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1 Preliminaries

1.1 Posets, generic filter and forcing relation

We work in the axiom system of Zermelo-Fraenkel set-theory with Axiom of Choice (ZFC)
or some extension of this system. Sometimes however we have to step out from the axiom
system and treat the axiom system from the point of view of meta-mathematics.

A non-empty set P with a (partial) preorder) <p and a designated greatest element
of P with respect to <p which is denoted by 1p,? is called a poset. Elements of a poset
P are often called conditions.

Two elements p, g € P are said to be compatible (notation: p Tp q) if there is r € P
with r <p p,q. p, q € P are incompatible (notation: p Lp q) if they are not compatible.

D C P is dense if, for any p € P, there is d € D such that d <p p. D C P is open
dense if D is dense and downward closed (i.e., for any d € D, if d’ <p d then d’ € D).

F C Pis a filter on P if F' is upward closed (i.e., for any p, q € P, if q € F and
q <p p then p € F) and, for any po, p1 € F there is ps € F such that ps <p po, pi1-

Suppose that M is a transitive set® and (M, €) satisfies sufficiently large finite
fragment of ZFC (we say simply that M is a transitive model of ZFCW ).

For a poset P € M a filter G C P is said to be (M, P)-generic® if

(1.1)  GN D # 0 holds for all dense D C P with D € M.

For a poset P, a filter F' on P is said to be maximal if it is C-maximal among filters

on P.

WA binary relation < on a set X is said to be preorder if < is transitive and reflexive.

(®) This means that we have p <p 1p for all p € P. Since the preorder <p does not necessarily satisfy
antisymmetry, there might be greatest elements of P other than 1p. We often write P = (P, <p, 1p) to
indicate the components of P and use the symbol ‘P’ to denote both the underlying set and the structure

of the poset.
3 a set X is said to be transitive if for any « € X and y € = we always have y € X.

4 Actually the finite fragment depends largely on the context in which it appears. For more details see

Section 1 in [Fuchino 2017].

() In the literature, it is also said that “G is a generic filter on P over M”, “G is M-generic over P”, etc.
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Lemma 1.1 Suppose that G is a (M, P)-generic filter for a transitive model M of ZFC
and a poset P € M. If p € P is such that

(12) pTpaforalqgeC
then p € G. In particular, any (M, P)-generic filter is a maximal filter on P.

Proof. Let D={r e P : q<pporq Llp p}. Then D € M and D is a dense
subset of M. Hence there is q* € GN D. By (1.2), we have q* <p p. Since G is a filter
it follows that p € G.

Suppose that G & G’ and €' is a filter. Let p € G\ G. Since G’ is a filter, p should
satisfy (1.2). By the first part of the present Lemma, it follows that p € G. This is a

contradiction to the choice of p. 0 (Lemma 1.1)

Generic filters are also “complete” in the following sense:

Lemma 1.2 Suppose that M is a transitive model of ZFC and P € M 1is a poset such that
M = “P is the positive elements Bt of a complete Boolean algebra”.(®) For an (M,P)-
generic filter G, if S € M is a subset of P and S C G, then (HB SYM ¢ 6.

Proof. In M, let
(1.3) D={reP:r<p][®SorrLp p for some p € S}.

Then M |=“D is dense in P”. Let r* € GND. Then we must have r* <p (JJ® )M (since
otherwise G would have an element which is incompatible with an element of S C ©).
Since G is a filter, it follows that (][5 S)M € G. 0 (Lemma 1.2)

Lemma 1.3 If P is atomless (i.e. if, for any p € P, there are qp, qi1 <p p such that
do Lp a1), then no (M,P)-generic filter G is an element of M.

Proof. See Lemma 3.1 in [Fuchino 2017]. O (Lemma 1.3)

Lemma 1.3 says that M[G| defined below (see (1.16)) for any (M, P)-generic G is a
non-trivial extension of M, if P is atomless. This in mind, we shall also call a poset P
non-trivial if P is atomless.

For a poset P, D C P is said to be predense if
(14) Dl={s€P:s<pd for somed e D}

is dense in P. Note that if D C P is dense then it is predense. Note also that if D] is

dense then it is open dense.

(6) When we say that P is the positive elements of a Boolean algebra B, we mean that P = B = B\ {0g}
and the preorder <p of P coincides with the ordering <g of the Boolean algebra B. We show later that
this condition is not very much restrictive in connection with the generic extensions (which we are going
to introduce in (1.16).
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A C P is said to be an antichain if any two distinct elements of A are incompatible
in P. A C P is said to be a mazimal antichain if A is an antichain and maximal with

respect to C among the antichains of P.

Lemma 1.4 (1) D C P is predense if and only if,

(1.5)  for all p € P, there is d € D such that p Tpd.

(2) ACP is a mazimal antichain if and only if A is an antichain and,
(1.6)  for all p € P, there is a € A such that p Tp a.

(3) A CP is mazimal antichain if and only if A is an antichain and predense in P.

(4) If D CP is dense, then any antichain A C D in P, which is mazimal with respect

to C among antichains of P which are subsets of D, is a mazrimal antichain in P.

Proof. (1): Suppose that D C P is predense. For p € P, let r € D] be such that
r <p p and let d € D be such that r <p d. Then p T d. Thus (1.5) holds.

Assume now that (1.5) holds. For an arbitrary p € P, let d € D be such that p T d.
Then there is r € D] such that r <p p.

(2): Suppose that A C P is an antichain. We have to show that A is a maximal
antichain in P if and only if (1.6) holds.

Suppose that A does not satisfy (1.6). Then there is p* € P such that p* Lp a
holds for all & € A. Then AU {p*} 2 A is an antichain in P. Thus A is not a maximal
antichain.

Suppose now that A is not a maximal antichain then there is an antichain A* in P
such that A* D A. Let p* € A*\ A. Then p* Lp a holds for all a € A. Thus A does
not satisfy (1.6).

(3): This follows form (1) and (2).

(4): Suppose that A C D is an antichain in P. If D is a maximal antichain then D
is clearly maximal with respect to C among antichains of P which are subsets of D.

Suppose that A is not a maximal antichain. Then, by (2), there is p* such that
pP" Lp a holds for all a € A. Let d* € D be such that d* <p p*. Then d* Lp a holds
for all a € A. Thus, letting A* = AU{d*}. A C A* C D and A* is an antichain.

[:l (Lemma 1.4)
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Lemma 1.5 For a transitive model M of ZFC, a poset P € M, and G C P the following

are equivalent:
(a) G isan (M,P)-generic filter.
(b) G is pairwise compatible, upward closed and satisfies (1.1).

(c¢) G is pairwise compatible, upward closed and

(1.7 6N D #0 for all open dense D C P such that D € M.
(d) G is pairwise compatible, upward closed and

(1.8)  GND#0D for all predense D C P such that D € M.
(e) G is pairwise compatible, upward closed and

(1.9)  GNA#D0D for all mazimal antichain A C P such that A € M.

Proof. (b) = (a): Suppose that G C P satisfies the conditions in (b) and p,
q € G. We have to show that there is r € G such that r <p p, q.
In M, let

(110) D={reP:rlpporr Llp gorr <pp, g}

Claim 1.5.1 D is dense in P.

- Suppose that s € P. If s 1p p then s € D. Otherwise thereisr <p s, p. If r Lp g
then r € D. Otherwise there is v’ <p r, q. Then r’ <p p, g and hence r' € D.

_| (Claim 1.5.1)

Since G satisfies (1.1). There is r € G N D. Since G is pairwise compatible, r € D
must be established by r <p p, q.

(a) = (c): Easy.

(¢) = (b): Suppose that G C P satisfies the conditions in (c¢). We have to show
that G satisfies (1.1). Suppose that D € M is such that D C P and D is dense in P.
In M, let D = {r € P : r <pdforsomed € D}. Then D is open dense. Thus by
G =(1.7), there is v € GN D. Let d € D be such that r <p d. Since G is upward closed
d e C.

(¢) = (d): Assume that G C P is pairwise compatible upward closed and satisfies
(1.7). We show that P satisfies (1.8).

Suppose that D C P is predense then D | as defined in (1.4) is open dense. Hence,
by (1.7), there is v € D such that r € GN D |. Let d € D be such that r <p d. Since G
is upward closed, we have d € GN D.

(M Here, we assume that the fragment of ZFC M satisfies is large enough to guarantee that there is such
D in M.
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(d) = (e): This implication is easy to show since every maximal antichain in P is

predense by Lemma 1.4, (3).

(e) = (b): Assume that G is pairwise compatible, upward closed and satisfies
(1.9). To prove that G satisfies (1.1), let D C P be a dense subset. Then an antichain
A C D maximal among antichains which are subsets of D is a maximal antichain in P
(Lemma 1.4,(4)). By (1.9), thereisd € GNACGND. 0 (Lemma 1.5)

The following is a special case of the Rasiowa-Sikorski lemma:

Lemma 1.6 If M is a countable transitive model of ZFC, then, for any poset P € M and  pprer2
p € P, there is an (M, P)-generic filter G with p € C.

Proof. Since M is countable, the set D = {D € M : D is a dense subset of P} is
countable as well.

Let D ={D,, : n € w} and let (p, : n € w) be a descending sequence (with respect
to <p) of elements of P such that py <p p and p,, € D,, for all n € w. The construction
of such a sequence is possible since each D,, (n € w) is dense in P.

Let

(1.11) G={qeP : p, <pr for some n € w}.

Then G is a (M, P)-generic filter with p € G. 0 (Lemma 1.6)

For a poset P, the class VF of all P-names VT is defined recursively® by

(112) z eV & all elements of = are of the form (¥,p) where ¥ € VF and p € P.  poa

~

If M is a transitive model of ZFC and P € M, then we have (VF)™ = VPN M (see
[Fuchino 2017], p.33). We write MF = (VF)M,

For a transitive model M of ZFC, a poset P € M and an (M, P)-generic filter G, the
interpretation ge ofx € M P by G is defined recursively by

(1.13) 2% = {ge : (¥, p) € z for some p € G}. prel-0

~

gG is also denoted by z[C].
For a transitive model M of ZFC and a poset P € M the standard P-name Zp (or

simply & if it is clear which P is meant(®)) of 2 € M is defined recursively by

(1.14)  zp ={({yp,1p) : y € x}. (10) prel-1

(®) In spite of apparent circulation, the definition is legitimate. For more details about recursive defini-

tion, see Section 2.2 in [Fuchino 2017].

(®) We shall also denote the check name Zp by /(). This notation is in need in particular, if @ is

represented by some term consisting of several letters.

(10) Note that Op = 0.



For a poset P, the standard name for a generic filter Gp over P (written often simply

as G if it is clear which P is meant) is defined by

(1L15) Gr={(brD) : pEPL
Note that, for a transitive model M of ZFC, if P € M then, for x € M, (zp)M =
#p.(") Hence we have &p € M for all z € M. Similarly we have (Gp)M =Gp (1) and

hence Gp € MPF.

Zp is actually a

¢

‘name” of x and Gp a “name” of the generic filter:

Lemma 1.7 Suppose that M is a transitive model of ZFC, P € M a poset and G a filter

on P.
(1) For any x € M, we have (ip)[C] = x.
(2) For any poset P and (M, P)-generic filter G, we have G p[G] = C.

Proof. See Lemma 3.3 in [Fuchino 2017]. 0 (Lemma 1.7)
For a transitive model of ZFC, poset P € M and (M, P)-generic filter G, let

(1.16) M][C] ={z[C] : = € MT}.

M]G] is called the generic extension of M by C.

Lemma 1.8 Suppose that M is a transitive model of ZFC, P € M a poset and G a filter

on P. Then:

1) M]JG] is a transitive set.

) M C M[C] and G € M|G].

) Forallz € MP, we have mnk(ge) < rank(z).

) OnMI®l = OnN M[G] = Onn M = On™.

) | M[G]|=[M].

Proof. (2): follows from Lemma 1.7. For the rest, see the proof of Lemma 3.4 in

[Fuchino 2017]. 3 (Lemma 1.5)

Theorem 1.9 If M is a transitive model of ZFC, P € M a poset and G an (M,P)-
generic filter, then M[G] is a transitive model of ZFC. Furthermore, M|[G] is the C-minimal
transitive model N of ZFC with M C N and G € M .(12) 0

(11 This follows from the absoluteness of the corresponding notions over a transitive model. See
[Fuchino 2017], Section 2.5.

(12) The real statement of the Theorem is as follows: For any finite fragment 7' of ZFC, we can find a
finite fragment T of ZFC extending T such that for any transitive model M of T*, poset P € M and
(M, P)-generic filter G, M[0] is a transitive model of T. Furthermore, if T' is sufficiently large, then M [C]
is the C-minimal transitive model N of T with M C N and G € M.
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Theorem 1.9 is proved by using the forcing relation. For each L-formula ¢ = p(xo, ...,
Zn—1) we introduced in [Fuchino 2017] the forcing relation - |-. “¢(---)” which is a class
relation (definable in ZFC) (by a rather complicated L.-formula see (4.3),(4.6) ~ (4.9)
in [Fuchino 2017]) which satisfies the properties formulated in the following Lemma 1.11
and Theorem 1.12.

For p € P, D C P is said to be dense below p if D N (P | p) is dense in the poset
P | p where P | p is the poset with the underlying set P | p = {q € P : q <p p},
the preorder <p N(P | p)? (which is denoted by <p for simplicity) and the designated
maximal element 1p;, = p. “Open dense below p”, “predense below P”, “maximal

antichain below p” etc. are defined similarly.

Exercise 1.10 (1) For poset P and p € P, if D C P is dense in P then DNP | p is evpreta

dense in P | p.
(2) For aposetP € M, and p € P, if G is an (M,P)-generic filter with p € G, then,
for any D € M such that D is predense below p, we have GN D # ().

Hints. For (2),let D={r :re€ Dorr Lp dforalld € D} . Then D is predense in
IP. D (Exercise 1.10)

Lemma 1.11 (Forcing Lemma) (Lemma 4.3 in [Fuchino 2017]) Suppose that P is a

poset, p € P and ay, ..., an_1 are P-names.
(1) Ifple“e(ao,...,an-1)" and g <p p, then q|-p “¢(a0, ..., Gn-1)".

(2) plFp“p(ao,.,an-1)" & {a<pp : alFp“p(ao,..,an-1)"} is dense below
P- u

Note that by (1) of Lemma 1.11 and by Lemma 1.4 applied to P | p, “... is dense

below p” in (2) may be replaced by “... is open dense below p” or “... is predense below

b

D .
By (1) and (2) of Lemma 1.11, 1p |p “¢@(---)” if and only if p |Fp “¢(--+)” holds

2

in place of 1p|Fp “p(---)”.

”

for all p € P. We shall also simply write |Fp “@(--+)

Theorem 1.12 (Forcing Theorem) (Theorem 4.5 in [Fuchino 2017]) For any transi-
tive model of ZFC and a poset P € M, let ag,...,an—1 € M®.(3) Then, for any (M,P)-
generic filter G, we have:

(1) IfME “pl-p“e(ao,...,an-1)"", for some p € G,

then M[G] |= 9(ao[6], .., an_1[6]).

(2) If M[C] = ¢(ao[C], ..., an-1[C]), then there is a p € G such that

M ': “H)H_IP“SO(Q()y--w%n—I)” 77. D

(3 We denote with MT the subset (V) M of M. Since the relation “a is a P name” is A{" (see

P-prel-5-0

Forprelgéth

forcing-1



Theorem 1.13 (2. Forcing Theorem) (Theorem 4.7 in [Fuchino 2017]) Let M be a
transitive model of ZFC and P € M a poset such that

(1.17)  for all p € P there is an (M, P)-generic filter G with p € C.

Then, for any ag, ..., apn_1 € MY, we have

M = “plFp “p(ao,...,an-1)"" if and only if we have M[G] E ¢(ao[C], ..., an—1[C]) for
all (M, P)-generic filter G with p € C.

Corollary 1.14 (Corollary 4.8 in [Fuchino 2017]) Let M be a countable transitive model
of ZFC and P € M a poset. Then, for any g, ...,0n—1 € M, we have

M = “plFp “p(ao,...,an-1)"" if and only if we have M[G] & ¢(ao[C], ..., an-1[C]) for
all (M, P)-generic filter G with p € C.

Proof. By Lemma 1.6 and Theorem 1.13. [ (Corollary 1.14)

By Forcing Theorem 1.12 (and by the M, M*-argument in the proof of Lemma 1.16),
(the first part of) Theorem 1.9 is equivalent to the following property of the forcing

relation:

Theorem 1.15 For every poset P, we have |Fp “1” holds for each axiom 1) of ZFC.

Everything about the forcing relation can be derived from the properties of forcing
relation formulated in the Forcing Lemma (Lemma 1.11) and the Forcing Theorem (The-
orem 1.12) and Theorem 1.15. This follows from Theorem 1.17 below. In particular, the
2. Forcing Theorem is derivable form these properties. We shall also check this below.

In [Fuchino 2017], the following Lemma is an easy consequence of definition of the
forcing relation and Lemma 1.11. We prove it here from Lemma 1.11 and the Forcing
Theorem (Theorem 1.12).

Lemma 1.16 For a poset P, p € P, L.-formula ¢ = ¢(zg, ...,xn—1) and P-names Qg ...
an—1, if PIFP “p(ao, ..., an-1)", then there is q <p p such that q|-p "

Y

(a0, s An-1) 7

3

Proof. Suppose plftp “¢(ao,...,an-1)""
Let M be a countable €-model of a sufficiently large fragment of ZFC such that

(1.18) all the L.-formulas which appear in the following argument are absolute over M
and
(1.19) M contains everything needed. In particular, P, p, ao, ..., ap—1 € M.
We can find such M by virtue of Lévy-Montague Absoluteness Theorem (Theo-

rem 2.18 in [Fuchino 2017]) and Downward Léwenheim-Skolem Theorem (Theorem 2.13
in [Fuchino 2017]).

[Fuchino 2017], Theorem 2.27), M® = {x € M : M |=“z is a P-name”}. Because of this fact, elements
of M™ are called P-names in M.
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Let i : M 5 M* be the Mostowski collapse of M (in particular, M* is count-
able transitive model of (a sufficiently large fragment of) ZFC, see Theorem 2.10 in
[Fuchino 2017] for Mostowski collapse). Let P* = i(P), p* = i(p), a5 = i(ao), ...,
ay_q =1i(ap—1). Since i is an isomorphism and since M = “plitp “p(ag,...,an-1)"",
we have M* = “p7 g “@(aj, . af_ )"

Working in M*, let r* <p« p* be such that

9

(1.20) for all r <p+ r* we have r|ffp “p(ag,...,a, 1)". prel-4-0

Note that there is such r* by Lemma 1.11, (2).014)
Let G be an (M™*, P*)-generic filter such that r* € G (there is such G by Lemma 1.6).

Claim 1.16.1 M*[0] = —p(ag,...,ar ).

| Otherwise, there is s € G such that M* = “s|Fp- “@(ag,...,ay_1)"” by Theo-
rem 1.12,(2) (which holds in M*). For r € G with r <p+ s, r*, we have M* =
“r e “p(ag,..;ay ;)" by Lemma 1.11, (1). This is a contradiction to the choice of
*

Ir. _| (Claim 1.16.1)

By Claim 1.16.1 and by Theorem 1.12, (2 ), there is 8 € G such that
M* = “s|Fp “—p(ag,...,ay_1)"”. Let gq* € G be such that q* <p+ s, r*. Then
q* SDD* ]p* and M* l: ccq* H_IP* “_\(p(g:g? _”79':;71)7777‘

Let ¢ € M be such that i(q) = g*. Then we have

(1.21) M E"“q<ppandq|-p“-p(ag,..,a_1)"".

~

By absoluteness, it follows that q € P, g <p p and g |Fp “—~¢(ag, ..., a5, _1)”. O emmai.1e)

The argument with appropriately chosen absolute enough countable M constructed
using Lévy-Montague Absoluteness Theorem and Downward Léwenheim-Skolem Theo-
rem and its Mostowski collapse M™ is repeated many times. In the following we shall
refer this argument as “M, M*-argument’(*®) . The proof of the next Theorem is also

an example of such M, M*-argument.

Theorem 1.17 The class relations -|-. “p(---)”, for L.-formulas ¢ are determined — p-pretio

uniquely by the properties in Forcing Lemma 1.11 and the Forcing Theorem 1.12.

Proof. Suppose that another array of class relations - |F*. “¢(---)” for L.-formulas
 satisfies also the properties in Forcing Lemma 1.11 and the Forcing Theorem 1.12 but it

is different from the original forcing relation. This means that there are a poset P, p € P,

9 More precisely, there is such r* since M and hence M™ satisfies all the axioms of ZFC which are
needed to prove Lemma 1.11, (2) and thus M* = “Lemma 1.11, (2)”.

(15 From some point on, we even drop the mention to the M, M *-argument and begin to deploy a strictly

speaking inconsistent narration (see the explanation on p.14 ~).
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an L.-formula ¢ = ¢(xg, ..., x,—1) and P-names ag, ..., Ap—1 such that, say p IFp “cp(go,
vy @p—1)” and plFp “@(a0, .y @n—1)”. Since - |-. “p(---)” satisfies Lemma 1.11, (1)
and - [F*. “¢(--+)” Lemma 1.16 (which is a consequence of Lemma 1.11 and the Forcing

Theorem), there is g <p p such that

(1.22)  qlFp “p(ao, -, an-1)" and g |F*p “~p(ao, ..., Gn-1)".

Let M be an €-model of sufficiently large fragment of ZFC such that all £.-formulas
which appear in the following argument are absolute over M and P, @, @, ..., ¢,—1 € M.
We have

(1.23) M E"“qlFp“p(ag,...,an-1)"" and M = “q|-*p “=¢(ao, ..., an-1)""

by the absoluteness.
Let i : M = M* be the Mostowski collapse of M and let Let P* = i(P), q* = i(q),
05 = i(00). s @1 = ().

By (1.23) and since i is an isomorphism,

(124)  M* | g p(af, oo 0l 1) ™ and M* | g |2 pe <o o 0 1) 7.

Let G be an (M*,P*)-generic filter with q* € G. By Forcing Theorem 1.12, (1)
for - |- “p(---)” and - [F*. “=¢p(- -+ )7, it follows from (1.24) that M*[C] = ¢(ag[C], ...,
ay_1[C]) and M*[C] = —~p(ajC], ..., ay_;[G]). This is a contradiction. [ (Theorem 1.17)

Exercise 1.18 Prove the 2. Forcing Theorem 1.13 from the Forcing Lemma 1.11 and the
Forcing Theorem 1.12.

Hints. Check that the proof of Theorem 4.7 in [Fuchino 2017] uses only Lemma 1.11,
the Forcing Theorem 1.12 (and Lemma 1.16 above which is now proved from Lemma 1.11

and the Forcing Theorem). [ (Exercise 1.18)

The following fact about the forcing relation is also used frequently mostly without

mention.

Lemma 1.19 (Deduction Lemma for Forcing Relation) Suppose that P is an ar-
bitrary poset.

(1) For any axziom ¢ of ZFC (formulated as an L.-sentence) we have |Fp “p”.

(2) If an L.-sentence v is a theorem in ZFC, then we have |p “1”. In particular, for
any tautology v, we have |Fp “”.

(3) Forp € P, Lo-formulas ¢ = @(x0,...,Tn—1), ¥ = Y(x0,...,xTn—1) and P names
ag,..s&n-1, If P IFp“Vao-- - Va,—1(p = ¥)” and p|Fp “(p(go, ...,gn_l) ” then we have
plFe “¥(a0, s an-1)".
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Proof. (1): Suppose that ¢ is one of the axioms of ZFC. M* is a countable transitive
model of (sufficiently large fragment of) ZFC which is absolute for the formula in the
argument below. For an arbitrary poset P € M and (M, P)-generic filter G, we have
MIC] = ¢ by Theorem 1.14 (see also the footnote (12) ). By Corollary 1.14, it follows that
ME“|Fp“p””. Thus M = “VP (“P is a poset” — |Fp “¢”)”. By the absoluteness, it
follows that VP (“P is a poset” — |Fp “¢”) holds.

The assertions (2 ) and (3) can be proved similarly to the proof of Lemma 1.16 given
above. Instead, we shall give here the proofs of (2) and (3) which are more related to

the alternative proof of Lemma 1.16 given below.

(2): Suppose I' is a (concretely given) finite fragment of ZFC such that I' - 1. Let
M* be a countable transitive model of a sufficiently large fragment of ZFC such that
M*[C] = T holds for any poset P and any (M™*,[P)-generic filter G and such that the

sentence
(1.25) VP (“P is a poset” — |Fp “1)7)

is absolute over M™.

Suppose that P € M is a poset and G is an arbitrary (M*, P)-generic filter. Then
we have M*[C] = T'. It follows that M*[G] |= v. Since G was arbitrary, it follows by
Corollary 1.14 that M* = |Fp “4””. Since P was arbitrary, it follows that

(126) M* ): “VYP (“[P is a poset” — H_IP “w”)”-

By the absoluteness it follows that VP (“P is a poset” — |Fp “1”) holds.

(3): Suppose that ¢ = ¢(zg,...,xn—1) and ¥ = Y(xo,...,zn_1) are L-formulas.

What we have to prove here is that the following universal formula holds (in ZFC):

(1.27) VPVpVag---Va,_1 ((“Pis a poset” Ap € P A “ag, ..., a,—1 are P-names”
APIFp “Vog - Von_1(¢ = ¥)"Ap e “@(a0, s an-1)")
— P H_[F’ “¢(£€07 B gjnfl) ”)'

Let us call this formula 1. Let M™* be a countable transitive model of sufficiently large
fragment of ZFC such that the sentence 7 is absolute over M*.

Let P € M* be an arbitrary poset and suppose that p € P and ay, ..., an—1 are P-
names in M* such that M* =“p |Fp “Vag - Van,_1(¢ = )" and M* = “p|p “¢(ao,

cony an_l) 7

Let G be an arbitrary (M*, P)-generic filter with p € G. By Theorem 1.12, (1) we
have M*[C] |= “Vzq - Vz,-1(p — ¥)” and M*[0] = “¢(ao[C], ..., an-1[0])”. It follows
that M*[C] |= “1(ao[C], ..., an-1[C])”. Since G was arbitrary it follows by Corollary 1.14
that M* E=“pl-p “¥(ag, ..., an-1)"".

This shows that M* = 7n. By the absoluteness it follows that n really holds.

D (Lemma 1.19)
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The following Lemma can be proved quite similarly to Lemma 1.16. The following
Lemma is going to play one of the crucial roles in the relative consistency proofs using

the forcing.

Lemma 1.20 (Consistency of the Forcing Relation) For any poset P, p € P, L.-  r-consistency
formula ¢ = (20, ..., Tn—1) and P-names ao, ..., an—1, if p|Fp “p(ao, ..., an-1)", Then

we have plifp “—p(ag, s Gn-1)".
Proof. Suppose toward a contradiction that

(128) P H_[P “SO(%O, ceey ’C\l/nfl) ” and prel-4-3
(129) ]p H_[P « _K)O(g07 ceey gnfl) ”' prel-4-4

Let M be a countable €-model of a fragment of ZFC large enough for the following
arguments such that P, p, ao, ..., ap—1 € M and the forcing relations - IF. “v(,...,-)” and
. “=p(-, ..., )" are absolute between M and V. Let M* be the Mostowski’s collapse
of M. Let i : M = M* and let P* = i(P), p* = i(p), af = i(ao),...,a%_, =i(a,_1). By

(1.28), (1.29), absoluteness and the isomorphism, we have

130 M* * * “ a* a*_ ? and prel-4-5
( ) Fp Px " Pl&gy s Gy

(131) M* ): ]p* H—IP* “ _'(P(g87 ceey g;—l) 7. prel-4-6

Also M* is a model of the same fragment of axioms of ZFC satisfied by M by isomor-
phism.

Let G be an (M*, P*)-generic filter such that p* € G. Note that such G exists by
Lemma 1.6.

By (1.30) and (1.31), we have M*[0] = ¢(a;[C], ..., a;,_1[6]) and M*[C] = ~¢(ag[C],
s g;"l_l [C]) respectively by Forcing Theorem 1.12, (1). This is a contradiction. [ (Lemma 1.20)

Exercise 1.21 For a poset P, p € P, L.-formulas ¢ = @(x0, ..., Tn-1), ¥ = (0, ..., ewprer1
ZTn—1) and P-names ag, ..., p—1, if IFp“(p — w)(go, ...,gn_l) and plFp “cp(go, -
an—1)” then p|-p “¥ (a0, ..., an-1)". a

2

The argument with M and M* in the proofs of Lemma 1.16, Theorem 1.17 and
Lemma 1.19 (as well as in the proofs for the Exercises above) appears repeatedly in
may proofs of assertions on the forcing relation. To simplify the presentation in all of
these proofs, we often identify the universe V with M* and assume that, for all p € P,
there are (V,P)-generic filters G (outside the universe V!) with p € G, V[G] satisfies
assertions corresponding to the assertions of Lemma 1.8 with M there replaced by V and
the conclusion of the 2. Forcing Theorem 1.13 holds for V in place of M. In particular,
we treat statements of the form “For all (V,P)-generic filter G with p € G, V[C] | ...”

27

as fully interchangeable with the statements of the form “p|Fg “..
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The proof of Lemma 1.16 in this “fake” setting would then look like the following:

A simplified but formally “incorrect” proof of Lemma 1.16:
Suppose pltp “¢(ao, ..., an-1)". By Lemma 1.11,(2), there is q* <p p such that,

for all v <p ", we have r|lp “¢(ag, ..., @p—1)
Let G be a (V, P)-generic filter with g* € G.

Claim. V(6] = —¢(ao[C), .., a,-1[G))

| Otherwise V[C] = ¢(ao[C], ..., a,-1[0]). By Forcing Theorem 1.12,(2), there is
$ € G such that s|p “p(ag,...;an-1)". Let r € G be such that r <p s, q*. Then
rlFp “¢(ag, ..., an-1)" by Lemma 1.11, (1). This is a contradiction to the choice of q*.

[ (claim)

By the Claim above and by Lemma 1.12, (2), there is r € G such that r [-p “ —~¢(ao,
yap-1)". Let g € G be such that q <p r, g*. Then g <p p and q|-p “~¢(ay, ...,
ap—1)” by Lemma 1.11, (1). a

Strictly speaking, the “proof” above does not make any sense since V is the class
of all sets and hence there can be no “generic” sets outside V. However, when such
an “incorrect” forcing proof as above is given, we can systematically translate it into a
correct one. We show how this translation works through the example of the “incorrect”

proof of Lemma 1.16 as above:

Translation of the “incorrect” proof of Lemma 1.16 above to a correct formal
proof:

What we have to do is to find a formal proof in ZFC of the following L.-formula :

(1.32) VPYpVao,...,Va,—1(“Pis a poset” A peP A “ag,..,an_1 are P-names”
A plfte “p(ao, .., an-1)"
— Ja@<ep A qlFp“—p(ag,..,an-1)")).

Let M* be a countable transitive model which satisfies a sufficiently large fragment of
ZFC and such that 1 is absolute over M*.(16) We can find M* similarly to the construction
of M* is the (original) proof of Lemma 1.16.

Now insert the “incorrect” proof here with all the appearance of “V” in the proof
switched to “M*”. This modified proof is now correct because of Lemma 1.6 and it
proves M* |= 1. By the absoluteness of M*, it follows that v really holds. a

In the following, we often give ”incorrect” forcing proofs similar to the ”simplified but
formally “incorrect” proof of Lemma 1.16” as above without further comments. The
”incorrect” version of forcing theorems applied in such incorrect proofs is as formulated

in the following Theorem 1.22. When the incorrect proofs using these ”fake” theorems

(16 That is, ¢ ¢ “M* = 4" holds.
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are given, we simply assume that the proofs are to be corrected in the way as described

in the ”Translation of the incorrect proof of Lemma 1.16 to a formal proof”.

Theorem 1.22 (“Fake” version of the Forcing Theorems) (Cf. Corollary 1.14)

Suppose that P is a poset. Then, for any ag,...,an—1 € VP, we have Poprel-8°
PP “¢(@0, s an-1)" if and only if we have V[C] = ¢(a0[C], ..., an-1[0]) for all (V,P)-
generic filter G with p € G. 0

Henceforth, we shall simply refer Theorem 1.22 as “Forcing Theorem”.
In Section 3.4, we shall consider an axiomatic framework of the set-generic multiverse
in which we can interpret the formally “incorrect” forcing proofs with (V, P)-generic filters

and the Forcing Theorem (Theorem 1.22)more straightforwardly.

1.2 Further properties of forcing relation and some easy applications

in relative consistency proofs

The usage of the Axiom of Choice (AC) in the proof of the following theorem is indis- fpforcing

pensable: it is known that AC is equivalent to the following Lemma over ZF (see [Miller].)

Lemma 1.23 (Maximal Principle) Suppose that P is a poset, p € P, o = o(z, 20, ...,  L-fpforcing-2
Tn—1) an L.-formula and ag,...,Qn_1 are P-names.

(1) IfplFe“Jzp(x,a0,...,an-1)" then there are q <p p and a P-name a such that

qalFe “¢(a,ao,...,an-1)".

(2) IfplFe“Jze(z,ao,...,an-1)" then there is a P-name a such that p |-p “¢(a, ay,

rn1)”

Proof. (1): Let G be a (V,P)-generic filter. By Forcing Theorem 1.12, (1), we
have V[C] = Jzp(z, ag[C], ..., a,—1[0]). Let a € V[G] be such that V[C] = ¢(a, a[C],
-+, @y—1[0]) and let a be a P-name such that a[G] = a. Then V[O] = ¢(a[C], ao[C], ...,
a,-1[0]). By Forcing Theorem 1.12,(2), there is r € G such that r |Fp “¢(a, ao, ...,
an—1)”. Let q € G be such that q <p p, r. By Forcing L