same time Skolem, in his 1923b, formulated the
same principle more precisely, within the framework of what is now called
first-order logic. Specifically, by a ”definite” property Skolem understood
one defined by a first-order formula of the language of set theory (having
just € and = as relation symbols). Given such a formula A(z,y), with the
free variables x and y, Skolem’s axiom stated that if A were functional on a
given set M (so that for each x € M there was at most one y for which A(x, y)
was true), then the image of M under A (that is, {y : Jx(z € M AN A(z,y))})
was also a set?

Two other papers of Fraenkel dealt with issues involving urelements. In
1921 he proposed an Axiom of Restriction that would rule out such nonsets,
while in 1922b he made essential use of urelements in demonstrating the in-
dependence of the Axiom of Choice from the other axioms. Eventually the
advantages of doing without urelements were acknowledged, and Fraenkel’s
Axiom of Restriction became implicit in the underlying formalization: Any-
thing not mandated by the other axioms was presumed not to exist. As a
result, however, the independence of the Axiom of Choice re-emerged as an
open and much more difficult problem — one on which Gédel expended much
effort in the early 1940s, with only limited success.

2 Actually, in his 1917 paper Mirimanoff had anticipated both Fraenkel and Skolem, by
taking as axiomatic that any collection of ordinary sets that was in one-to-one correspon-
dence with a given set was itself an ordinary set; and though he had stated it as a fact
rather than an axiom, Cantor had made essentially the same assertion in another of his
letters to Dedekind.
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MWEDPHEE L 72D DTRIFNUIR SN, LWHIEFENS, Uy —ILDoX
TR ZRAD LS HEHEOWEE SN TED EIEML TV, EFE
PR D TEDBEOTENRE) 1B LTI, B2 ZOMRIcE->T
7 ed - BIHAMEDTDD - HRHTEDOBNAMEREE] 2L
722 HBoTWBIEMET L, LibRTWVW5.

ER, TOALOMENRE D DHITOoNZZITRIZDIE, TDEENL X
BIZEL DERRTHOE o, Yol XaBNIlONHERPHEELERIC
i, BERNEZ X SICRERAHERNRPHHICED 28Ik - T, D
BEIAREME BTN ZITANSGND X IICL LD WS D ZoikAK, L
L, fHoFEZ LSO i3 el kokholz. LA, HOTHENE
— Kz, 2ZTHUVLHRTVWS MEESNIME t v — 1%, BER
i OEBIT IR oTLE 72 VX a7 Bi N2 FAIC
HHL 72 N & DIRDPIIET v Y 2L K > (Philip Jourdain) 237223,
R AVLRTAMEIRIZZOREZHAI L (R LEEOHENE, Zo
MEEINHE) OWMEZ X DEELT S, CLOIERNERDIDTH- 72
D). RAYVOATIEY 2 A XaDRFIZED X5 BREKRIZBWTH £
ZTFANS NI o T,

Yzl XudFEANTIE, ZONEREZIIANTZED AL D— AN
IZ7 L ¥ L (Abraham Fraenkel) 23\/z. 7L ¥ vk, 1919 iz, %
BRMDOAMERZHRLTWAED, ZORTRIZAMOZEENZ FITY =L X
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DDERRZFRALTWS — DEENHR S vy EILDART Ry 7 ATOES
{r:x gz} OMRZHIET 2 LTH, ZHU, BOHBPERTHS LS
REG (BB, o —RINC, HR - FREFIOLTHICEDI»TWVWS XS
RES: e M,e...€ My € My € M) DIFEZBRA L BRVDIED, ZHIZ
DWVWTH, ZLEZUWRLTVWAREY (HBEZWVEKOWVTWVWAEY) XHI2AZX 5.

0y 7 D3IV~ 7 (Dimitry Mirimanoff) 1%, Z# kD 24EFGIZ, ZOD
AREICOWTHEII L TW 3. HMIZZFD X5 REER B ER LTWALT
WBD, X, ZDXIREEOFEEERE LT, W5 XXk, #FEER
Zr, LLTHRATWE XS5 THS. LarL, 19228Fi1%2->T, 7L
Y, REIIHAIIC, Ra—VL A%, VA XODERDD o L ERE KGR
FERLTWS: ZORRONHEX, BFENCE®RDOD 5, HHBOEE (Ff
2, o TREREGEROEREZDH DL ZOES (N, p(N), p(p(N)),...})
DR Z X WDTE - 7.

COHBLERTEDIZ, 7L 7MY 1922a TEIBAFH L WS §
LWABRIERR L. ZONHIE, XN E0RERE ZNFHEE
ONRTEBEEMZI2LE, Z0L51CLTHEMNEDDRIBEUESELR S,
LWVWIBDTHS. 1T ALK, Ra—LAabflo 1923b T, RUE
My SHI1IBEOwmE LI TWAIHHOHIC, K hEELRETERLL
TW3., BfRIICES 2, Ra—LalZ, THEEXh-) HEE, 1BomM
TD(c ¥ = DAFHFRILE L LTHO2X SR £EMOSHEOMER Y L
TeHx. ZOEIRGmHEN A(z,y) T2z &y FHHERE L THS
D5z x, Ra—L20RME, b L AR50 EE8 2 £
TR (%D, F2e MITNLT, Alz,y) &2 X957 y &4
1DOLDRWIES), M D AIK3B (OFD {y:Ju(xr e MANA(x,y)})
HELERICKRD, WO o

7L YT EHID 2 DDFRX T, FEGTicB 3 2MEZ K-> TWw5a. 1921
FEOFRLTIIFIRAE WS, ZDXIREETHEVSDDOEFEELHIRT %
HDEEIBLTWS2S, —J7, 1922b TlE, BAICOFEEEARBERICHWT
EIRNHOMO NI S DM EZRFAL TWS. FifycrE W IcEm s
52 OFFIERBIRDOLNDE L5 I hoTWE, 7L 7 IiLOfIRAH
X, NERPED K> TRV D DI, FELZVWDDEART, W\ EK
TAHRODERBIROFIERINCEETNS Z IR oTWwWo72, LL,
ZOR, BIRANFHOMN M, 7 —Fd 1940 ERATDICE K DR &

291, IV 7S, OITEDRLT, 7LV A RAa—LADOHEL DR, 52
LREE L — R —DMIGICH 2 WHOESDEEI NI, FAHEESTHS, LW FHHE
ZrhHiFTnd. Larl, HF, ZoFEMEAHErLTEWS LD, 1 D20FEL L TR
RTWBL, ZRTE X, ¥ PABKREMNCFAUCFEREZ 775 ¥ bAOFIOFHKOHT
BIhoTW\Wa,
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FNEAET =R L RN ol VI LI, ot T orEEL
WARIIREIE Y L THUILBHONE Z IR 27DTH 5.
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[K] DERXDFERE R DEHE:

PURT, SF. 2L % K] DFRXDHICE - T [K] D p.163~ DRI D
MRz L Tw <.

SEIXEAFS (“Jetzt, Mengenlehre”, 1937-1939)

K] OFRCTIE, ZhuZ, M50, BEMLL LRoTWVEAH, T IDEK
BHLA T5EE - THDE. FAVELRDLREDR-72DT, EWIhd L
NV, bEDX RAVETEA PAEEVTHEDEDE, TFAIDOX
ARICT 4 v T 25> TVBIETTH S Z LIZHL»EH, BEmEY
DHER % K2 RN TV o F2 B0 —Fd TRIGESTHOHERICH 5 &
LTW2DENS, Z5WVIHIXMRTEZTD 5%, £EmEY XUrBh
LW, EWIEBLIESLIZTTH 3.
F ¥ MV D = AL DMED HIRE L R TEREGmEMELL TH 5,
1908 Y = X a N RNE L E1T S £ TO, EBETROMIADFELIZOWTIE,
TCWRHINEBECTTFERMHEEZ5 27, BELTBIS. AY hLd, §X
TOFEBOIFMEEFIIFHEIRDER & — I —XFIE03D < & W REZ V.
T (B, ZORIDREEIEHAL X5 & LT8R otz) Do
T/, REIDBEEHELR IR TOEESHEIIAETH 20D e BHEE LT
WDE ok, BEANILED, ZO200MERVOEDIZELDT, K-35
HACDEEENDRGERE E UTIRR LD 23 DRIED A DRE &
THILT, HFEHEDAI 2= 4 —ICZD2ODMEANDEEE S HL
72DE otz ¥z, VX aFEHRAED SR A RO E 2 E X T
TR LD o020, ZORNBEOEENZRUNCEB L =00 = )v
XA THol=DEo7.
CIOXEIZ, HUIEOEMCHR > TWT, B TIE It was ... who ... &
WS XTI 7B BRI > TWB DR, [K] DRI TIE, BAID%
(BEI2?) B ES BRICGRLU 272012, BREBRRTWSE L WS HERD
WEWZRS>TLE-TWS., IHIFEMNICIE, TEEOEROIERRES
BEHABEEROES 1 1L XEROL 28] L WSF ey AR AT — b X
VI NOHEIRDD B 7-DICHKFHREL LT LE>TWAS. It was ... who ... &
HAFBICZ LAY MAZRL TSV LAR WS, TRTOXEEREZEIE
IR E S BRICRL TV 2 HID K] DR & 1FFA & iz wv. FAd
FRTIX, It was ... who ... DD 272003 ZBERFAICER 3 2 2 L I3HEE
L7=2b DIz, “It was recalled that” W5, ZOXDIDHDOL Z A%, [HE
HMLTBII. ) EHATERLEUSRL, RICH L XEEBEDE
DRIERD & 5 7 >XAKIZERH 3 % Z 2 T, It was ... who D7=7=A0F & FkED
MRPEZ ES5RIKRELTNS.

CAUTHE MF DR DUERR E B 5 X bitih e, BRAFHE ZDZ DY 7
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V7 Y b OBHEITD & A D o 7-BIFRDOF Ml 72 78T Gregory H. Moore [283]
TRINTWS.

K] TORROMEFZ BT < &, RiEAEREC A2 TR L 727
DI o TWVWEHDDHED PR D ENZ LIZKUTL. 22T, DR
XS DBERE, FEXD “A definitive history of ...” @ “A” ZERXiro/z
L o727?) ZePBERTVEDTIEZVW2EES. “definitive” & W
5 &5 RIEEFDR LR D K 5 i ERZ RO EFORNC the TKR< a D&
PITVG, WS Z &M, K] TO XS RIRICiE R 57203 T
Hb. ZThhn, KOHIZEZ BN 5 (given) “history” 1& THEHE) TlE&<
MEE DR THA 5. [K] OREIFFME 2 FFHNTRERZ L Tw2 0Tl
W B, WHEE -GN TS history 1 TFEEDOFR] ¥ W EREEIXH
TZRhRVWEES. 722 21E, ODE I12l3, history DFEFRDHIT “a systematic
or critical account of or research into a past event or events etc.” W5 D
DH5.

ZOARDFLIRAI, 1908 FEH 5 1930 FI2 W TCOEGTHDOFEREICET 5, MU
TOHR=—I TOHRD FEEFW R > TVBEDEN, F'—F1D, BROES
MANDHFEDIELWHEED 72D, Z 2 TOHMPFAIRTD 5.

A T2 . OFREEICKR->TWS] 2iRL7= “.. is the basis for ...”
FK TR, ML id . oEfETHE) RSN TVWS. ZORDR—IT
Moore AN S D5IHE 7% X F OMOE D5 IFHFTRYI SN TELE I
HTLK 2 XEMHEL DZD, [ DEETH 2] TiE, HEZIOXBZED T
CDOFTETH B L IZHHTERVDTIERNWEEA S5 D, proper understanding
DOEKIT TEOHEM) TIdR NELW (B2 WdHYk) HE THs. F
7= “be essential to ...” & ... DDOXRBAL %S| TERL (.. DI
RARTHZ) TH5.

Y 2L A B OREERORA O NEYLIIE O 1908 THZX 6N TWVWS. L
PLEDG, 2D X5 RRELORBRERZRIZL 72D, V2l X ahii]
TR ol. A XV T7OREHE, 77 V=747 1 (Cesare Burali-Forti)
T TIC 1896 FFICZ D K 5 RiEfiZ LT a4, Zhud, s »IC, REH
DT Ry ZAPFERAINE EDHTIOZ L THo 7.

[K] Tl& “The Italian mathematician Cesare Burali-Forti had already done
soin 1896, -7 %, IFTIZ 1896 fEICA RV 7 OEEF = —1L - 5 =
TAVTAPREEZ LTV, LFRLTWED, ZATIE, ZOFHEIC
TNBER LD TIdRV] EEoT0WRILeFELTLES. 2ITOD
“had done so” @ “do” 1&Z DHFNIHTL 2 TRNHE{LORBEDIERFE T2 Z
ETH5.

EBE, 75 V=41T 4 3200 NHOBEMEIRZLTWEH, NERE
BEZTwWabiITldihrolz. ML LS, TSH2LRZE, - YL X
DOMEEDO RN TN FFEO D DICEZ %, HAEOMmE] 1&h >
PRI FIC T T H Y MZHTEFROFICHHDbNL. ZH5D54
W, LaL, Ty bad (Zhoomz) B LTIRA TV WS
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FEHMER D750 [284). 250V I DT, Yz Xap, £EmONH
b WZz 2R ANE (L2 BYNCITR 572, £ 5o TREWVZRW.
CZIDOBRBOXEDFDRIIERLT, T E->THEWRWL] EFEATY
5. ZRUFERDORIED D LR WD, “set theory as such” ORI S 54
L cH 5. K| Tidahe TBEDOXS RES & (BFIQ) BHTL TV
BB, ZDFTEDNRTTFTT, VA XAOORAHRIIFZIRED IS 2D
DTHRIPoTz, LEoTWVWEDT, ZHIFIEFICEEIE,

Yzl X aORNEX, 1BEOMBENEMICER XS XD 20 FEBH]
WKREINTWVWE (VX e BRIZSHTIHERE 1 EomEoME TS
WEZ BN TRbOIDE)., 2O, oKX, HROE®RTHEAN
KRR EZD2HDTIE LRI,

K] TEFIDONRF7 77 7TO BED XS RES] &, TIT “recast” %
WARBT) LERLTWBZ D0, HIEEHSZWAICE o TIEEWRD
REAICH > T LE>TWVWA. “recast” 1T DL DERTDH T LVEEERIC
ANBEBT] WS EORERCTHE00, NEZEMBEETICHEER L2 LT
b, BOTIZITOMDRDEIICTIRETH 3.
LA, HOT7TOONRNEIZIWL DD TEWER] TIHEX N DE o 7.
IO DEMERD LRI, TEAMIZ, NREMEX[NE] - fillo%EzR
e B RBZHEBICHETAHERTHD, TNHDBDD I BITIEESG L Xidh
23500551 VI D0DH 5.
JF3ZTlE, “among them that -7 L 4RHT, #hfm [EMER OfEL %
B2 @I VOFEATIHLTWEDT, K| BAZOXEDORE Mz
2] LD TVE DI, —EBDOABRRSENT VWS &S BHIGEEZTLEWN
BEDEWN,
HFze, ZRH6DBDDSIHEDWVL DD ROBIZIE laeb EWVWHTE
DB BFEARWILERD ) 2T 2 (ZDHE b IZEST, a 3ZFDEZELMR
R 3).
K] TlEZZT, 'HRE0H2b00MiICiE Ta € b2WVWHIHOD 2HE

DEMENIZBEBRIBILL TV ] L WIERNE G ZTWB D, certain OFREE
ELTH-oTWAHAFED D580 1%, TDX532dD) Wi EH7R
EHRAEVWHFHF->TWEDT, EXLEKEIME-STLED. “certain -+ 7 2\
SHRFETHARFED TH2HD | tFEILEIBRFERSIFVWEVWALFETEI L
HTEED, ZITRERES > TVEDITTIER.

BHEOEDESOMERITNAT, Yl Xold, EINLHE L WIS

RHC, Vool X', ZOMEES, ThEHEBEETRVEIBRMREZEL I EHLT
W3, DX RJFAETT (urelements) 1%, REDERE L THDONSARENEDL D 205, ZD
Ze DA, NERIEZZALIZOVTIMBIEL TEB LT, RIGTOFERNA T —
R 2L FEINBZVEFICR-oTNS,
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REATS: UL, TohosonMe HELRGREZEA &b, TZ2hd K
LT B 0E B TEOHEBOEARNZER) 2o HAELTHETES XS
BRHEDDZrTH5 285 (DFD, 2D X5 RBEFED» S HIFEL TREREE
BEH, LVWS L THE). TNHONEASE BRINLIECTILE
WEXTHBRD L) RDESBRBDTH o7
Z 2T, [K] & “-: one for which 7 % TZdD 1213y ARLTW5.
AR DOFFEDRFED L5 > THLRRWD, TID “one” £\ 5 DI
Mo PWHIKGFATIERL, ZDHNTH S “definite property” % $5 3
TH2. bLEREIFERZHEL T2 A %0, FERIGED L~V DREN
2T5, LWVWIDEDHo TR ELRNWILESS. BIRENR T T I v ok
Ny 72759 o TWB AT, BEREEEL T2 D TIERWEEICIE,
FRERFFED L ARLDOREWD 72 2 ICEH 50 LW, Lirl, Z0OHM
RTERDPBELRAB>TLES>TVWZDERBILTLES, W05 DIZ
HoTRROEIBNIERERS. 7L, K] DBEIKIEZIDLS LI RDH
X M2 idd 2 LEDX5>RENT 2. ZOBOBEWZ, JEFICHE
LW, EFHC, 23 a—27TbH2. LLAH2EOEZ,Ya—7
ELTR o TOWRAPEMEE LIZRVWDEAS.

I (AVEMDRNEE) M & N D%ET, MC N ¥ NCM OMEAH
WOy orx (D%, M ODFXRTOEEIZ N OBEHET, Zoif
H DO E), N=M ThH3. 2%Fh, EFRZFOERIZX-
TRBWHEET 5.

I (EANRESONE) BER22LEFRVEIBRES (LS
null set) DMFET 5; a DEBICEENIEEDONRDE X, 0 DA
PEZELTECLOIRES {a} PEET S, a0 & b PHEBICEZE
NHEED2ODOMRDEE, bxroX alt bDAEFLIIBRE
& {a, b} DFIET 5.

1. (F7HfENPE) AREEBIEL F () 23, 8B M OITXRTOEFE ¢ 1t
LIEELTWBR 5, MIX, F(z) BEDIIDES7R M ODFTRTD
BHHR o 2HR T2 X5 RETEEEHFD.

IV. (BEEORHE) TRTOEE M 1T, ZOEZEVI M O (FXT
D) HREETH 2 LI BAOERE (M OFEESR) BWET 5.

V. (FIEADORHE) TRTOESE M1, TOEEN M OBEZDH
R (DFTRT) TH2EHREE (M OHNES) HXIGT 5.

VL. GEIRRHE) M BT RTOERPEESTH S LOIRBREST, Th
SDOHERBFIINRNTHWIRTEESTIRVWEDL, M OMESI,
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FTARTDOM DEEY b 1351 O0EZEDAZIET 2 L5 REY
HE£E5%, Py 1o,

VIL. (JEFRNHE) fHIIE, REG 2 BRITHFD, o BDZDOEFERS {d}
SERITRD EOIBREALVZLDH 12,

NEEFIZE LRI TIE, $iA SEFRL L, K] OfFRIcKER
M WESIEBZ 3. 7272, fibnwzerssE58, I ORHEY, THEHEE
BORME LERLTWB DX, “WIFESR" WO BYHETHEE SN A&
B2 ESRHEEEZ 2D TIDIRD & 512 “WIHENZESDNFH T
LA WEDICEZ 5.

s, 2R, SFETRTERES 2 K] ToFFICHLTRVE X
BEHADAX Y Md LKW, 1T TlE IMEEE IS T2HEE LT, K
FH X null set LW EHDBHVSLNTWEH, Z4UT KA VEED Nullmenge
WHNSLT, YVl XoDmXORETREEEEIETHE: LTHYSA
TV, BRICERS EIBEOES) RIETHEE LTI 2 X511k
b, BT, EEEITIE leere Menge (empty set) & W5 HREDHTHNT
W3, YW X3 RREDHIENZ 2SR TWTIEL 2o /2.

Moore D5|HZERIT 2, Tz Xnald, - ZHASORNENSLH Y b
NOEEHDOFEEHMNEITZ Z e 2R e, ThoonNMZ [Z0 K51
AT Z AT B ORI B [5 2 TWRW] [286].

FAOFHERT, Moore DFIHERT 2 L1 0 —h MIFE & Bz 2FHER
EHRATTR27DIF, FHETIEHIOE D25 Moore D [286] 725 D5 KT
DEDFIHEHOXENT EDOL, PWHIEXLFLHEVTWBE DN, FIERL
728 ZICFBIEOEE DD, ZD L5 /2 TOFIHMPRZIZ K-> T
LES>TWBDT, ZHDRREEHLER7DTH 5.

K] O#ERTIX K] DFEFEDFEED “his [particular] choice” & [] TK
LoTHi»TWVWBE 2% TFED]) LERLTWADS, ZIZTO “particular
choice” 1XY =V XONELE o 7= NHHOFXIC 2D L 57 HEIR, 20
SBHETH 220, RFED| LIRTLEHEN/E-TLES.

Y XxXui, Y MVOREH - RS, YLD, “HEWREKHIOTE
55972, FADIFEHEL - BEOWNREZVEFLDICLLEED” ELTOD
A0S — D THOW 22D FE) Lo TREZISDONTLEST
W3 Z e EREBH LIS, Y MLVOREFEEEZHIRET 2 21tk - T, fifE
DHBZHDIEINRTRF LB OFEZRNTZREZ LD, YV
N2, WONBERPETFIETH2 D BERIRAE - 771 15T
WERWZ L REDTWEHN, [CRETIKEAIN TV HHEL (FAo) JFH
ZRHATAZ2T - —BIZIRTHIR SN S 2 & OFINCIZE ) 2 H LT
TW3; Fig, RoTHENEE, £820 N ICERSINDS) e Z2iFs T,
[T TIREZONIEELOIHIEEL LTINS ] Z2DAICE>TE
BINLZZe»b, IRTOEFOES R “IRNTOIHFHOES” kY
DODFET W) RN G, CIEELTWS. FikC, ZoaBtiicHw
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LNBWEBEPHEE LD TRIFUIE SR, L WHEENS, VS v—
NDNRT Ry ZAD LS REHOWHEEPHS N TEZ LIEMLTVWA.
R E R R YD T ) BEOEORE ) 2B LTI, 22 D%
XoT PR d - BRI FFED DD - HHTED BN S EHIE
¥ BELEZIZRoTWR I ERET S, Ll RTWVW3.

22T, K] oFEREBBURMEL WA, firVwHTE X, 7,
“certain contradiction” OBIERTH A5, K] ZZZTH, H2HED]
ISEREETHEBELTWABD, ZIZTD “certain” 13V v —LDNT Ry 7 AR
TvENDNRT By 7 AR EDERNLTEEZ 0> 2D TIHLTWSDT,
H2™D) 13X <RV, Lad, “contradictions” ¥ EEICH->TWB ¥
ZIRHLTORVWOT, RETEEAE DI RoTWD. BRAI, ZIT
D “certain” IZHJ53 % ODE TODFEFRDFHIIL: 4.(of a person, place, etc.)
that might be specified, but is not (=a certain lady; =of a certain age). T,
[ 2D ) ITHIET 25EFRDFHAE: 6.(of a person, place, etc.) existing,
though probably unknown to the reader or hearer (=a certain John Smith).

b 5D LA R NAIC D O ATRERROMER & LT, [K] OFRscHiTL
5 TZhiic) WH RBTH B, JFFEICDH, “but he endeavored nonetheless
toshow «? ¥ HB X2, TZTD [IXRTOEEDES R EEZRNERD
FFERWV, 2V FIMSAEA TR S TIRREERDO K 5 R b DITTER VD
T, [Zhific) BZHrbHEENRIEREZGZTLE> TV K5 RHIS%:
HE2TLgEWEL< RV, FXTIE, 220t 22 MEERETHEME B3V T
HRLTVWEDT, ZORELH S ELRLTUILL.

Zhp o ZAUIHFHC HARGEDORIE R D723, [K] O T x5 8%
DEHEZ 572V Y —NADNRT Ry 7R DEIICHARGEL LTHAD-> T
BOED (R Fy 72 B TZDEEZ 72 OTRZLT, TZDHFER
ENTz) DTHY, BRINZFNTDFEL TV eDEh 6 TZDEIHE - 72
DT TIERV) BIEFICZ L TERFDEY. HERAOED T\ 3 K AOBIRR
PHREARRBZETD TR DOWAEIMD N5 DHGHT, ZDFOSFFOE
WHAGEZ SAZAMDP TN TV THERDALZ I IR >TWVWEDT, 2656
DI HZMD R B> TVARETRDOIPD LBV, (359D TN &
WHEKLTH 5.

IR, THASLDORENRE Y DITONDZILITRDIDIE, ZOLENSX
BIZEZL DEERETHI O o7,

INHEEDOREZ DS LR WD, [K] T, ZI7T, “twas to be
many years before ...” ¥ W EEDRFE S DOARERTE IEE. 20 &>S
BB EINE EFTIRIEREVWEAPBEL 5720 EELHITEED S DHHE
PIRARZ X5 RIROERLTLE>TWS. Lad, 22T “such questions”
Z TZDX5REM) CARLTLE->TWAEHIZ, 22X LTWAH)
BELDHBLBo>TLES>TVS. ZHREABSMZRL TVWLDNT 5
DoleDEAHS. bHAA TTHsDME) 1 MEPEERPHIER YD T
DROTEORE ] DT, ZLOEZRTHALLE D DTN, F—F
MK o TAZEWEER, V=L TX3ERPIERINI- E/F o7 IE
EH LRy, MERBRENE) 3o XD B LARHAELEES.
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YV ROPBZORMREZFHER LULERICIE, SERAHZ X HICKRERNH
ARSI 28 Z 8 I K o T, ROEAAIREMEER 2T AN b b
2L E2 205Dz oA, L, HEUOFEEZLITH S Z 2iTid
Lo khrol.
JFZ D “meanwhile” 1%, RIDXET, YV zL XD 1908b DI 5 DA
KICEMRLI=DT, §6% 1908 FFI25| Z & T DICEIN TV S DR, K]
DIRFFTDOXETIFTLES>TVWEDT, Z2TH emT355i1C) i
EWVIHRODLDSRWHNCRENT LE > TV 5.

LA, WMODEENFE — Rz, ZZTHOWSHATWS FEEXN-MHE
CWVWIORER X, BRAmFEUVEBIT IR T LE 7. YL X
0 D EENIR 2 FARNCHEEI L 72 A& D hI2id 7 v £y 20K > (Philip
Jourdain) 23W72hy, RT Y HLRTANVIERIZZOREEZHAI L2 (772
LIBREOHHNZ, o MEEIN=ME) oaE X EElT3, v
HERHIR b DTHo720%).

“constructive criticism” 1% TFERTFFAVHEH Tl37e < T, TEEFAIHAEL T

FETLEERLEIBERDDDITHR>TWVS.

FAYDOHNTIEY 2 A XaDRNEIZYD XS REKRIZBWTHELRITA
nonihoi.
Yz X uDEEANTIE, ZORBRZZIFANTED AN LED—AN
IZ7 L 7L (Abraham Fraenkel) 23\ 7z,
THEB xo b BIFRE DD IS READ TR, FHbkn—A) @BH,L
WTHAS. [— A BGOSR I DIChhrboET—AEDTHS.
7Ly, 191942, £ERDOAMFLZHIRL TW223, ZOARTHIE
MIOEFEMZTICY 2 VX DERERALTWE — DEENER T v &L
DT Ry ZJATOEE {v: 2 ¢ 2} OEKZHIET 22 LT, 2hi3,
HOBEPERTDHE EIREE (HHWVIE, bo—kiNz, MR e Tk
FIDFRFEICEP TNDE LI BRES: ¢ M, € ... € My € M, € M) DIFE%:
RN L2 WVWDTER, ZHUTDO0WTH, 2LKUTLTVARY (HE0IERoOW
TVWRWY) XIICARS.
K] TR ORBDLE 2 DOWN LS EL TV B2, Zokd, &
FTOXD dash TEHL TV, Yzl xunihiz, ERE R OEE

D Z KIS L TORW S SWEHFNICERA L TW2. 1 2 Wn S 3Rp e <R
BHORTLE->TWVA.

Y7 ®d3 Y~/ 7 (Dimitry Mirimanoff) I&, Tk b 2 FR/iIC, £D
AJREHICOVWTHRI L TW5a. HIZZD X5 REE%E THRER YIWALT
WBY, HIE, ZOEIBEEDOFEEZ R LT, &5 XDiE, #RER
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¥, ELTHATVWE LS TH 5.
K] ® MEZZD X5 EEE THRE) AL ) IZHAGEL L THHE
LTWwW3. %7z, [K] X “curiosity” %, MHIKFENH D) LERLTWSEDY, Z
DOHFEZ, ZI TR, drOHFEORD Moz i £ tuv
S a7VAEEGEDTIRLTELL o7, 2W0WIHIDD, REEIIEIDTSRV
B3, e- SRR NREFNN U Om 2 Bk 2 R RABFEE DR T2 0w 6T
H5. FAOHI->TWARHITDH, KROFFETLR NS (NIR) HERREE N
EETILTOERETIOXMNE ZENPTRNVE IR, € ORFINEZRE L
BRVEATICE T 2 D LTSGR, EambIoEMoAEIC X %
FEHTH->TLE o7, 2V, BRIHBERE 2 TORIOE[LHZ.
D &S BARRBEFIHEZ 2T 2 X5 R FRAELNISNDRHTIZFL YL,
CHRHFETEIRETHB.
Lo L, 19228272 5C, 7Lyl REBMIC, Ra—Lald, V=
AXBDERDS o LERBERMAZFERLL TWD: TORRORNHREE, &
PHNCE®RDOD 2, HAEOES R, o TEEAEROEEL2H DL
72 2DEA N, p(N), p(p(N)),...}) OEEFTFIRVDE -7z,
[K] Tld “certain sets of mathematical interest” % [EAHNCHRZRND 5
FOES ) LARLTWED, 2N BT RNEJF L “certain mathematically
interesting sets” TR TR HRWVWIZAS.

CORMBLEBTEDIZ, 7L YT IUIEEHYT 19220 TEHAF Y WS 5
LWAEZRERL -
[K] Tl&, “oversight” % THEL ) T3 M@k tARLTWS. Zh
BNEBFRI 205 ICBbNE b Lhwd, ZOBRIZATZ »5
ZF ~NOIEIRICH 3 3 E OB HIFHES 2 B o TIEA SR TLES
YIZBBDT, IPEEEL L LEOAKWCEELADBEE A THS.
ORI, BRAONIEEOREREZ TN ETNHBON R TEIRZ 2L
X, ZOESRLTEONZDDIEHIEEGERS, EWVWHBDTHS. ¥
ARG, 2a—L A0 1923b T, FUEHZ, 5H1EOmMH
IR TV ARHO I, XD EERETER LTV, BEARIICE S
 , Aa—Laid, EEEh) HEZ, 1EOmRETD (e & = DA%
Rit5 L LTHRO X5 R) EAamOEiE0mER e LT b2 7.
K iz oxEs [ LU T\ YL TV, TFIEL Tz,
TIEFEMNCHEEL TV 22 WO BRI 2720, ZOXEDOXRYL DDXh
DRI % KBoTLESTVS.
ZD X555 A(z,y) Tr & y ZAHERE LTHEO2 D52 61
Jex, 2a—Lv200HIX, 3L ABEIONEE ¢ ETEBWRS

23Xy NN HAETOS BiciE THFERY) L5 REAEATR L fibh s
BL 52355 CTH.
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(DFD, HErxeMITNLT, Alr,y) &R2E5R y EL1DL2RV
75), M D AWXEBE (%D {y:3Jz(x e MAA(z,y)}) dERLEEKR
2B, EWVWIBEo7",
ZL YT EHID 2 DD T, FEAITICBE T 2MEZ - T3,
[K] OBERTIX “urelement” 1%, ZDHROEDDdED DL, THEFR), E
BE ), RPEHZ) ¢ 3@DICGRINTVE D, HMFREDOREE, T< %<
EHUVEORNPDDXEDOHTIE 1 DITHM—FT 220 OBFHAITHAS.

1921 FEDFHXLTIEHIRAF L WS | ZD X I REEGTRVD DDIEEEHER
TE2HDRIEELTWEA, —J7, 1922b TlE, FIATOEEEZAERICH
W GERANFHOMD NS S ORI L TW5 . JFifexd WS IciE
T A DHFEIIEBICEED LN K5I hoTWE, 7L 7 ILOHIR
NHZ, RNERDPED K> TORWH DL, HELREWDDEAKRT, W
S BHTAHERDKRREROHFICERINICEEN S Z IR > TV o Tz,

A3 TR EARLTW23 advantage &0 Hiz K] & THEHZ DD
D, ) ERLTWS2Y, TEA) SEGHENMERROSET, FRNR
HEHD advantage #Eid T 25 L TRARDOEDH 5. MHrEHIEEL
DFED TBEITHHD) L WS REZHEBLTLES. ZORENFEMIER
Z, BH»E S0, LWHHEEBHT LR TORWOLE S 2%, OV
ELTALEWRDT 5. I ZOXEDOREDERITTD, K] ORERTIE
IO DRI 72 D7D D BMUEITZEZ 6N TLE > TV 3.

L L, ZOFEE, BRABEOHNI X, 7 — T8 1940 ERFDICZ L D
R & 5 2 T 20550 UG ool WS k97, o3 -
CEHELUWRMBREIEY LTHUOYYBHDLNE Z 217D TH 5.

ZIZDFEXT, =T NDHEEIAELL ZLDTERWEED I 2 LWRRE)
EVWOSHRIZR - TWEHD%, [K] TlE, T#LWHEKE 5720 Tr =71
TR olz] EWIOSBEBRICERLTWS, ZADIRED S —F Tt § 251
iz KL TW2E DD, HEWIHERZHRLONI, SEFTRTEE
FEROMEM D & H A EEE LIZOLH, LI, B3R ThUE,
ZHUE AR o—F 1o % 3 L, iRE BN RS » 3, REE,
Mz 2 ARG THDOERZRFAT ZNETERL. 3LES LTS, HS
DEREZESVEVEL, ELWREDT CGREDHTER YO TETOER %
ZZ2%, LWOXKIRETTERNETHASS.

BHEF, IV 7D, 9ITHEDRYT, 7L F A Ra—LAOMELDRL, 52
LNER L —M—DOMNCH 2 BEDOEEDEENIE, ZLHBEATH S, LW M
ZEDDHIFTWVS.

[K] TR Z ZTHER “given” % [FiE) LiRLTW5. ZORLFEZOHRMPFIATHTL 25, “given” % “give”
DiEEFF L LTTERL THiG) IOHET 282 LTHRL TV 20 TRRVL LWV I BV H 5. [T5) 1 THiics x

STzl WD X5, LErbERIHFNREAER o EREVOHGEETH 25, ZITO “given” & MERIC (i) &5
2l OBTH206, R LTUITEYTHS.

LaL, i, ZoOFREZAHEr L TEWS LD, 120FHHKE2 LTHRRTWEL, ZRT
FARX, AV IS KRENCRICEREZ T T XY PADHIOFHROFTE IR o TV 3.
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