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1 α-stationarity in Pκ(λ)

alpha-statFor a cardinal κ and a set X, we use the expressions Pκ(X) and [X]<κ interchangeably to

denote {a ⊆ X : |a| < κ} except that when we write Pκ(X) for a cardinal κ, we always

assume that κ ⊆ X. More generally, for sets X, Y with Y ⊆ X we write PY (X) to denote

[X]<|Y |.

For α ∈ On \ 1, α-stationarity of subsets of PY (X) is defined by recursion on α as

follows: S ⊆ PY (X) is 1-stationary if |Y | is regular uncountable and S is stationary in the

sense of Jech (i.e. if it intersects with each club subset of PY (X)).

For α ∈ On \ 2, S is α-stationary in PY (X) if, for any 0 < β < α and β-stationary

T ⊆ PY (X), there is a ∈ S such that T ∩ PY ∩a(a) is β-stationary in PY ∩a(a).

Similarly we say that S ⊆ PY (X) is diagonally 1-stationary if |Y | is regular uncountable
and S is stationary in the sense of Jech (i.e. if it intersects with each club subset of PY (X)).
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For α ∈ On \ 2, S is diagonally α-stationary in PY (X) if, for any 0 < β < α and for any

family 〈Tx ⊆ PY (X) : x ∈ X〉 of sets such that each Tx is β-stationary subset of PY (X),

there is a ∈ S such that Tx ∩ PY ∩a(a) is β-stationary in PY ∩a(a) for all x ∈ a.

Lemma 1.1 P-a-stat-a-0For any α = 1 or 2, Y ⊆ X with regular uncountable |Y | and S ⊆ PY (X), if

S is diagonally α-stationary in PY (X) then S is α-stationary in PY (X).

Proof. For α = 1, 1-stationarity and diagonal 1-stationarity coincide with stationarity

by definition. Suppose that S ⊆ PY (X) is diagonally 2-stationary. For 1-stationary T ⊆
PY (X), let 〈Tx : x ∈ X〉 be defined by Tx = T for all x ∈ X. Note that all Tx, x ∈ X

are diagonally 1-stationary. By the diagonal 2-stationarity of S, there is a ∈ S such that

Tx ∩ PY ∩a(a) is diagonally 1-stationary for all x ∈ a. By the definition of Tx, x ∈ X, it

follows that T ∩ PY ∩a(a) is 1-stationary. This shows that S is 2-stationary. (Lemma 1.1)

Lemma 1.2 P-a-stat-0Suppose that κ is a supercompact cardinal. Then for any λ ≥ κ and α ∈ κ\1,
Pκ(λ) is α-stationary and diagonally α-stationary (in itself).

Proof. We prove that Pκ(λ) is diagonally α-stationary for all α ∈ κ \ 1. The proof for

α-stationarity is similar.

For α = 1, the assertion is trivial. So assume that α > 1, β ∈ α \ 1. Let λ′ = λκ and let

j : V
≺→M be such that crit(j) = κ, j(κ) > λ′ and

(1.1) a-stat-0
λ′
M ⊆M .

Then j ′′λ ∈M by (1.1).

Claim 1.2.1 If |x| < κ then j(x) = j ′′x.

` Let f : δ → x be a surjection for some δ < κ. We have M |= “ j(f) ′′j(δ) ≡ j(x)” by

elementarity. Since j(δ) = δ, M |= j(f) ′′δ ≡ j(x). For α < δ, M |= j(f)(α) ≡ j(f(α)) by

elementarity. Thus j(x) = {j(y) : y ∈ x} = j ′′x. a (Claim 1.2.1)

Suppose that T⃗ = 〈Tξ : ξ < λ〉 is a sequence of diagonally β-stationary subsets in

Pκ(λ). Since

(1.2) a-stat-0-0(Pκ(j
′′λ))M = (Pκ(j

′′λ))V (1) ,

we have

(1.3) a-stat-1M |= j(T⃗ )j(ξ) ∩ Pj(κ)∩j ′′λ(j
′′λ) = j(Tξ) ∩ Pκ(j

′′λ) = {j(x) : x ∈ Tξ}

(1) (Pκ(j
′′λ))M ⊆ (Pκ(j

′′λ))V is clear. To prove (Pκ(j
′′λ))M ⊇ (Pκ(j

′′λ))V , let x ∈ (Pκ(j
′′λ))V and let

〈βξ : ξ < δ〉 be an enumeration of x for some δ < κ. Let αξ = j−1(βξ) for all ξ < δ. x = j({αξ : ξ < δ})) ∈
M by Claim 1.2.1.
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for all ξ ∈ λ. Since P(Pκ(j
′′λ)) ⊆ M by (1.2) and (1.1), we have PM (Pκ(j

′′λ)) =

PV (Pκ(j
′′λ)) and

(
λ′P(Pκ(j

′′λ))
)V

∈M by (1.1).

It follows that

(1.4) M |= ∃a ∈ Pj(κ)(j(λ)) ∀ξ ∈ a
(
j(T⃗ )ξ ∩ Pj(κ)∩a(a) is diagonally β-stationary

)
.

By elementarity and since β < κ

(1.5) V |= ∃a ∈ Pκ(λ) ∀ξ ∈ a (Tξ ∩ Pκ∩a(a) is diagonally β-stationary).

This shows that Pκ(λ) is diagonally α-stationary. (Lemma 1.2)

Lemma 1.3 P-a-stat-1(1) If Pκ(λ) is 2-stationary, then κ is a limit cardinal.

( 2 ) If S ⊆ Pκ(λ) is 2-stationary then for any stationary T ⊆ Pκ(λ) there are stationarily

many r ∈ S such that T ∩ Pκ∩r(r) is stationary.

( 3 ) If Pκ(λ) is 2-stationary, then κ is a weakly Mahlo cardinal.

Proof. (1): Suppose that κ = µ+ then C = {a ∈ Pκ(λ) : |a| = µ} is a club and hence

stationary. But, for any r ∈ Pκ(λ), |κ ∩ r| ≤ µ and hence C ∩ Pκ∩r(r) = ∅.

(2): Suppose that S ⊆ Pκ(λ) is 2-stationary and T ⊆ Pκ(λ) is stationary. Let C ⊆
Pκ(λ) be a club. We have to show that there is r ∈ S∩C such that T ∩Pκ∩r(r) is stationary.

Let f : ω>λ→ λ be such that

(1.6) Cf = {a ∈ Pκ(λ) : κ ∩ a ∈ κ and a is closed with respect to f} ⊆ C.

Since Cf is a club, T ∩ Cf is stationary. Let r ∈ S be such that (T ∩ Cf ) ∩ Pκ∩r(r) is

stationary in Pκ∩r(r). We have

Claim 1.3.1 Cl-a-stat-0κ ∩ r ∈ κ.

` Otherwise, there is an α ∈ sup(κ∩ r) \ r. Let Y = {b ∈ Pκ∩r(r) : sup(κ∩ b) > α}. Y is

club in Pκ∩r(r) but Y ∩Cf = ∅. Thus (T ∩Cf ) ∩ Pκ∩r(r) ∩ Y = ∅. This is a contradiction

to the stationarity of (T ∩ Cf ) ∩ Pκ∩r(r) in Pκ∩r(r). a (Claim 1.3.1)

Claim 1.3.2 Cl-a-stat-1r is closed with respect to f .

` This is clear since T ∩ Cf is cofinal in Pκ∩r(r) (with respect to ⊆) and elements of

T ∩ Cf are closed with respect to f . a (Claim 1.3.2)

From the Claims above it follows that r ∈ Cf ⊆ C is as desired.

(3): Let T = {a ∈ Pκ(λ) : κ∩ a ∈ κ}. T is a club and hence stationary. Let r ∈ Pκ(λ)

be such that

(1.7) a-stat-2T ∩ Pκ∩r(r) is stationary in Pκ∩r(r).

Similarly to Claim 1.3.1, we can show that κ ∩ r ∈ κ.
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Claim 1.3.3 Cl-a-stat-2κ ∩ r is a cardinal.

` Otherwise there is µ < κ ∩ r such that |κ ∩ r| = µ. But then the set {a ∈ Pκ∩r(r) :

sup(a ∩ κ) ≥ µ} is a club in Pκ∩r(r) disjoint from T . a (Claim 1.3.3)

Claim 1.3.4 Cl-a-stat-3κ ∩ r is a regular cardinal.

` Otherwise there is an s ⊆ κ ∩ r cofinal in κ ∩ r with |s| < κ ∩ r. But then the set

{a ∈ Pκ∩r(r) : sup(a ∩ κ) ⊇ s} is a club in Pκ∩r(r) disjoint from T . a (Claim 1.3.4)

Since there are stationarily many r with (1.7) by (2), it follows from Claim 1.3.4 that

κ is weakly Mahlo. (Lemma 1.3)

A regular cardinal κ is said to be strongly c.c.c.-generically supercompact if for every

λ ≥ κ there is a c.c.c. poset P such that for a (V,P)-generic G there is an inner model

M ⊆ V [G] with

(1.8) a-stat-2-0V [G] |=“ λM ⊆M”

and j with

(1.9) a-stat-2-1V [G] |=“ j : V
≺→M, crit(j) = κ and j(κ) > λ”.

This definition is stronger than the generic supercompactness by ccc posets in [9].

Lemma 1.4 P-a-stat-1-aSuppose that M is an inner model of V with

(1.10) a-stat-2-2
λM ⊆M , and

(1.11) a-stat-2-3P ∈M is a λ+-c.c. poset.

If G is a (V,P)-generic filter then, in V [G], we have λM [G] ⊆M [G].

Proof. Suppose that 〈aα : α < λ〉 ∈ V [G] is a sequence of elements of M [G]. For each

α < λ, let a
˜
α ∈M be a P-name such that a

˜
α[G] = aα such that 〈a

˜
α : α < λ〉 ∈M .

We need the λ+-c.c. of P to realize the last condition: Let f
˜
be a P-name of 〈a

˜
α : α < λ〉

such that all properties of the sequence needed below is forced already by 1P (maximal

principle!). For each α < λ, let 〈a
˜
α,p : p ∈ Sα〉 where Sα is a maximal antichain such that,

for each p ∈ Sα, we have p ‖–P “ f
˜
(α) = a

˜
α,p ” and each a

˜
α,p is a P-name in M . By the

λ+-c.c. of P, each Sα, α < λ has size ≤ λ. Hence, by (1.10), 〈〈a
˜
α,p : p ∈ Sα〉 : α < λ〉 ∈M .

The sequence 〈a
˜
α : α < λ〉 ∈M as desired can be constructed easily from this sequence:

By the assumption on M , we have 〈a
˜
α : α < λ〉 ∈M . Thus

(1.12) s
˜
= {〈opP(a

˜
α, α̌), 1P〉 : α ∈ λ} ∈M .

Since s
˜
is a P-name and s

˜
[G] = 〈a

˜
α[G] : α < λ〉 = 〈aα : α < λ〉, it follows that 〈aα : α <

λ〉 ∈M [G]. (Lemma 1.4)
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Corollary 1.5 P-a-stat-1-a-0If the statement “there exists a supercompact cardinal” is consistent (over

ZFC) then so is the statement “ 2ℵ0 is strongly c.c.c.-generically supercompact.”

Proof. Let κ be supercompact. Then, letting P = Fn(κ, 2), we have

(1.13) V [G] |=“2ℵ0 = κ and κ is strongly c.c.c.-generically supercompact”

for any (V,P)-generic G. (Corollary 1.5)

Lemma 1.6 P-a-stat-1-0Suppose that µ, κ, λ are regular uncountable cardinals with µ ≤ κ ≤ λ.

( 1 ) If P is a µ-cc poset and C
˜

is a P-name of a club subset of Pκ(λ) (in V [G]), then

there is C ⊆ Pκ(λ) (in V ) such that C is club in Pκ(λ) and ‖–P “C ⊆ C
˜
”.

( 2 ) If S ⊆ Pκ(λ) is stationary and P is a µ-cc poset, then we have

‖–P “ Š is stationary in Pκ(λ) ”.

Proof. (1): Let C = {x ∈ Pκ(λ) : ‖–P “ x̌ ∈ C
˜
”}. It is easy to show that C is closed

(with respect to ⊆-increasing sequence of length < κ). To show that C is cofinal in Pκ(λ)

(with respect to ⊆), suppose a ∈ Pκ(λ). Let 〈an, a
˜
n : n ∈ ω〉 be a sequence such that

(1.14) a-stat-3a0 = a;

(1.15) a-stat-4a
˜
n is a P-name with ‖–P “ ǎn ⊆ a

˜
n ∈ C

˜
”;

(1.16) a-stat-5an+1 ∈ Pκ(λ) and ‖–P “ a
˜
n ⊆ ǎn+1 ”.

Note that (1.16) is possible by the µ-cc of P. Let b =
⋃

n∈ω an. Then a ⊆ b by (1.14) and

b ∈ C by (1.15) and (1.16).

(2): Suppose that /‖–P “ Š is stationary in Pκ(λ) ”. Then there is p ∈ P such that

p ‖–P “ Š is non stationary in Pκ(λ) ”. Let C
˜

be a P-name such that p ‖–P “C
˜

is a club

subset of Pκ(λ) and C
˜
∩ Š = ∅ ”. By (1) (applied to P ↓ p), there is a club C ⊆ Pκ(λ) in

V such that p ‖–P “ Č ⊆ C
˜
”. It follows that C ∩ S = ∅. But this is a contradiction to the

stationarity of S. (Lemma 1.6)

Lemma 1.7 P-a-stat-2If κ is strongly c.c.c.-generically supercompact then Pκ(λ) is diagonally 2-

stationary for all λ ≥ κ.

Proof. In V , let S⃗ := 〈Sξ : ξ ∈ λ〉 be a sequence of stationary subsets of Pκ(λ). Let P,

G, M , j be as in the definition of the c.c.c.-genric supercompactness.

In V [G] we have j ′′λ ∈M by (1.8). Also by (1.8) and by (1.9), we have

(1.17) Pκ(j
′′λ)V [G] = Pκ(j

′′λ)M = Pj(κ)∩j ′′λ(j
′′λ)M and

(1.18) j(S⃗)j(ξ) ∩ Pj(κ)∩j ′′λ(j
′′λ)M = {j ′′x : x ∈ Sξ} for all ξ ∈ λ.
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Since V [G] |=“Sξ is stationary in Pκ(λ)” by Lemma 1.6, (2), we have

M |=“Sξ is stationary in Pκ(λ)”.

Thus we have M |= ∀ξ ∈ ′′λ (j(⃗(S)ξPj(κ)∩j ′′λ(j
′′λ)) is stationary) and

(1.19) M |= ∃a ∈ Pj(κ)(j(λ)) ∀ξ ∈ a
(
j(S⃗)ξ ∩ Pj(κ)∩a(a) is stationary

)
.

By elementarity, it follows that

(1.20) V |= ∃a ∈ Pκ(λ) ∀ξ ∈ a (Sξ ∩ Pκ∩a(a) is stationary).

(Lemma 1.7)

For regular cardinals κ, λ, λ′ with κ ≤ λ ≤ λ′ and S′ ⊆ Pκ(λ
′), let

(1.21) a-stat-6S′
∩λ = {a ∩ λ : a ∈ S′}.

For S ⊆ Pκ(λ), let

(1.22) a-stat-7S∪λ′\λ = {a ∪ b : a ∈ S, b ∈ Pκ(λ
′ \ λ)}.

Lemma 1.8 P-a-stat-3(0) For all α ∈ On if S ⊆ Pκ(λ) is (diagonally) α-stationary then any S̃ ⊆
Pκ(λ) with S ⊆ S̃ is (resp., diagonally) α-stationary.

( 1 ) For all α ∈ On, S ⊆ Pκ(λ) is (diagonally) α-stationary in Pκ(λ) if and only if S∪λ′\λ

is (resp., diagonally) α-stationary in Pκ(λ
′).

( 2 ) For all α ∈ On, if S′ ⊆ Pκ(λ
′) is (diagonally) α-stationary in Pκ(λ

′) then S′
∩λ is

(resp./ diagonally) α-stationary in Pκ(λ).

Proof. (0): This can be proved by straightforward induction by α ∈ On \ 1.

(1): We prove the statement for diagonal stationarity.

(2): The assertion follows from (1) and (2). Suppose that S′ ⊆ Pκ(λ
′) is (diagonally)

α-stationary. Let S = S′
∩λ. Then we have S′ ⊆ S∪λ′\λ. By (1), S∪λ′\λ is (diagonally)

α-stationary in Pκ(λ
′). Thus, by (2), S = S′

∩λ is (diagonally) α-stationary in Pκ(λ).

(Lemma 1.8)

2 Consistency of theories

consisThe following Theorem 2.1 answers a question Andrjei Kucharski asked during my stay

in Katowice in 2018. Since the theorem is about the non-existence of a proof in meta-

mathematics, it is a meta-(meta-mathematical) theorem.

The meta-(meta-mathematical) Theorem must be a well-known fact. I thank Taishi

Kurahashi for giving me a hint for the proof of the theorem.
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Theorem 2.1 P-consis-0Assume that T is a weak set theory in a broad sense (including, e.g., the

case “T = PA”) in which the Second Incompleteness Theorem can be formulated and proved.

Let T ′ be a theory extending T and such that T ′ ` consis(⌜⌜T⌝⌝).
If there is a (meta-mathematical) proof of the consistency of T ′ from the assumption

that T is consistent, then we can obtain a proof of the contradiction from T .

In other words, there is no (meta-mathematical) proof of the consistency of T ′ if T is

consistent.

Proof. Assume that there would be

(2.1) consis-aa (meta-mathematical) proof of the consistency of T ′ from the assumption that T

is consistent.

Then we should be able to translate this proof to a proof of consis(⌜⌜T⌝⌝) → consis(⌜⌜T ′⌝⌝)
from T . Thus, we have

(2.2) consis-1T ` consis(⌜⌜T⌝⌝) → consis(⌜⌜T ′⌝⌝).

Note that, since our meta-mathematics should be strictly constructive, the proof (2.1) must

give

(2.3) consis-1-0an algorithm A such that, given a proof P of the contradiction from T ′, A gives

us a proof A(P) of the contradiction from T .

By (2.2), it follows that

(2.4) consis-2T + consis(⌜⌜T⌝⌝) ` consis(⌜⌜T ′⌝⌝).

By the assumption on T ′, we have T ′ ` T + consis(⌜⌜T⌝⌝). It follows that

` consis(⌜⌜T ′⌝⌝) → consis(⌜⌜T + consis(⌜⌜T⌝⌝)⌝⌝).

From this and (2.4), we obtain

(2.5) consis-2-0T + consis(⌜⌜T⌝⌝) ` consis(⌜⌜T + consis(⌜⌜T⌝⌝)⌝⌝).

By the Second Incompleteness Theorem (applied to the theory T + consis(⌜⌜T⌝⌝)), it
follows that T + consis(⌜⌜T⌝⌝) is inconsistent. Since T + consis(⌜⌜T⌝⌝) is a sub-theory

of T ′, T ′ is also inconsistent. Hence, by the algorithm A in (2.3), we obtain a proof of the

contradiction from T . (Theorem 2.1)

The theorem above applies to many situations in set-theory. For example:

There is no meta-mathematical proof of the consistency of ZFC + “there is an inac-

cessible cardinal” from the assumption of the consistency of ZFC (provided that ZFC is

consistent);
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There is no meta-mathematical proof of the consistency of ZFC + “there is a measurable

cardinal” from the assumption of the consistency of ZFC or even of the consistency of ZFC

+ “there is an inaccessible cardinal” (provided that the theory ZFC or ZFC + “there is an

inaccessible cardinal” respectively is consistent), etc.

Theorem 2.2 P-consis-1Assume that (2.6) x-consis-a-0ZFC+ consis(⌜⌜ZFC⌝⌝) is consistent. Then there is no

proof in ZFC of

consis(⌜⌜ZFC⌝⌝) → consis(⌜⌜ZFC+ ∃κ(κ is inaccessible)⌝⌝).

Proof. Suppose, toward a contradiction, that

(2.7) x-consis-0ZFC ` consis(⌜⌜ZFC⌝⌝) → consis(⌜⌜ZFC+ ∃κ(κ is inaccessible)⌝⌝).

Then

ZFC+ ∃κ(κ is inaccessible) `
consis(⌜⌜ZFC⌝⌝) → consis(⌜⌜ZFC+ ∃κ(κ is inaccessible)⌝⌝).

Since ZFC+ ∃κ(κ is inaccessible) ` consis(⌜⌜ZFC⌝⌝), it follows that

ZFC+ ∃κ(κ is inaccessible) ` consis(⌜⌜ZFC+ ∃κ(κ is inaccessible)⌝⌝).

By the Second Incompleteness Theorem, there is a proof Q such that

ZFC+ ∃κ(κ is inaccessible) `Q 0 ≡ 1.

Then ⌜Q⌝ witnesses

ZFC ` ¬ consis(⌜⌜ZFC+ ∃κ(κ is inaccessible)⌝⌝).

From this and (2.7), it follows that ZFC ` ¬ consis(⌜⌜ZFC⌝⌝). This is a contradiction to the

assumption of (2.6). Scan 2020-10-18–15.52-
math-notes - annotated.pdf
p.84

(Theorem 2.2)

3 σ-linked partial orderings

sigma-l

Proposition 3.1 Any separative σ-linked partial ordering has cardinality ≤ 2ℵ0.

Proof. Suppose otherwise and assume that P = 〈P,≤P 〉 is a separative partial ordering

of size ≥ (2ℵ0)+ such that P is partitioned into linked sets Pn, n ∈ ω. Without loss

of generality, we may assume that P is the positive elements of a Boolean algebra B

(separativity is needed for this) and |P | = (2ℵ0)+.

Let ⊏ be a linear ordering on P and let f : [P ]2 → ω2; {p, q} 7→ (k0, k1) be such that

k0 is such that p− q ∈ Pk0−1 if p− q 6= 0B, k0 = 0 otherwise; k1 is such that q − p ∈ Pk1−1

if q − p 6= 0B, k1 = 0 otherwise.
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By Erdős-Rado Theorem, there is an f -homogeneous H ∈ [P ]ℵ1 .

Let f ′′[H]2 = {〈k∗0, k∗1〉}. k∗0 = k∗1 = 0 does not hold, since otherwise, all p, q ∈ H would

be identical.

Suppose, that k∗0 6= 0, then for any three distinct elements p, q, r ∈ H with p ⊏ q ⊏ r,

we have p − q ∈ Pk∗0−1 and q − r ∈ Pk∗0−1. Since p − q and q − r are disjoint, this is a

contradiction.

Similarly, also k∗1 6= 0 would lead to a contradiction. (Proposition 3.1)

4 Generic large cardinals

gen-large

Lemma 4.1 L-gen-large-aAny generically measurable cardinal is regular.

Proof. Suppose that j : V
≺→M ⊆ V[G] is such that crit(j) = κ.

If κ were singular, there would be a sequence κ⃗ = 〈κα : α < µ〉 in V with µ < κ and

κα < κ such that κ = supα<µ κα. Since j(κ⃗) = κ⃗ by elementarity and κ = crit(j), it follows

that j(κ) = supα<µ κα by elementarity. This is a contradiction to the assumption that

κ = crit(j). (Lemma 4.1)

The following Lemma will be yet improved significantly in section 9 (see Lemma 9.3

and Theorem 9.8).

Lemma 4.2 L-gen-large-0Suppose that κ is generically measurable by a c.c.c. poset P. Then κ is weakly

Mahlo.

Proof. Suppose that G is a (V,P)-generic filter, M an inner model in V[G] and j : V
≺→M

is such that crit(j) = κ.

Claim 4.2.1 Cl-gen-large-0M |=“κ is a regular cardinal”.

` κ is a regular cardinal by Lemma 4.1. By the c.c.c. of P, κ is also a regular cardinal in

V[G]. It follows that κ is a regular cardinal in M ⊆ V[G]. a (Claim 4.2.1)

Claim 4.2.2 Cl-gen-large-2κ is weakly Mahlo.

` Suppose that C ⊆ κ is a club. We have to show that there is an α ∈ C such that α

is a regular cardinal. By elementarity M |= “ j(C) is a club in j(κ)”. j(C) ∩ κ = C and

κ = supC. It follows that M |= κ ∈ j(C). By Claim 4.2.1, it follows that

(4.1) M |=“ there is an α ∈ j(C) such that α is a regular cardinal”.

By elementarity

(4.2) V |=“ there is an α ∈ C such that α is a regular cardinal”.
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a (Claim 4.2.2)

(Lemma 4.2)

The lemma above can be still improved (see also Theorem 9.8):

Lemma 4.3 L-lt-conti-1-1(1) Suppose that κ is generically measurable for a poset P and j, M ⊆ V[G]

for a (V,P)-generic G such that M is an inner model of V[G] j : V
≺→ M , crit(j) = κ.

Then, in V [G],

(4.3) lt-conti-2-2-0F = {a ∈ (P(κ))V : κ ∈ j(a)}

is a V-normal ultrafilter on (the Boolean algebra) (P(κ))V .

( 2 ) If µ < κ and κ is generically measurable for a µ-cc poset P then there is a µ-saturated

normal ideal over κ (in V). In particular, κ is κ-weakly Mahlo.

Proof. See [9] (L-lt-conti-1-1). See also Proposition 16.8 in [14]. (Lemma 4.3)

Lemma 4.4 L-gen-large-1Suppose that κ is generically measurable by a <µ-closed poset for a regular

uncountable cardinal µ < κ. Then κ is a regular cardinal and 2<µ < κ.

Proof. Suppose that κ is generically measurable by a <µ-closed poset P and let G be a

(V,P)-generic filter with transitive M ⊆ V[G] and elementary embedding j : V
≺→ M such

that crit(j) = κ.

κ is regular by Lemma 4.1.

Suppose now, toward a contradiction, that 2<µ ≥ κ. Since κ is a regular cardinal it

follows that there is a µ0 < µ such that 2µ0 ≥ κ. Let λ = 2µ0 and let f : λ → P(µ0) be a

bijection. By elementarity,

(4.4) gen-large-0M |=“ j(f) : j(λ) → P(µ0) and j is a bijection”.

Since P is <µ-closed, we have P(µ0)
V = P(µ0)

V[G] ⊇ P(µ0)
M . By (4.4), it follows that

P(µ0)
V = P(µ0)

M . Thus

(4.5) gen-large-1M |=“ j(f) : j(λ) → P(µ0)
V and j is a bijection”.

We have j(f)(j(α)) = j(f(α)) = f(α) for each α ∈ λ. Thus j(f) ′′λ = P(µ0)
V. Since j(f)

should be an injection, κ ∈ j(λ)\j ′′λ cannot be assigned to any element of P(µ0)
V by j(f).

This is a contradiction. (Lemma 4.4)

4.1 Two dimensional Laver genericity

Laver-gen2The materials in this subsection have been copied to https://fuchino.ddo.jp/papers/SDLS-

III-x.pdf. The version in this paper may be more up-to-date than what you find in this

subsection.

https://fuchino.ddo.jp/papers/SDLS-III-x.pdf
https://fuchino.ddo.jp/papers/SDLS-III-x.pdf
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For properties P andQ of posets, a cardinal κ is strongly Laver-generically supercompact

for (P,Q) if, for any poset P with P |= P and (V,P)-generic G, there are a P-name Q
˜

of
a poset with ‖–P “Q

˜
|= Q ” and (V,P ∗ Q

˜
)-generic H with G ⊆ H such that there are

j,M ⊆ V[H] with

(4.6) gen-large-1-0M is a transitive class in V[H],

(4.7) gen-large-2j : V
≺→M ,

(4.8) gen-large-3crit(j) = κ and j(κ) > λ,

(4.9) gen-large-4P, H ∈M ,

(4.10) gen-large-5j ′′λ ∈M , and

(4.11) gen-large-6([M ]ℵ0)V[H] ⊆M .

Lemma 4.5 P-gen-large-0Suppose that P |= P0 → P1 and P |= Q1 → Q0 hold for all posets P. If κ is

strongly Laver-generically supercompact for (P1,Q1), then κ is strongly Laver-generically

supercompact for (P0,Q0).

Proposition 4.6 P-gen-large-1Suppose that P is “<κ-closed” and Q is “proper”. If κ is strongly Laver-

generically supercompact for (P,Q), then, for any µ ≥ κ, and for P = Col(κ, µ), we have

(4.12) gen-large-7‖–P “κ is generically supercompact by proper posets ”.

Proof. Note that P |= P. Let G be an arbitrary (V,P)-generic filter. We have to show

that V[G] |= “κ is generic supercompact for proper”.

Let λ ≥ µ<κ and let Q
˜
be a P-name with ‖–P “Q

˜
is a proper poset ” such that there are

a (V,P ∗ Q
˜
)-generic filter H with G ⊆ H, and j, M ⊆ V[H] such that (4.6) ∼ (4.11) hold.

By (4.9), we have G ∈M . Let R = j(P). By elementarity,

(4.13) gen-large-7-0M |= “R is directedly <j(κ)-closed”.

By (4.8), M |= |j ′′G| < j(κ). Hence, there is r ∈ R such that M |= r ≤R j
′′G. Let K be a

(V[H],R)-generic filter with r ∈ K. Then

(4.14) gen-large-8j̃ : V[G]
≺→M [K]; a

˜
G 7→ j(a

˜
)K

is well-defined and j ⊆ j̃. In particular we have κ = crit(j̃), j̃ > λ and j̃ ′′λ ∈M [K].

By (4.13) and (4.11), we have V[H] |= “R is σ-closed”. Thus, for P ∗ Q
˜
-name R

˜
cor-

responding to R with ‖–P∗Q
∼
“R
˜
is σ-closed ”, P ∗ Q

˜
∗ R
˜

is proper and it induces a generic

elementary embedding for generic λ-supercompactness. (Proposition 4.6)

Corollary 4.7 P-gen-large-2( 1 ) Suppose that κ is strongly Laver-generically supercompact for (P,Q)

where P is “<κ-closed” and Q is “proper”. Suppose further that λ > κ is a supercompact

and let P = Col(κ, λ). Then

( a ) ‖–P “κ is generically supercompact by proper pos ”; and
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( b ) ‖–P “κ
+ is generically supercompact by <κ -closed posets ”

( 2 ) For κ, λ, P as in (1), we have

( a ) ‖–P “ SDLS
int
+ (Lℵ0

stat, < κ) ”; and

( b ) ‖–P “GRP
<κ(≤κ) ”.

Proof. “(1), (a)”: By Proposition 4.6. “(1), (b)”: By Lemma 4.10 in [8].

“(2), (a)”: By (1), (a) and, Theorem 2.10 and Propositions 3.1 in [9]. “(2), (b)”: By

(1), (b) above and Lemma 4.11 in [8]. (Corollary 4.7)

5 Axiom of Choice in Zermelo’s set theory

AC-ZWhen Zermelo proved his
”
Wohlordnungssatz“ (Well-ordering Theorem), there was not yet

the Zermelo-Fraenkel axiom system ZF but at most the axiom system Zermelo introduced

in his 1908 paper [20]. The axiom system Z (the system obtained by dropping the Axiom

of Replacement and Axiom of Regularity from ZF) corresponds to the axiom system in [20]

but it differs from Zermelo’s system in the treatment of the axiom of infinity. Since the

modern treatment of ordered pairs and functions were not yet introduced in Zermelo’s 1908

paper, it is not so clear whether he proved his
”
Wohlordnungssatz“ really in the framework

of the axiomatics of his 1908 paper. Also in all modern textbooks, the equivalence of AC

with the
”
Wohlordnungssatz“ and Zorn’s Lemma is proved in the framework of ZF. Thus,

it is rather difficult to find an easy to read source to check that this equivalence can be

established already in Z. In the following we will check this in a most self-contained manner

so that the text will be also accessible for students who just began to learn the axiomatic

set-theory.

In this section we are working in the Zermelo’s set theory Z if not mentioned otherwise.

For a set X, a binary relation R on X, that is, R ⊆ X2 is said to be a well-ordering on X

if R is a linear ordering, that is, if it is irreflexive, anti-symmetric and transitive relation

satisfying

(5.1) ∀a, b ∈ X (a R b ∨ a = b ∨ b R a),

such that, reading “a R b” as “a is smaller than b with respect to R”, every non empty

Y ⊆ X has the minimal element with respect to R.

If R is a linear-ordering (a well-ordering, resp.) on X, then we also say that 〈X,R〉 is
a linearly-ordered set (a well-ordered set, resp.), or also simply a linear ordering (a well-

ordering, resp.). For such a structure 〈X,R〉, if it is clear which R is attached to X, we call

〈X,R〉 simply as X and, to declare that we call 〈X,R〉 simply as X, we write: X = 〈X,R〉.
For a linear ordering 〈X,R〉, Y ⊆ X is said to be an initial segment of X if Y is

downward closed in X with respect to R, that is, if for all a ∈ Y and b ∈ X with bR a we

always have b ∈ Y . Y ⊆ X is an end segment of X if X \ Y is an initial segment of X.
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For Y ⊆ X and R ⊆ X2, R ↾ Y denotes the binary relation R ∩ Y 2 on Y . For linear

orderings X0 = 〈X0, R0〉 and X1 = 〈X1, R1〉, we say that X1 is a end-extension of X0 if

X0 ⊆ X1, X0 is an initial segment of X1 with respect to R1 and R0 = R1 ↾ X0.

Lemma 5.1 L-AC-Z-1(1) Suppose that 〈u, r〉 is a linear ordering (a well-ordering, resp.) and u0 ⊆
u. Then 〈u0, r ↾ u0〉 is also a linear ordering (a well-ordering, resp.).

( 2 ) If 〈u, r〉 is a linear ordering (a well-ordering, resp.) and a 6∈ u then 〈u′, r′〉 defined

by u′ = u∪ {a} and r′ = r ∪ (u×{a}) is also a linear ordering (a well-ordering, resp.) and

〈u′, r′〉 is an end-extension of 〈u, r〉.

( 3 ) Suppose that F is a family (set) of linear orderings (of well-orderings, resp.) such

that, for any 〈u0, r0〉, 〈u1, r1〉 ∈ F ,

(5.2) AC-Z-0either 〈u1, r1〉 is an end-extension of 〈u0, r0〉
or 〈u0, r0〉 is an end-extension of 〈u1, r1〉.

Then 〈U,R〉 for

(5.3) U =
⋃
{u : 〈u, r〉 ∈ F for some r} and R =

⋃
{r : 〈u, r〉 ∈ F for some u}

is also a linear ordering (a well-ordering, resp.) and, for all 〈u, r〉 ∈ F , 〈U,R〉 is an end

extension of 〈u, r〉.

Proof. Exercise. (Lemma 5.1)

Axiom of Choice (AC) is defined as the following assertion:

AC: For any A with ∅ 6∈ A, there is a mapping f : A →
⋃
A such that f(a) ∈ a for all

a ∈ A.

A mapping f as above is called a choice function for A.

Theorem 5.2 (Zermelo, 1904) T-AC-Z-0The following are equivalent over Z:

( a ) AC. ( b ) (Well-ordering Theorem) For any X there is a well-ordering R on X.

Proof. (b) ⇒ (a): Suppose that (b) holds and let A be a set with ∅ 6∈ A. Let R be a

well-ordering on
⋃
A. Then

(5.4) AC-Z-2f : A→
⋃
A; a 7→ the minimal element of a ⊆

⋃
A with respect to R

is a choice function for A.

(a) ⇒ (b): Suppose that AC holds. Let X be an arbitrary set. If X = ∅ then R = ∅ is

a well-ordering on X. Hence we may assume that X 6= ∅.
Let A = P(X) \ {∅} and let f : A →

⋃
A (= X) be a choice function on A. We show

that there is a well-ordering R on X such that, for any non-empty Y ⊆ X, f(Y ) is the

minimal element of Y with respect to R.

Let
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(5.5) AC-Z-3F = {〈u, r〉 : u ⊆ X, r ⊆ u2, r is a well-ordering on u and, for any non-empty

end segment v of u with respect to r,

the minimal element of v with respect to r is f(X \ (u \ v))}.

Claim 5.2.1 Cl-AC-Z-0F 6= ∅.

` 〈∅, ∅〉 ∈ F . a (Claim 5.2.1)

Claim 5.2.2 Cl-AC-Z-1For any 〈u0, r0〉, 〈u1, r1〉 ∈ F ,

(5.6) AC-Z-4either 〈u1, r1〉 is an end-extension of 〈u0, r0〉
or 〈u0, r0〉 is an end-extension of 〈u1, r1〉.

` Suppose that 〈u0, r0〉, 〈u1, r1〉 ∈ F are a counter-example to the assertion of the Claim.

Let

(5.7) AC-Z-6F0 = {v : v ⊆ u0 ∩ u1, r0 ↾ v = r1 ↾ v
v is an initial segment of u0 with respect to r0 and

v is an initial segment of u1 with respect to r1}

Let v∗ =
⋃

F0. Then v∗ ⊆ u0 ∩ u1, r0 ↾ v∗ = r1 ↾ v∗ v∗ is an initial segment of u0 with

respect to r0 and v∗ is an initial segment of u1 with respect to r1. Thus v
∗ is the maximal

element of F0 with respect to ⊆.

By the choice of 〈u0, r0〉, 〈u1, r1〉 ∈ F , we have v∗ ⫋ u0 and v∗ ⫋ u1. By definition of

F , we have

(5.8) AC-Z-7the minimal element of u0 \ v∗ with respect to r0

= f(X \ v∗) = the minimal element of u1 \ v∗ with respect to r1.

Let a be this element. Then v∗ ∪ {a} ∈ F0. This is a contradiction to the maximality

of v∗. a (Claim 5.2.2)

Let

(5.9) AC-Z-8X0 =
⋃
{u ∈ P(X) : 〈u, r〉 ∈ F for some r ⊆ u} and

R0 =
⋃
{r ∈ P(X2) : 〈u, r〉 ∈ F for some u ∈ P(X)}.

Claim 5.2.3 Cl-AC-Z-2R0 is a well-ordering on X0.

` By Claim 5.2.2 and Lemma 5.1, (3). a (Claim 5.2.3)

Thus, 〈X0, R0〉 is the maximal element of F with respect to component-wise inclusion. The

following Claim finishes the proof:

Claim 5.2.4 Cl-AC-Z-3X0 = X.
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` Suppose not and let a0 = f(X \X0). Let X1 = X0 ∪ {a0} and R1 = R0 ∪ (X0 × {a0}).
Then 〈X1, R1〉 ∈ F by Lemma 5.1, (2). This is a contradiction to the maximality of

〈X0, R0〉. a (Claim 5.2.4)

(Theorem 5.2)

A pair 〈P,<〉 for a set P and a binary relation < is said to be a partial ordering if < is

irreflexive, anti-symmetric and transitive relation. A subset C of P for a partial ordering

〈P,<〉 is a chain if <↾ C is a linear ordering on C. For X ⊆ P , a ∈ P is an upper-bound of

X (with respect to <) if b = a or b < a holds for all b ∈ X. a ∈ P is a maximal element

(with respect to <) if there is no b ∈ P such that a < b.

Zorn’s Lemma is the following assertion:

Zorn’s Lemma: Suppose that 〈P,<〉 is a partial ordering such that

(5.10) AC-Z-10any chain has an upper-bound in P .

Then P has at least one maximal element.

Theorem 5.3 T-AC-Z-1The following are equivalent over Z:

( a ) AC.

( b ) Zorn’s Lemma.

Proof. By Theorem 5.2, it is enough to show that Zorn’s Lemma is equivalent to Well-

ordering Theorem over Z.

Assume first that Well-ordering Theorem holds and 〈P,<〉 is a partial ordering satisfying
(5.10). Let R be a well-ordering on the set P and let

(5.11) AC-Z-11P = {u ∈ P(P ) : <↾ u is a well-ordering on u, for any proper initial segment v

of u with respect to <↾ u, the minimal element of u \ v with

respect to <↾ u is the minimal element of

{p ∈ P : p is an upper-bound of v with respect to <}
with respect to R}.

Similarly to the proof of (a) ⇒ (b) of Theorem 5.2, we can prove that elements of P as

linear orderings ordered by < or equivalently R restricted to them are linearly ordered with

respect to end-extension. Hence we have U∗ = ∪P ∈ P and U∗ is the maximal element of

P with respect to end-extension of elements of P. U∗ is a chain in P with respect to < by

Lemma 5.1, (3). Let p∗ ∈ P be an upper-bound of U∗. Then p∗ ∈ U∗, that is p∗ must be

the maximal element of U∗ with respect to <↾ U∗. Also p∗ must be a maximal element of

P with respect to <.

Suppose now that Zorn’s Lemma holds and let X be a set. Let

(5.12) AC-Z-12F = {〈u, r〉 ∈ P(X)× P(X2) : r ⊆ u2 and r is a well-ordering on u}.

For 〈u0, r0〉, 〈u1, r1〉 ∈ F , let
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(5.13) AC-Z-13〈u0, r0〉 ⊏ 〈u1, r1〉 ⇔ 〈u1, r1〉 is an end extension of 〈u0, r0〉.

Then F = 〈F ,⊏〉 is a partial ordering and, by Lemma 5.1, (3), every chain C in F has

the least upper-bound 〈U,R〉 where

(5.14) U =
⋃
{u ∈ P(X) : 〈u, r〉 ∈ C for some r ⊆ u2} and

R =
⋃
{r ∈ P(X2) : 〈u, r〉 ∈ C for some u ∈ P(X)}.

By Zorn’s Lemma, it follows that F has a maximal element 〈U0, R0〉. The following

Claim finishes the proof:

Claim 5.3.1 Cl-AC-Z-4U0 = X.

` Suppose otherwise and let a ∈ X \U0. Letting U1 = U0∪{a} and R1 = R0∪ (U0×{a}),
we have 〈U1, R1〉 ∈ F and 〈U0, R0〉 F 〈U1, R1〉 by Lemma 5.1, (2). This is a contradiction

to the assumption that 〈U0, R0〉 is a maximal element. a (Claim 5.3.1) (Theorem 5.3)

Theorem 5.4 (Cantor-Bernstein Theorem) In Z, if there are 1-1 mappings from M to N

and also from N to M , then there is a bijection from M to N .

Proof. See Chapter 19 in [1] where the proof given there is claimed to be one by Julius

Kőnig.

General Topology by John L. Kelley also contains an “intuitively elegant form of the

proof of Theorem 0.20” due to G. Birkhoff and S. MacLane. (Theorem 5.4)

Scan 2020-10-18–15.52-
math-notes - annotated.pdf
p.175

Characterization of DC

Recall that DC (Dependent Choice) is the principle:

(5.15) x-AC-Z-0For any non-empty set A and any binary relation R on A, if (*) for any a ∈ A

there is a′ ∈ A such that R(a, a′), then there is a sequence s : ω → A such that

R(s(n), s(n+ 1)) for all n ∈ ω.

For a set A and a binary relation R on A, R is a well-founded relation (on A) if for any

non-empty B ⊆ A, there is R-minimal element of B. An ≤ω-sequence s : w → A in A (of

length w ≤ ω) is R-increasing if R(s(n), s(n+ 1)) (i.e., 〈s(n), s(n+ 1)〉 ∈ R) for all n ∈ ω.

Thus, (5.15) can be reformulated as

(5.15)’ For any non-empty set A and any binary relation R on A, if (*) for any a ∈ A

there is a′ ∈ A such that R(a, a′), then there is an R-increaing sequence s : ω → A.

An ≤ω-sequence s : w → A in A (of length w ≤ ω) is R-decreasing if R(s(n + 1), s(n)

(i.e., 〈s(n+ 1), s(n)〉 ∈ R) for all n ∈ w.
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Theorem 5.5 p-AC-Z-0The following are equivalent

(A) DC.

(B) For any non-empty A and binary relation R on A,

(5.16) x-AC-Z-1R is a well-founded on A ⇔ there is no R-decreasing sequence s of length ω.

Proof. (A) ⇒ (B): Assume DC. Suppose that A is a non-empty set and R is a binary

relation on A.

(5.16) “⇒”: We prove the contraposition. Assume that there is a R-decreasing sequence

s : ω → A. Then s ′′ω is a non-empty subset of A without the minimal element. Note that

we did not use DC for this direction.

(5.16) “⇐”: Again we prove the contraposition. Assume that R is not well-founded on

A. Then there is a nonempty A∗ ⊆ A without a minimal element. Let R∗ be the inverse

of R ∩ A2, i.e. R∗ = {〈a, a′〉 ∈ (A∗)2 : 〈a′, a〉 ∈ R}. Then (A∗, R∗) satisfies the condition

(*) in (5.15). By DC there is an R∗-increasing sequence s : ω → A∗ This sequence is then

R-decreasing sequence.

(B)⇒ (A): We prove here again the contraposition. Suppose that DC does not hold. We

want to find a counterexample to (B) By the proof of “(A) ⇒ (B)”, such a counterexample

must be a non-empty partial ordering which is non-well founded but satisfies the right side

of the equivalence (5.16).

By ¬DC, there is a non-empty A and a binary relation R on A such that

(5.17) x-AC-Z-1-0For all a ∈ A, there is a′ ∈ A such that 〈a, a′〉 ∈ R;

(5.18) x-AC-Z-2there is no R-decreasing s : ω → A.

Let A∗ := {t ∈ ω>A : t is R-increasing}, and let R∗ be the binary relation on A∗

defined by

(5.19) x-AC-Z-3〈t, t′〉 :⇔ t′ ⫋ t

for t, t′ ∈ A∗.

(5.17) implies that A∗ does not have a R∗ minimal element. Thus R∗ is not a well-

founded relation on A∗.

If s : ω → A∗ were an R∗-decreasing ω-sequence in A∗ then
⋃
s would be an R-increaing

sequence of length ω. Thus, by (5.18), it follows that there is no such sequence. This shows

that (A∗, R∗) is a desired counter-example. (Theorem 5.5)

6 Hilbert’s Paradox and Grothendieck universe

GuThe following Theorem 6.1 appears in Hilbert’s course note of 1905 (see V.Peckhaus and

R.Kahle [18], see also A.Kanamori, [15]):
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Theorem 6.1 (in Z, Hilbert’s Paradox) P-Gu-a-0There is no set X such that

(6.1) Gu-a-0X is closed with respect to powerset operation, that is, for any a ∈ X, P(a) ∈ X;

and

(6.2) Gu-a-1

⋃
Y ∈ X, for any set Y ⊆ X, .

Note that there are infinite sets with the property (6.1) alone and infinite sets with the

property (6.2) alone. For example: Vγ |= (6.1) for any limit ordinal γ. P(X) |= (6.2) for

any set X.(2)

Proof of Theorem 6.1. Suppose that there is a set X with X |= (6.1), (6.2). Then⋃
X ∈ X and P(

⋃
X) ∈ X. It follows that P(

⋃
X) ⊆

⋃
X: for any a ∈ P(

⋃
X), since

a is an element of an element of X (namely P(
⋃
X)), we have a ∈

⋃
X. But this is a

contradiction to Cantor’s Theorem which states that, for any set a, there is no surjection

from a to P(a). (Theorem 6.1)

The class V = {x : x = x} clearly satisfies (6.1) and (6.2). On the other hand, a class

X satisfying (6.1) and (6.2) does not need to be equal to V:

Lemma 6.2 P-Gu-a-0-0There are proper subclasses X of V with X |= (6.1), (6.2).

Proof. Let X = {a : |b| ≤ |a| for any b ∈ trcl(a)}. Clearly X 6= V but X |= (6.1), (6.2).

In ZF, X = {Vα : α ∈ On} is another example. (Lemma 6.2)

The second example in the proof of Lemma 6.2 is quite symptomatic in ZF (see Propo-

sition 6.3 below). Actually, the properties of Hilbert’s (non-existent) set can be slightly

extended to obtain a characterization of V:

Proposition 6.3 (ZF) P-Gu-a-0-2If a class X satisfies (6.1) and (6.2), then Vα ∈ X for all α ∈ On.

Proof. Since ∅ =
⋃
∅ and ∅ ⊆ X, we have V0 = ∅ ∈ X by (6.2).

If Vα ∈ X then Vα+1 = P(Vα) ∈ X by (6.1). If Vβ ∈ X for all β < γ for a limit ordinal

then Vγ =
⋃
{Vβ : β < γ} ∈ X by (6.2). (Proposition 6.3)

Corollary 6.4 (ZF) P-Gu-a-0-1If a class X is transitive and satisfies (6.1) and (6.2), then X = V.

Proof. We have Vα ∈ X for all α ∈ X. Since X is transitive, it follows that X ⊇ V.

(Corollary 6.4)

By modifying further the properties of the non-existent set in Hilbert’s paradox, we ob-

tain the definition of Grothendieck universes (which are sets!). An uncountable Grothendieck

(2) If a ∈ Vγ then a ∈ Vα for some α < γ. Since a ⊆ Vα by transitivity of Vα, we have b ⊆ Vα for all b ⊆ a.

Thus P(a) ⊆ Vα+1 and P(a) ∈ Vα+2 ⊆ Vγ .

If Y ⊆ P(X) then
∪

Y ⊆ X and hence
∪

Y ∈ P(X).
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universe U exists if and only if an inaccessible cardinal exists. In terms of set theory, an un-

countable Grothendieck universe U is simply H(κ) for an inaccessible κ. A weakening of the

notion of Grothendieck universe (called here weakly Grothendieck universe) characterizes

the families H(κ) of hereditarily of cardinality <κ sets for regular κ (see Lemma 6.10, (8)

and (9)). Note that such H(κ)’s are still “universes” in that they are models of ZFC −
Power Set Axiom.

A set U is said to be a Grothendieck universe if

(6.3) Gu-0U is transitive;

(6.4) Gu-0-0∅ ∈ U ; (under the Axiom of Foundation, this follows from (6.3)).

(6.5) Gu-1U is closed with respect to pairing operation, i.e., for any a, b ∈ U , we have

{a, b} ∈ U ;

(6.6) Gu-2U is closed with respect to power set operation, i.e., for any a ∈ U , we have

P(a) ∈ U ; and,

(6.7) Gu-3for any I ∈ U and f ∈ IU , we have
⋃

i∈I f(i) ∈ U .(3)

The definition of Grothendieck universes makes sense under ZF without Axiom of Foun-

dation or as a matter of fact even without Separation and Replacement although the most

natural setting for this notion seems to be the full ZFC with the Axiom of Foundation (see

e.g. Lemma 6.7, (8) and Lemma 6.10, (10) below). The following properties of Grothendieck

universes can be proved in a weak fragment of ZF:

Lemma 6.5 P-Gu-a-0-3Let U be a Grothendieck universe.

( 1 ) For any a ∈ U , we have
⋃
a ∈ U .

( 2 ) Let κ = On ∩ U . Then, for any a ∈ [U ]<κ, we have a ∈ U .

Proof. (1): Let ida : a→ U ; a 3 b 7→ b ∈ a ⊆ U . By (6.7),
⋃
a =

⋃
b∈a ida(b) ∈ U .

(2): Suppose a ∈ [U ]<κ and let µ = |a|. Then µ ∈ U . Let f : µ→ U be an enumeration

of a and let f∗ be a mapping on µ defined by f∗(ξ) = {f(ξ)}. We have f∗ ∈ µU by (6.5).

Thus a =
⋃

ξ∈µ f
∗(ξ) ∈ U . (Lemma 6.5)

Under the full axiom system of ZFC with the Axiom of Foundation and the Axiom of

Choice, we can say much more than this (see Lemma 6.7,(7)).

Grothendieck universes obtain certain regularity even under the set theory without the

Axiom of Foundation:

Lemma 6.6 (in ZF - Axiom of Foundation) P-Gu-a-1If U is a Grothendieck universe then U 6∈ U .

There is no ∈-descending sequence starting and ending with U .

(3)Actually (6.5) is redundant: If x ∈ U then {x} ∈ P(P(x)) ∈ U . Thus by (6.3), we have {x} ∈ U .

By (6.4), it follows from this that 2 = {∅, {∅}} = P({∅}) ∈ U . Thus, for any a, b ∈ U , we have f =

{〈0, {a}〉, 〈1, {b}〉} ∈ 2U and {a, b} =
∪

f ∈ U .
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Proof. Let U be a Grothendieck universe. Toward a contradiction, suppose that U ∈ U .

Let κ = On ∩ U .

Claim 6.6.1 κ is a limit ordinal.

` Suppose that α ∈ κ. Then α + 1 = α ∪ {α} =
⋃
{{α}, {{α}}} ∈ U by (6.5) and (6.7).

Hence α+ 1 ∈ κ. a (Claim 6.6.1)

Let f : U → κ ⊆ U be defined by

(6.8) f(x) =

{
x, if x ∈ On;

∅ otherwise.

Then κ =
⋃
κ =

⋃
x∈U f(i) ∈ U by our assumption U ∈ U and (6.7). (Note that the first

equality holds because κ is a limit ordinal.) Thus κ ∈ κ. This is a contradiction.

Since U is transitive, if there were a ∈-descending sequence starting and ending with

U , then this would imply U ∈ U . (Lemma 6.6)

Lemma 6.7 P-Gu-0Work in ZF. Suppose that U is a Grothendieck universe and κ = On ∩ U .

( 1 ) If a ∈ U and b ⊆ a then b ∈ U .

( 2 ) ω ⊆ U (hence κ ≥ ω) and H(κ) ⊆ U .

( 3 ) If a, b ∈ U then a ∪ b ∈ U .

( 4 ) If a, b ∈ U then a× b ∈ U .

( 5 ) If f ∈ IU for some I ∈ U then f ′′I ∈ U .

( 6 ) For any 〈a, r〉 ∈ U , if r is a well ordering on a, then we have otp (〈a, r〉) ∈ U .

( 7 ) If κ > ω then κ is a regular cardinal. If we assume AC, then κ is an inaccessible

cardinal.

( 8 ) Under AC, we have U = H(κ). If κ > ω, U |= ZF and further, if AC holds, then we

have U |= ZFC.

( 9 ) Conversely to (7), H(κ) is a Grothendieck universe if either κ = ω or κ is inacces-

sible.

Proof. (1): This follows directly from (6.6) and (6.3). We shall show the assertion here

without appealing to (6.6):

Suppose that a ∈ U and b ⊆ a. Let f : a→ U be defined by

(6.9) Gu-4-0f(x) =

{
{x}, if x ∈ b;

∅, otherwise

for x ∈ a. f is well-defined by (6.5). We have b =
⋃

x∈a f(x) ∈ U by (6.7).

(2): We first show that ω ⊆ U .

∅ ∈ U by (6.4). By (6.5), it follows that {∅} ∈ U and {∅, {∅}} ∈ U . Thus κ ≥ 3. By

(6.7), it follows that,
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(6.10) Gu-5for any a ∈ U , a ∪ {a} =
⋃

{{a}, {{a}}}︸ ︷︷ ︸
∈[U ]<κ

∈ U by Lemma 6.5, (2) and (1).

Since ω is characterized as the minimal set W (with respect to ⊆) satisfying ∅ ∈ W and

a ∪ {a} ∈W for all a ∈W , it follows that ω ⊆ U . In particular, we also have κ ≥ ω.

To prove H(κ) ⊆ U by induction on the rank of elements of H(κ), it is enough to show:

If a ∈ H(κ) and a ⊆ U then a ∈ U . This follows from Lemma 6.5, (2).

(3): Suppose that a, b ∈ U .

(6.11) Gu-7a ∪ b =
⋃
{{a}, {b}}︸ ︷︷ ︸

∈ [U ]<κ by (6.5)

∈ U by Lemma 6.5, (2) and (1).

by (6.7).

(4): a× b ⊆ P(P(a ∪ b))︸ ︷︷ ︸
∈ U by (3) and (6.6)

. Thus a× b ∈ U by (1).

(5): Suppose f ∈ IU for some I ∈ U . Let f∗ : I → U ; i 7→ {f(i)}. f∗ is well-defined by

(6.5). Then f ′′I =
⋃

i∈I f
∗(i) ∈ U by (6.7).

(6): Suppose, toward a contradiction, that 〈a, r〉 ∈ U be such that r is a well-ordering

on a but otp (〈a, r〉) 6∈ U . Suppose further that 〈a, r〉 is chosen such that otp (〈a, r〉) is

minimal among the order-type of such pairs.

otp (〈a, r〉) is not a successor ordinal: if otp (〈a, r〉) = α + 1, then let I be the initial

segment of a below the maximal element of a with respect to r. By (6.3), (1) and (6.5),

we have 〈I, r ↾ I〉 ∈ U and otp (〈I, r ↾ I〉) = α. By the minimality of otp (〈a, r〉), it follows
that α ∈ U . Hence otp (〈a, r〉) = α+1 = α∪{α} ∈ U . This is a contradiction to the choice

of 〈a, r〉.
Hence we may assume that otp (〈a, r〉) is a limit ordinal. For each b ∈ a, let Ib be the

initial segment of a consisting of all elements of a smaller than b with respect to r and let

αb = otp (〈Ib, r ↾ Ib〉). Since 〈Ib, r ↾ Ib〉 ∈ U , αb ∈ U by the minimality of otp (〈a, r〉). Thus
otp (〈a, r〉) =

⋃
{αb : b ∈ a} ∈ U by (6.7). This is a contradiction to the choice of 〈a, r〉.

(7): We first show that κ is a regular cardinal. Suppose otherwise and let δ = cf (κ) < κ

and 〈αξ : ξ〉 be a sequence of ordinals < κ such that supξ<δ αξ = κ. Then κ =
⋃
{{αξ} :

ξ ∈ δ} ∈ U by (6.7) and thus κ ∈ κ. This is a contradiction.

For δ < κ, we have 2δ = |P(δ)| = otp (〈P(δ), r〉) ∈ U by (6) where r is the well-ordering

on P(δ) of order-type |P(δ)|.

(8): We have shown in (2) that H(κ) ⊆ U holds. To show that U ⊆ H(κ), suppose

otherwise and let a ∈ U \ H(κ) be with the minimal possible rank. Thus b ∈ H(κ) holds

for all b ∈ a. By AC, and (6), λ = |a| ∈ U . It follows that λ < κ and hence a ∈ H(κ). This

is a contradiction to the choice of a.

If κ > ω then ω ∈ κ ⊆ U . It follows that U satisfies the Axiom of Infinity. It is also

easy to prove that all other Axioms of ZFC hold in U : The Axiom of Extensionality holds
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in U since U is transitive. The Axiom of Empty Set holds in U by (6.4). U |=“The Pairing

Axiom” by (6.5). U |=“The Axiom of Union” by the remark before Lemma 6.7. The

Axiom of Power Set by (6.6). U |=“The Axiom of Separation” by (1). U |=“The Axiom

of Replacement” follows from (5). The Axiom of Foundation holds in any ∈-model (if we

are working in the set theory with the Axiom). If AC holds then for all a ∈ U with ∅ 6∈ a

and a choice function f : a →
⋃
a, we have f ∈ U : a × (

⋃
a) ∈ U by the remark before

Lemma 6.6 and (4). Hence f ∈ U by f ⊆ a× (
⋃
a) and (1).

(9): If κ = ω or κ is inaccessible, it is easy to see that H(κ) satisfies the conditions

(6.3) ∼ (6.7). (Lemma 6.7)

Since we have H(ω) = Vω and H(κ) = Vκ for an inaccessible κ, (7), (8), (9) in

Lemma 6.7 implies the following. Note that Vκ = H(κ) if and only if κ = ω or κ is

inaccessible under CH (see e.g. [16] Chapter IV, Lemma 6.3).

Theorem 6.8 Th-Gu-0(ZFC, [19]) A set U is a Grothendieck universe if and only if U = Vω = H(ω)

or U = Vκ = H(κ) for an inaccessible κ.

Let us call a set U a weak Grothendieck universe if

(6.3) U is transitive;

(6.4) ∅ ∈ U ; (we need this, if we are working in ZF − the Axiom of Foundation).

(6.5) U is closed with respect to pairing operation, i.e., for any a, b ∈ U , we have

{a, b} ∈ U ; and

(6.7) for any I ∈ U and f ∈ IU ,
⋃

i∈I f(i) ∈ U . In particular, for any a ∈ [U ]<κ, we

have
⋃
a ∈ U where κ = On ∩ U .

With exactly the same proof as that of Lemma 6.5, we obtain the following:

Lemma 6.9 P-Gu-0-0Let U be a weak Grothendieck universe.

( 1 ) For any a ∈ U , we have
⋃
a ∈ U .

( 2 ) Let κ = On ∩ U . Then, for any a ∈ [U ]<κ, we have a ∈ U .

With almost the same proof as that of Lemma 6.7, we also obtain the following Lemma.

Lemma 6.10 P-Gu-1Work in ZF. Suppose that U is a weak Grothendieck universe with κ =

On ∩ U .

( 1 ) If a ∈ U and b ⊆ a then b ∈ U . Equivalently, if a ∈ U then P(a) ⊆ U ;(4)

( 2 ) ω ⊆ U (hence κ ≥ ω) and H(κ) ⊆ U .

( 3 ) If a, b ∈ U then a ∪ b ∈ U .

(4) In [17], a set U with this property is said to be supertransitive.
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( 4 ) If a, b ∈ U then a× b ∈ U .

( 5 ) If f ∈ IU for some I ∈ U then f ′′I ∈ U .

( 6 ) For any 〈a, r〉 ∈ U where r is a well ordering on a, otp (〈a, r〉) ∈ U .

( 7 ) If κ > ω then κ is a regular cardinal.

( 8 ) Under AC, we have U = H(κ). If κ > ω, U |= ZF−Axiom of Power Set and further

if AC holds we have U |= ZFC−Axiom of Power Set.

( 9 ) Conversely to (8), H(κ) is a weak Grothendieck universe if either κ = ω or κ is a

regular uncountable cardinal.

Proof. All proofs except that of (4) in Lemma 6.7 work under the assumption that U is

a weak Grothendieck universe.

(4): Suppose a, b ∈ U . For each c ∈ a, {c} × b =
⋃
{{{{c}, {c, d}}} : d ∈ b} ∈ U by

(6.7). Thus a× b =
⋃
{{{c} × b} : c ∈ a} ∈ U . (Lemma 6.10)

Corollary 6.11 (ZFC) P-Gu-1-aA set U is a weak Grothendieck universe if and only if κ = On∩U
is a regular cardinal and U = H(κ).

Proof. By Lemma 6.10, (8) and (9). (Corollary 6.11)

Theorem 6.12 (ZFC) P-Gu-1-0A weak Grothendieck universe U with κ = On∩U is a Grothendieck

universe if and only if either κ = ω or κ is an inaccessible cardinal.

Proof. By Corollary 6.11 and Theorem 6.8. (Theorem 6.12)

From here on we work in ZFC. Let us call a transitive ∈-model M of ZFC full if M is

closed with respect to the power set operation. By (6.6) and Lemma 6.7, (6), any uncount-

able Grothendieck universe is a full transitive ∈-model of ZFC. However the existence of a

full transitive ∈-model of ZFC is consistency-wise strictly weaker than the existence of a

Grothendieck universe:

Lemma 6.13 P-Gu-2Let us call the assertions “There is a full transitive ∈-model of ZFC” and

“There is an uncountable Grothendieck universe” φ0 and φ1 respectively. Then we have

(6.12) Gu-8ZFC + φ1 ` φ0 and

(6.13) Gu-9ZFC + φ1 ` consis(⌜⌜ZFC⌝⌝ + φ0).

Actually we even have

(6.14) Gu-9-0ZFC + φ1 ` consis(⌜⌜ZFC⌝⌝ + φ∗
0).

where φ∗
0 is the assertion “For any set a there is a full transitive ∈-model M of ZFC with

a ∈M”.
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Proof. (6.12) is trivial. To show (6.13) we work in ZFC + φ1 and let U = H(κ) be an

uncountable Grothendieck universe. By Lemma 6.7, (7), κ is an inaccessible cardinal. Note

that we also have U = Vκ.
(5)

For an arbitrary a ∈ U , let 〈ξn : n ∈ ω〉 and 〈Mn : n ∈ ω〉 be such that

(6.15) Gu-10〈ξn : n ∈ ω〉 is a strictly increasing sequence of ordinals below κ;

(6.16) Gu-10-0a ∈ Vξ0 ;

(6.17) Gu-11〈Mn : n ∈ ω〉 is a ⊆-increasing sequence of elements of U ;

(6.18) Gu-12Vξn ⊆Mn ≺ U ; and

(6.19) Gu-13Mn ⊆ Vξn+1 .

Let Ma =
⋃

n∈ωMn =
⋃

n∈ω Vξn . Then Ma = Vξ ∈ U where ξ = supn∈ω ξn < κ. a ∈Ma

by (6.16) andMa |= ⌜⌜ZFC⌝⌝ sinceMa ≺ U by (6.17) and (6.18). Ma is full by (6.15). Thus

U is a model of ⌜⌜ZFC⌝⌝ + φ∗
0. It follows that consis(⌜⌜ZFC⌝⌝ + φ∗

0) holds. (Lemma 6.13)

For a transitive ∈-model M , we shall call the ordinal On ∩M the height of M .

Theorem 6.14 P-Gu-3If M is a full transitive ∈-model of ZFC with regular height κ then κ is an

inaccessible cardinal and M = H(κ). Thus such M is a Grothendieck universe.

Proof. We first prove that κ is inaccessible. Since the regularity of κ is already assumed,

and since we have ω < κ byM |=“ the Axiom of Infinity” and transitivity ofM , it is enough

to show that κ is closed under cardinal exponential. Suppose that λ < κ. Then P(λ) ∈M

since M is full. Let µ ∈ κ be such that M |=“ |P(λ)| ≡ µ” Then 2λ = |µ| ≤ µ < κ.

M ⊇ H(κ): Suppose otherwise and let a ∈ H(κ) \M be of the minimal rank among

elements of H(κ)\M . Then a ⊆M . Since κ is regular, there is α < κ such that a ⊆ (Vα)
M .

Since M is full it follows that a ∈ P((Vα)
M ) ∈ M . Since M is transitive it follows that

a ∈M . This is a contradiction to the choice of a.

M ⊆ H(κ): Suppose otherwise and let a ∈ M \ H(κ) be of the minimal rank among

elements of M \ H(κ). Then a ⊆ H(κ). Since a 6∈ H(κ) we should have |a| ≥ κ. But then

κ ≤ |a| ≤ |a|M < κ. A contradiction. (Theorem 6.14)

Lemma 6.15 (ZF) L-0If a is transitive then ∅ ∈ a.

Proof. Let b ∈ a be with the minimal possible rank. then b = ∅: Otherwise there would

be c ∈ b. By the transitivity of a it follows that c ∈ a. This is a contradiction to the

minimality of the rank of b. (Lemma 6.15)

(5)For a regular cardinal κ, H(κ) = Vκ if and only if either κ = ω or κ is strongly inaccessible (see e.g.

Kunen [16] Ch.IV, Lemma 6.3). The “if” direction of this lemma can be also shown by proving (Vα)
H(κ) = Vα

for all α < κ by induction on α < κ.
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Some Open problems: The following is an assertion with a wrong proof withdrew

from

[https://fuchino.ddo.jp/notes/forcing-outline-katowice-2017.pdf: Lemma {Valpha}]

( 6 ) Vα is ⊆-maximal set X with the property that X is transitive, closed under trcl−,

union of pairs and subset, and α 6∈ X.

Wrong Proof: (6): For α = 0 the assertion is trivial since every non empty transitive set

contains ∅ as an element.

Suppose that the assertion holds for α and X is a transitive set closed under trcl−, · ∪ ·
and taking a subset, and α+ 1 6∈ X. We have to show that X ⊆ Vα+1.

If α 6∈ X then X ⊆ Vα ⊆ Vα+1 by induction hypothesis. Thus we may assume that

α ∈ X. We have {α} 6∈ X since, otherwise, we would have α + 1 = α ∪ {α} ∈ X by the

closedness of X with respect to · ∪ ·. In particular, if a ∈ X then α 6∈ a since otherwise we

would have {α} ∈ X by the closedness of X with respect to subset.

Let a ∈ X and let b0 = trcl−(a). b0 ∈ X by the closedness of X with respect to trcl−.

Thus α 6∈ b0. Let b1 = {
⋃
s : s ∈ [b0]

<ℵ0} and b2 = {v : v ⊆ u for some u ∈ b1}. a ⊆ b1.

b1 ⊆ X since X is transitive and closed with respect to · ∪ ·. Thus b2 ⊆ X since X is

closed with respect to subset. Now b2 is transitive and closed with respect to trcl−, · ∪ ·
and subset.

Claim 6.15.1 Cl-ind-0(1) α 6∈ b1. (2) α 6∈ b2.

` a (Claim 6.15.1)

It follows by induction hypothesis that b2 ⊆ Vα. Since a ⊆ b0 ⊆ b1 ⊆ b2, it follows that

a ⊆ Vα and a ∈ Vα+1. Since a was arbitrary we obtain X ⊆ Vα+1.

The induction step for limit γ is trivial.

7 Is ω1 an object in the conventional mathematics?

omega1Most part of the conventional mathematics can be developed in Zermelo’s set theory (or

Zermelo’s set theory plus Axiom of Choice depending on how the word “conventional” is

interpreted). The existence of the ordinal number ω1 as it is defined in the modern set

theory cannot be proved in these systems: Vω1 is a model of Z (or ZC if we work in ZFC)

and the statement of the non existence of ω1. As a matter of fact, (in ZFC) Vα for any limit

ordinal >ω is a model of ZC. Thus we cannot even prove the existence of ω + ω in ZC! (6)

In this context, is seems to be a intriguing question whether ω1 can be considered to

be a mathematical object in the scope of the “conventional” mathematics. The following

rather trivial theorem can be seen in connection with this question.

(6)Note however, that the order types ω + ω, ω1 etc. are definable objects in ZC.



数学ノート 2018 (2026年 05月 10日版) 26

Theorem 7.1 T-omega1-0(1) (in Z + Countable Choice for countable sets) Every countable well-

ordered set is order-preservingly and continuously embeddable in R.

( 2 ) (in Z without Choice) No uncountable well-ordered set is order-preservingly embed-

dable into R.

Corollary 7.2 (Countable Choice for countable sets) C-omega1-0ω1 is the least ordinal which is not

order-preservingly embeddable into R.

Of course, Corollary 7.2 only makes sense in an axiom system which proves the existence

of ω1.

Proof of Theorem 7.1. (1): By induction on the order-type of countable well-ordered

set w = 〈w,≤w〉.
For w = ∅, the assertion is trivial.

Suppose that w has the maximal element m and w \ {m} is order-preservingly and

continuously embeddable in R. Then, without loss of generality, we may assume that

w \ {m} is embeddable in the open interval (−∞, 0) with the embedding f . We may also

assume that, if w \ {m} does not have a maximal element, then f ′′w \ {m} is cofinal in

(−∞, 0). The mapping f ∪ {〈m, 0〉} is then an order-preserving continuous embedding of

w into R.

Suppose now that w does not have the maximal element and each proper initial segment

of w can be embedded order-preservingly and continuously into R. By countability of w we

can find a sequence mi, i ∈ ω of elements in w such that 〈mi : i ∈ ω〉 is strictly increasing

and cofinal in w.

Let w0 = {n ∈ w : n <w m0} and wi+1 = {n ∈ w : mi ≤w n < mi+1} for i ∈ ω. By the

assumption there is a sequence fi, i ∈ ω of order-preserving and continuous embeddings of

w0 to (−∞, 0) and wi+1 to [i, i+ 1) such that

(7.1) omega1-0fi+1 sends the minimal element of wi+1 to i;

(7.2) omega1-1if wi is cofinal in {n ∈ w : n <w mi} (that is, if mi is a limit in w) then f ′′wi is

cofinal in (−∞, i).

Note that we need the Countable Choice for countable sets to find such sequence 〈fi : i ∈
ω〉.

Let f =
⋃

i∈ω fi. Then f is a order-preserving continuous embedding of w into R.

(2): Toward a contradiction, suppose that w = 〈w,<w〉 is an uncountable well-ordered

set and f : w → R is an order-preserving embedding. For each m ∈ w and the successor m′

of m, let qm ∈ Q be such that

(7.3) omega1-2f(m) < qm < f(m′)
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(we do not need the Axiom of Choice here to choose qm’s since Q is well-orderable). Since

Q is countable, there are m, n ∈ w such that m 6= n but qm = qn. By the choice (7.3) of

qm and qn this is a contradiction.(7) (Theorem 7.1)

8 Absoluteness over H(κ)

absIn the following, the notations “M ≺n V” and “M ≺Σn V” are used interchangably. Note

that for a large cardinal κ, H(κ) ≺Σn V is equivalent to κ ∈ C(n) since we we haveH(κ) = Vκ

for an inaccessible κ.

Theorem 8.1 T-abs-a(Lévy, see p.299 in Kanamori [14]) For any regular κ > ω, H(κ) ≺1 V.

Proof. Suppose that a ∈ H(κ) and φ = φ(x) is a formula of the form ∃yψ(x, y) where ψ
is ∆0.

(8)

If H(κ) |= φ(a), that is, if H(κ) |= ∃yψ(a, y), let b ∈ H(κ) be such that H(κ) |= ψ(a, b).

It follows that V |= ψ(a, b).

Thus V |= ∃yψ(a, y).
Suppose now V |= φ(a) and let b ∈ V be such that V |= ψ(a, b). By Lévy-Montague

Reflection Theorem, there is α ∈ On such that a, b ∈ Vα and Vα |= ψ(a, b). Let M ≺ Vα

be such that trcl(a) ⊆ M , b ∈ M and |M | < κ. Let f : M
∼=→ trcol(M) be the transitive

collapse. Then f(a) = a and hence we have trcol(M) |= ψ(a, f(b)). Since trcol(M) ⊆ H(κ)

it follows that H(κ) |= ψ(a, f(b)). Thus H(κ) |= φ(a). (Theorem 8.1)

Lemma 8.2 L-abs-a-0For a limit cardinal λ. H(λ) =
⋃

µ<λH(µ).

Proof. If a ∈
⋃

µ<λH(µ), then a ∈ H(µ0) for some µ0 < λ. Hence a ∈ H(µ0) ⊆ H(λ).

If a ∈ H(λ), there is µ0 < λ such that |trcl(a)| = µ0. Since a ∈ H((µ0)
+) and (µ0)

+ < λ,

it follows that a ∈
⋃

µ<λH(µ). (Lemma 8.2)

Corollary 8.3 L-abs-a-1H(λ) ≺1 V for all uncountable cardinals λ.

Proof. By Theorem 8.1 and Lemma 8.2. (Corollary 8.3)

Corollary 8.4 L-abs-a-2{λ ∈ Card : H(λ) = Vλ} is a club class in Card

Note that there is a formula ψ in L∈ such that Vλψ ⇔ Vλ = H(λ).

Lemma 8.5 Suppose that κ is a cardinal. If H(κ) ≺2 V, then κ is a limit cardinal and

(7)Here, again, we do not need Axiom of Choice since, if there were no m, n ∈ w with m 6= n and qm = qn,

w 3 m 7→ qm ∈ Q would be a one to one mapping which would be a contradiction to the assumption of non

countability of w.

(8)Note that, since H(κ) satisfies the Pairing Axiom, and “x ≡ 〈y, z〉 is ∆0, this implies the general case

with formulas with a block of existential quantification and a block of free variables.
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(8.1) abs-a-a-02µ < κ for all µ < κ.

In particular if κ is regular and H(κ) ≺2 V then κ is an inaccessible cardinal.

Proof. κ must be a limit cardinal: For each α < κ, we have

V |=“ ∃β (β is an ordinal > α ∧ ∀f ((f : α→ β) → f is not a surjection)”

By H(κ) ≺2 V, and since the formula above is Σ2, it follows that

H(κ) |=“ ∃β (β is an ordinal > α ∧ ∀f ((f : α→ β) → f is not a surjection)”.

To show (8.1), suppose that there is a µ < κ such that 2µ ≥ κ. Then we have H(κ) |=
φ(µ) and V |= ¬φ(µ) where φ = φ(x) is the Π2-formula saying that no set y contains the

power set of x:

(8.2) abs-a-a-1∀y∃z (z ⊆ x ∧ z 6ε y). (Lemma 8.5)

Theorem 8.6 (Proposition 22.3 in [14]) T-abs-0Suppose that κ is supercompact. Then H(κ) =

Vκ ≺2 V.

Proof. H(κ) = Vκ since κ is inaccessible.

Suppose that φ = φ(v1) is Σ2-formula of the form ∃v0ψ(v0, v1) where ψ is Π1.

Suppose Vκ |= φ(a) for some a ∈ Vκ. Then there is b ∈ Vκ such that Vκ |= ψ(b, a). By

Theorem 8.1, it follows V |= ψ(b, a). Thus V |= φ(a).

Suppose now that V |= φ(a) for some a ∈ Vκ. Then there is some b ∈ V such that

V |= ψ(b, a). Let λ0 ≥ κ be a regular cardinal such that b ∈ H(λ0) and let λ = |H(λ0)|.
Note that

(8.3) abs-a-0H(λ0) |= ψ(b, a)

by Theorem 8.1.

Let j : V
≺→M be such that

(8.4) abs-0crit(j) = κ, j(κ) > λ,

(8.5) abs-1M is an inner model in V and

(8.6) abs-2
λM ⊆M .

By (8.6), we have b, H(λ0)
V ∈ M and H(λ0)

V ⊆ M . It follows that H(λ0)
V = H(λ0)

M .

Thus

(8.7) abs-3M |=“H(λ0) |= ψ(b, a)”.

By Theorem 8.1 (applied in M), it follows that M |= ψ(b, a). by Corollary 8.3 (also applied

in M), M |=“H(j(κ)) |= ψ(b, a)”. Hence

(8.8) abs-4M |=“ ∃v0(H(j(κ)) |= ψ(v0, a))”.
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Noting j(a) = a, we obtain V |= “ ∃v0(H(κ) |= ψ(v0, a))” by elementarity. This simply

means H(κ) |= φ(a). (Theorem 8.6)

In the following, the fact that the statement “x is a γ-supercompact cardinal” is ∆ZF
2

(see [14], p.302) is used.

Proposition 8.7 P-abs-0Suppose that κ < λ, λ is supercompact and κ is µ-supercompact for all

µ < λ. Then κ is supercompact.

Proof. There is a Π2-formula φ(x) expressing “x is supercompact”.

Since Vλ |= φ(κ) and Vλ ≺2 V by Theorem 8.6, it follows that V |= φ(κ). This means

that κ is supercompact. (Proposition 8.7)

Proposition 8.7 implies that “Vκ ≺2 V” in Theorem 8.6 is optimal:

Corollary 8.8 Suppose that κ is the smallest supercompact cardinal. Then Vκ 6≺3 V.

Proof. Let φ = φ(u) be the Π2-formula stating that “u is supercompact”. Then V |= φ(κ)

and hence V |= ∃uφ(u). On the other hand, by Proposition 8.7, we have Vκ 6|= ∃uφ(u).
(Corollary 8.8)

[14] 23.10 Proposition: If κ
is an extendible cardinal,
then Vκ ≺3 V.

Lemma 8.9 L-abs-0(1) For an ordinal α, if Vα ≺1 V, then α > ω and α is a limit ordinal.

( 2 ) If Vα ≺1 V, then

(8.9) abs-6-02µ < α holds for all µ < α.

In particular, α is a strong limit cardinal.

( 3 ) If Vκ ≺1 V, then Vκ = H(κ).

Proof. (1): Suppose Vα ≺1 V. Since V |= ∃x (“x is an ordinal”∧(∀y ∈ x)(y+1 ∈ x)), and

the sentence is Σ1, it follows that Vα satisfies the same sentence. This implies that α > ω.

We have V |= ∀x (“x is an ordinal” → ∃y)(y = x + 1)). Since the sentence is Π2 it

follows that Vα also satisfies the sentence, and this implies that α is a limit ordinal.

(2): Assume that Vα ≺1 V. V satisfies the formula saying that for any cardinal set x

there is a cardinal which is the cardinality of P(x). Since this sentence can be formulated

in Π2, it holds in Vα. This implies that α is closed with µ 7→ 2µ, and this clearly implies

that α is a strong limit cardinal.

(3): Assume that Vκ ≺1 V. H(κ) ⊆ Vκ holds for all infinite cardinal κ (see e.g. [7],

Lemma [L-hered-0]). Thus it is enough to show that Vκ ⊆ H(κ). Consider the following

Σ1-formula φ2 = φ2(x):

(8.10) abs-7“∃y∃z∃f (y is transitive ∧ z is an ordinal ∧ f : z → y is a bijection ∧ x ε y ”
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For a ∈ Vκ, we have V |= φ2(a). It follows that Vκ |= φ2(a). Since On∩ Vκ = κ, this means

that a ∈ H(κ). (Lemma 8.9)

Lemma 8.10 L-abs-1If H(κ) ≺2 V for a cardinal κ then H(κ) = Vκ.

Proof. Suppose that H(κ) ≺2 V. Then we have κ > ω. Since H(κ) ⊆ Vκ always holds, it

is enough to show that Vκ ⊆ H(κ). For this, it is enough to show that Vα ∈ H(κ) holds for

all α < κ.

Consider the Σ2-formula φ = φ(x):

(8.11) abs-8∃y∃f∀u ( “y is an ordinal ∧ x ε y ∧ f is a function on y ∧ f(∅) = ∅ ∧
(∀v ε y)((v is a limit → f(v) =

⋃
wεv f(w)) ∧

(v is a successor of some v0 → (u ⊆ f(v0) ↔ u ε f(v))))”.

For β < κ, we have V |= φ(β). Hence H(κ) |= φ(β) by H(κ) ≺2 V. Thus, for α < κ, letting

β+α+1 there is a mapping f ∈ H(κ) on β such that f(ξ) = Vξ for all ξ < β. In particular

Vα = f(α) ∈ H(κ). (Lemma 8.10)

Theorem 8.11 Cor-abs-0(1) V2ℵ0 6≺1 V. (2) Vω2 6≺1 V. (3) Vκrefl
6≺1 V

(4) H(2ℵ0) 6≺2 V.
(9)

Proof. (1), (2): By Lemma 8.9. (3): follows from (1) and (2).

(4): If H(2ℵ0) ≺2 V, then H(2ℵ0) = V2ℵ0 by Lemma 8.10. Thus V2ℵ0 ≺1 V by Corol-

lary 8.3. But this is a contradiction to (1).

Note that this can be seen also more directly by H(2ℵ0) |= φ(ω) but V |= ¬φ(ω) where
φ is as in (8.2).

Note also that this proof also shows that H(2ℵ0) 6= V2ℵ0 . (Theorem 8.11)

Theorem 8.12 T-abs-1For a cardinal κ, the following are equivalent: (a) Vκ ≺1 V;

( b ) H(κ) = Vκ and 2µ < κ for all µ < κ; ( c ) H(κ) = Vκ.

Proof. (a) ⇒ (b): By Lemma 8.9.

(b) ⇒ (c ): Trivial.

( c ) ⇒ (a): By Theorem 8.1. (Theorem 8.12)

Theorem 8.13 T-abs-2For a regular cardinal κ, the following are equivalent: (a) Vκ ≺1 V;

( b ) κ is inaccessible;

( c ) Vκ |= ZFC;

( d ) Vκ = H(κ).

(9)Note that H(2ℵ0) ≺1 V by Theorem 8.1.
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Proof. Suppose that κ is a regular cardinal. (a) ⇒ (b): By Lemma 8.9, (2). (b) ⇒ (c ):

This is well-known.

(c) ⇒ (d): Let φ2 = φ2(x) be the Σ1-formula in the proof of Lemma 8.9, (3). Since

ZFC ` ∀xφ2, we have Vκ |= ∀xφ2. Since On
Vκ = κ it follows that Vκ ⊆ H(κ).

(d) ⇒ (a): By Theorem 8.1. (Theorem 8.13)

Cantor’s Attic: Reflecting cardinals

9 Generic elementary embedding

gen9.1 generic elementary embedding under chain conditions

gen-cc

Lemma 9.1 L-gen-0Suppose that M and N are inner models in V and j ⊆ V be such that j :

M
≺→ N . Suppose further that P ∈ M is a poset in M , Q = j(P), G is an (M,P)-generic

filter and H is an (N,Q)-generic filter such that

(9.1) x-gen-aj ′′G ⊆ H.

Then the class mapping introduced by

(9.2) gen-a“ j̃ :M [G] → N [H]; a
˜
[G] 7→ j(a

˜
)[H] for P-name a

˜
in M”

is well defined, j ⊆ j̃ and j̃ :M [G]
≺→ N [H].

Proof. ・ Well-definedness: Suppose that a
˜
, a
˜
′ ∈ M are P-names such that M [G] |=

“ a
˜
[G] ≡ a

˜
′[G]”. Then there is a p ∈ G such that M |=“p ‖–P “ a

˜
≡ a
˜
′ ””. By elementarity,

it follows that N |= “ j(p) ‖–Q “ j(a
˜
) ≡ j(a

˜
′) ””. Since j(p) ∈ H by (9.1), it follows that

N [H] |=“ j(a
˜
)[H] ≡ j(a

˜
′)[H]”.

・ j ⊆ j̃: Suppose that j(a) = b for a ∈ M and b ∈ N . Let ǎ ∈ M be such that M |=“ ǎ is

a standard P-name for a”. By elementarity,

(9.3) a-gen-0-0N |=“ j(ǎ) is a standard Q-name for j(a)”.

Thus

(9.4) gen-0j̃(a) =︸︷︷︸
by the def. of j̃

j(ǎ)[H]

by (9.3)︷︸︸︷
= j(a) = b.

・ j̃ :M [G]
≺→ N [H]: Suppose that M [G] |= φ(a0, ..., an−1) for an L∈-formula φ = φ(x0, ...,

xn−1) and a0, ..., an−1 ∈ M [G]. Then there are p ∈ G and P-names a
˜
0, ..., a

˜
n−1 of a0, ...,

an−1 such that

(9.5) gen-1M |=“p ‖–P “φ(a
˜
0, ..., a

˜
n−1) ””.

https://neugierde.github.io/cantors-attic/Reflecting
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By elementarity,

(9.6) gen-2N |=“ j(p) ‖–Q “φ(j(a
˜
0), ..., j(a

˜
n−1)) ””.

Since j(p) ∈ H, it follows form the definition (9.2) of j̃ that

(9.7) gen-3N [H] |=“φ(j̃(a0), ..., j̃(an−1))”. (Lemma 9.1)

Lemma 9.2 L-gen-1Suppose that N ⊆ V is an inner model and Q ∈ N a poset. If

(9.8) gen-a-0
λN ⊆ N for some cardinal λ,

(9.9) gen-3-0Q satisfies the λ+-c.c.

and H is (V,Q)-generic, then (λN [H])V[H] ⊆ N [H].

Proof. See Lemma 1.4. (Lemma 9.2)

A regular cardinal κ has the tree property if there is no κ-Aronszajn tree. This means

that κ has the tree property if any κ tree has a κ-branch.

For some more known results about the tree property we are not going to discuss here,

see e.g. [5]. In the next lemma, the condition “generically measurable by a ccc poset” can

be yet weakened to “generically weakly compact by a ν-cc posets for a ν < κ” (see [13]).

Lemma 9.3 P-gen-0Suppose that κ is generically measurable by a ccc poset. then

( 1 ) κ has the tree property.

( 2 ) κ the stationary limit of weakly inaccessible cardinals (i.e. κ is Mahlo) — this as-

sertion has been already proved as Lemma 4.2.(10) .

Proof. Suppose that P is a ccc poset, G a (V,P)-generic set, and j, M classes in V[G] such

that j : V
≺→κ M .

(1): Suppose that T ∈ V is a κ-tree. Without loss of generality, we may assume that

T ⊆ κ>κ.

Then M |=“ j(T ) is a j(κ)-tree” by elementarity. Since κ = crit(j), we have

j(T )<κ = T .

Let t∗ ∈ j(T )κ, and let ≤
˜

and t
˜
∗ be P-names of j(≤T ) and t0 respectively. Let

T ∗ := {t ∈ T : there is p ∈ P such that p ‖–P “ t ≤
˜
t
˜
∗ ”}

By the ccc of P, T ∗ is a κ-tree such that each of its levels is countable. Thus, by a

theorem of Kurepa (Proposition 7.9 in [14]), there is a κ-branch b in T ∗ (in V). b is also a

κ-branch in T . This shows that κ has the tree property.

(10)This assertion will be yet improved in Theorem 9.8.
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(2): Note first that κ is a regular limit cardinal in V (i.e. κ is a weakly inaccessible

cardinal — otherwise we obtain a contradiction to crit(j) = κ). Thus (by the ccc of P) κ

is regular in V[G] and hence also in M .

For any club C ⊆ κ (in V), M |=“ j(C) is club in j(κ)” by elementarity. j(C) ∩ κ = C

by crit(j) = κ.

Hence M |= j(C) 3 κ. Thus, M |=“ j(C) contains a weakly inaccessible cardinal”.

By elementarity it follows that

V |=“C contains a weakly inaccessible cardinal”.

Since C was arbitrary, it follows that κ is Mahlo in V. (Lemma 9.3)

Let us call a cardinal κ greatly weakly Mahlo if κ is weakly inaccessible and there exists

a κ-complete normal filter F over κ such that {µ < κ : µ is a regular cardinal} ∈ F and

F is closed with respect to the Mahlo operation:

(9.10) x-gen-a-a-a-0S 7→ Mℓ (S) := {α ∈ S : α has uncountable cofinality and

S ∩ α is stationary in α}.

This definition of the Mahlo operation is slightly different from the one given in [4].

For α ∈ On, we define the notion of α-weakly Mahloness for all cardinals κ by induction

on α.

(9.11) x-gen-a-a-0κ is 0-weakly Mahlo if κ is weakly Mahlo;

(9.12) x-gen-a-0κ is 1-weakly Mahlo if κ is weakly Mahlo(11) and {µ < κ : µ is weakly Mahlo}
is stationary;

(9.13) x-gen-a-1for 1 < α ≤ κ, κ is α-weakly Mahlo if {µ < κ : µ is β-weakly Mahlo} is stationary

in κ for all β < α.

(9.14) x-gen-a-2κ is hyper-weakly Mahlo if 4α<κ{µ < κ : µ is α-weakly Mahlo} is stationary.

Lemma 9.4 P-gen-0-0For an ordinal κ of uncountable cofinality, if S ⊆ κ is a stationary set con-

sisting of regular cardinals, then κ is also regular and hence κ is weakly Mahlo.

Proof. Suppose that S is as above but κ is not regular. Say, cf (κ) = µ < κ. Let

〈ξα : α < µ〉 be a continuously increasing sequence of ordinals cofinal in κ such that

ξ0 > µ. By the assumption on S, there is λ ∈ S ∩ {ξα : α < µ}. Say, λ = ξα∗ . Then

cf (λ) ≤ α∗ < µ < λ. This is a contradiction since λ as an element of S must be regular.

(Lemma 9.4)

Lemma 9.5 P-gen-0-0-0Suppose α ≤ β ≤ κ. If κ is β-weakly Mahlo, then κ is α-weakly Mahlo.

(11)Actually, by Lemma 9.4, the weak Mahloness of κ follows from the second condition.
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Proof. By induction on β. (Lemma 9.5)

For S ⊆ κ and α < κ, let Mℓ α(X) be defined inductively by

(9.15) x-gen-0Mℓ 0(X) := X;

(9.16) x-gen-1Mℓ α+1(X) := Mℓ (Mℓ α(X));

(9.17) x-gen-2for a limit γ < κ, Mℓ γ(X) :=
⋂

α<γ Mℓ
α(X).

Finally, let

(9.18) x-gen-3Mℓ κ(X) := 4α<κMℓ
α(X).

Note that stationary sets are not necessarily closed with respect to intersection of de-

creasing sequence of short length: Let κ be an uncountable cardinal with κ ≥ ωω. For

n ∈ ω, let Sn := {α < κ : ωn ≤ cf (α) < ωω}. Then each Sn, n ∈ ω is stationary. But⋂
n∈ω Sn = ∅.

Lemma 9.6 P-gen-1( 1 ) For a regular κ, a filter F over κ is uniform (i.e. every end-segment

of κ is in F) and normal, if and only if F is <κ-complete and normal.

( 2 ) If F is a uniform normal filter over a regular κ, then C ∈ F for all club C ⊆ κ. It

follows that all S ∈ F are stationary in κ.

( 3 ) If κ is greatly weakly Mahlo and F is as in the definition of the greatly weak Mahlo-

ness of κ, then for all α < κ {ξ < κ : ξ is α-Mahlo} ∈ F .

Proof. (1): “⇐” is trivial. For “⇒”, suppose that δ < κ and Xα ∈ F for all α < δ.

For α < κ, let

S∗
α =

{
Sα \ δ, if α < δ;

κ otherwise.

We have S∗
α ∈ F for α < δ as κ \ δ ∈ F since F is uniform.

Then F 3 4α<κS
∗
α =

⋂
α<κ Sα \ δ ⊆

⋂
α<κ Sα. Thus ∩α<κSα ∈ G.

(2): We show first that Lim(κ) = {α < κ : α is a limit ordinal} is an element of F .

This follows from Lim(κ) = 4α<κκ \ (α+ 1) ∈ F .

For a club C ⊆ κ, let 〈cα : α < κ〉 be an increasing enumeration of C. Then we have

C ⊇ Lim(κ) ∩4α<κκ \ cα ∈ F .

For an S ∈ F , S ∩C ∈ F and hence S ∩C 6= ∅ for all club C ⊆ κ. Thus S is stationary

in κ.

(3): By induction on α. (Lemma 9.6)

The following Proposition is a variant of Proposition 16.8 in [14].

Proposition 9.7 P-gen-0-1Suppose that κ is greatly weakly Mahlo, and let F be a <κ-complete

normal filter over a regular κ such that
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(9.19) x-gen-4-0Reg(κ) := {µ < κ : µ is regular} ∈ F , and

(9.20) x-gen-4-1F is closed with respect to the Mahlo operation (as defined in (9.10)).

Then, for any 1 ≤ α < κ,

( 1 ) Mℓ α(Reg(κ)) ∈ F ,

( 2 ) Mℓ α(Reg(κ)) = {µ < κ : µ is β-weakly Mahlo for all β < α}
= {µ < κ : µ is α0-weakly Mahlo} for all 1 ≤ α < ω where α0 is such that α = α0 + 1;

Mℓ α(Reg(κ)) = {µ < κ : µ is β-weakly Mahlo for all β ≤ α}
= {µ < κ : µ is α-weakly Mahlo} for all ω ≤ α < κ,

( 3 ) κ is hyper-weakly Mahlo.

Proof. We first prove (1) and (2) by induction on 1 ≤ α < κ. Note that the last equality

in both of the cases in (2) follows from Lemma 9.5.

For α = 1, we have

F 3︸︷︷︸
by (9.19) and (9.20)

Mℓ 1(Reg(κ))= Mℓ (Reg(κ))

= {µ ∈ Reg(κ) : µ ∩ Reg(κ) is stationary in µ}

= {µ ∈ Reg(κ) : µ is weakly Mahlo}.

= {µ ∈ Reg(κ) : µ is 0-weakly Mahlo}.

Suppose that γ < κ is a limit ordinal, and (1), (2) hold for all α < γ. Then

Mℓ γ(Reg(κ)) =︸︷︷︸
by (9.17)

⋂
α<γ Mℓ

α(Reg(κ)) ∈ F

by the induction hypothesis around (1) and <κ-completeness of F .

Suppose that µ ∈ Mℓ γ(Reg(κ)). Then, by the induction hypothesis around (2), µ is

(β+1)-weakly Mahlo for all β < δ. By (9.13), it follows that {ξ < µ : ξ is β-weakly Mahlo}
is stationary in µ. Thus, again by (9.13), µ is δ-weakly Mahlo.

Conversely, if µ < κ is δ-weakly Mahlo, then, by Lemma 9.5, µ is α-weakly Mahlo

for all α < δ. Thus, by the induction hypothesis around (2), µ ∈
⋂

α<γ Mℓ
α(Reg(κ)) =

Mℓ γ(Reg(κ)). This shows that (2) holds for δ.

Suppose now that (1) and (2) hold for 1 ≤ α < κ.

If α < ω, this means in particular that for α0 such that α = α0 + 1,

Mℓ α(Reg(κ)) = {µ < κ : µ is α0-weakly Mahlo} ∈ F .

By the definition (9.16) of the iteration of Mahlo operation and (9.20), we have

Mℓ α+1(Reg(κ)) = {µ < κ : µ is (α0 + 1)︸ ︷︷ ︸
= α

-weakly Mahlo} ∈ F .

If ω ≤ α < ω, our assumption is
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Mℓ α(Reg(κ)) = {µ < κ : µ is α-weakly Mahlo} ∈ F .

Thus, similarly to above, we obtain

Mℓ α+1(Reg(κ)) = {µ < κ : µ is (α+ 1)-weakly Mahlo} ∈ F .

(1) and (2) imply (3):

4α<κ{µ < κ : µ is α-weakly Mahlo} =︸︷︷︸
by (2)

4α<κMℓ
α(Reg(κ)) ∈︸︷︷︸
by (1) and normality of F

F .

In particular 4α<κ{µ < κ : µ is α-weakly Mahlo} is stationary, and this proves that κ is

hyper-weakly mahlo. (Proposition 9.7)

Theorem 9.8 P-gen-2If κ is a generically measurable cardinal by ccc poset, then κ is greatly weakly

Mahlo.

Proof. Let P be a ccc poset with (V,P)-generic G such that there are classes j, M ⊆ V[G]

with j : V
≺→κ M .

Note that, since generically large cardinals are definable (see [12]), we may apply forcing

theorems in the arguments which involve j and M . In particular, we may assume that

‖–P “ j : V
≺→κ M ”.

In V[G], let F̃ := {S ⊆ κ : S ∈ V, j(S) 3 κ} and let F
˜

be a P-name of F̃ .

In V, let F := {S ⊆ κ : ‖–P “ Š ε F
˜
”}. Then

Claim 9.8.1 ( 1 ) F is a <κ-complete normal filter.

( 2 ) Reg(κ) ∈ F .

( 3 ) F is closed with respect to Mahlo operation.

` In the following, we use the bullet notation of Asaf Karagila (see e.g. [10]).

(1): Suppose that S⃗ := 〈Sα : α < µ〉 ∈ V for some µ < κ is a sequence of length µ of

elements of F . Then ‖–P “ S⃗ is a sequence of elements of F of length µ ”. Since j(µ) = µ

and hence ‖–P “ j(S⃗) = 〈j(Sα) : α < µ〉• ”, we have

‖–P “ j(
⋂
S⃗) ” =

⋂
j(S⃗) =

⋂
{j(Sα) : α < µ}• 3 κ.

Thus ‖–P “
⋂
S⃗ ∈ F

˜
”, and hence

⋂
{Sα : α < µ} ∈ F .

If S⃗ := 〈Sα : α < κ〉 is a sequence in V of elements of F . then

‖–P “κ ∈
⋂
{j(Sα) : α < κ}• =

⋂
(j(S⃗))• ↾ κ ”.

Since

‖–P “κ ∈
⋂
(j(S⃗))• ↾ κ ⇔ κ ∈ 4j(S⃗)• = j(4S⃗) ”,
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It follows that ‖–P “4S⃗ ∈ F
˜
” and 4S⃗ ∈ F .

(2): Let R := Reg(κ). Then we have ‖–P “ j(R) = Reg(j(κ)) ” by elementarity (which

is assumed to be forced by 1P). Thus ‖–P “κ ∈ j(R) ” and hence R ∈ F .

(3): If S ∈ F , then ‖–P “κ ∈ j(S) ” by the definition of F . Thus ‖–P “V |= S is stationary in κ ”.

Since P is c.c.c., it follows that ‖–P “V
P |= S is stationary in κ ”.

It follows that

‖–P “κ ∈ Mℓ (j(S)) = j(Mℓ V(S)) ”.

Thus, ‖–P “Mℓ
V(S) ∈ F

˜
” and hence Mℓ (S) ∈ F . a (Claim 9.8.1)

By Proposition 9.7, it follows that κ is greatly weakly Mahlo. (Theorem 9.8)

The following Lemma corresponds to Proposition 5.15 in [14].

Lemma 9.9 P-gen-3Suppose that κ is measurable. Then there are stationarily many weakly com-

pact µ < κ.

Proof. Suppose that j : V
≺→κ M . Note that we have

(9.21) x-gen-5
κ>κ ⊆M

[ If f ∈ κ>κ, f = j(f) ∈M ; if f ∈ κκ then f = f(f) ↾ κ ∈M . ].

κ is weakly compact in M : [ Since κ is strongly inaccessible in V, it is also strongly

inaccessible in M by (9.21). The tree property of κ follows from the fact that κ has the

tree property in V and (9.21). ].

For any club C ⊆ κ (in V), κ ∈ j(C): [ since j(C) is a club in M by elementarity and

j(C) ∩ κ = C is unbounded below κ. ].

Thus

M |=“ j(C) contains a weakly compact cardinal”.

By elementarity, it follows that

V |=“C contains a weakly compact cardinal”.

Since C was arbitrary, this shows that {µ < κ : µ is weakly compact} is stationary.

(Lemma 9.9)

For a class C of posets a cardinal κ has C-generic embedding property if, for any transitive

M0 with κ ∈M0 and |M0 | = κ, there is P ∈ C such that ‖–P “ ∃j0∃N0 (j0 :M0
≺→κ N0) ”.

Lemma 9.10 P-gen-4Suppose that κ has C-generic embedding property. Then,

( 1 ) κ is regular.

( 2 ) If elements of C are <κ-cc then κ is a limit.
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Proof. (1): Suppose that κ is singular. Let µ := cf (κ) < κ and let c⃗ := 〈αξ : ξ < µ〉
be an increasing sequence of ordinals cofinal in κ. Let M be a transitive set such that κ,

c ∈ M and |M | = κ. Then, for this M , there cannot be any P with the property in the

definition of C-generic embedding property.

(2): Suppose that C consists of <κ-cc posets. Assume, toward a contradiction, that

κ = µ+. Let M0 be a transitive set such that κ ∈ M0, M0 |= κ = µ+ and |M0 | = κ.

Suppose that P ∈ C, G is (V,P)-generic, and j0, N0 ∈ V[G] are such that j0 : M0
≺→κ N0.

Then N0 |= µ < κ < j(κ) = µ+. But by the <κ-cc of κ, N0 |= κ is a cardinal. This is a

contradiction. (Lemma 9.10)

Lemma 9.11 P-gen-5Suppose that κ > ω1 and κ has the <µ-c.c.-generic embedding property for

µ < κ. Then κ has the tree property.

Proof. Suppose that κ has the <µ-c.c.-generic embedding property for some µ < κ. Then

κ is weakly inaccessible by Lemma 9.11.

Suppose that T is a κ-tree. Without loss of generality, T ⊆ κ>κ. Let M be a transitive

set such that κ, T ∈M , and |M | = κ. Let P, j
˜
, N
˜

be such that

‖–P “ j
˜
:M

≺→κ N
˜
”.

Then ‖–P “ j
˜
↾ T ≡ idT ”. Let t

˜
∗ be a P-name of an element of j

˜
(T ) of height ≥ κ and

T0 := {t ∈ T : p ‖–P “ t ≤j(T ) t
˜
∗ ”}.

T0 is a tree of width ≤ µ and of height κ. Thus, by Proposition 7.9 in [14], T0 has a

κ-branch b. Clearly b is also a κ-branch in T . (Lemma 9.11)

Scan 2021-09-28–17.45 Lücke - annotated.pdf p.9

Does c.c.c.-generic embedding property imply some variant of great weak Mahloness?

Let Cohen := {P : P ∼ Fn(κ, 2, <ℵ0)}.

Theorem 9.12 P-gen-6

If κ is Cohen-generically measurable, then κ is stationary limit of cardinals with Cohen-

generic embedding property.

Proof. Let P = Fn(λ, 2, <ℵ0) for some λ such that for a (V,P)-generic G, there are classes

j, M ⊆ V[G] such that j : V
≺→κ M . It is enough to show that κ has the Cohen-generic

embedding property in M .

In M , Let M0 be a transitive set with κ ∈ M0 and |M0 | = κ. Let Q := j(P). We have

j ′′P ≤◦ P. Let G∗ = j ′′G. Then G∗ is (V, j ′′P)-generic and V[G] = V[G∗]. Let H∗ be a

(V,Q)-generic filter such that G∗ ⊆ H∗.

Let

j̃ : V[G] = V[G∗]
≺→κ V[H∗]; a

˜
[G] 7→ j(a

˜
)[H∗]
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for all P-name a
˜
(in V).

(Theorem 9.12)

Corollary 9.13 P-gen-7Let C be as in Theorem 9.12 and suppose that κ is tightly C-generically
huge, then there are stationarily many µ < κ with tree property.

Proof. By Theorem 9.12 and Lemma 9.11. (Corollary 9.13)

9.2 Finite support Lévy collapse

gen-levyLet us begin with recalling some definitions:

For classes C, D of posets, a cardinal κ is said to be (C,D)-generically supercompact

if, for any λ ≥ κ and P ∈ C, there is a P-name Q
˜

such that ‖–P “Q
˜
ε D ” and, for any

(V,P ∗ Q
˜
)-generic G ∗ H, there are classes j, M ⊆ V[H] such that j : V

≺→κ M , j(κ) > λ,

G ∗ H ∈M and j ′′λ ∈M .

In the following, we shall denote the conditions above by

(9.22) x-gen-7‖–P∗Q
∼
“ ∃j∃M (j : V

≺→κ M, j(κ) ≥ λ, G
˜
∗ H
˜
∈M, j ′′M ”.

Strictly speaking, we cannot formally quantify classes (and put the “formula” inside the

forcing relation). But because of the definability of this situation (see [12]), we can refor-

mulate (9.22) into a legitimate expression.

We call a cardinal κ tightly (C,D)-generically supercompact if (9.22) is strengthened to

(9.23) x-gen-8‖–P∗Q
∼
“ ∃j∃M (j : V

≺→κ M, j(κ) ≥ λ, G
˜
∗ H
˜
∈M, |P ∗ Q

˜
| ≤ j(κ), j ′′M ”.

A cardinal κ is Laver-generically supercompact by D, if, for any λ ≥ κ and P ∈ D there

is P-name Q
˜
such that ‖–P “Q

˜
∈ D ” and

(9.24) x-gen-9‖–P∗Q
∼
“ ∃j∃M (j : V

≺→κ M, j(κ) ≥ λ, G
˜
∗ H
˜
∈M, j ′′M ”.

Similarly as above, we say that a cardinal κ is tightly Laver-generically supercompact by D,

if for any λ ≥ κ and P ∈ D there is P-name Q
˜
such that ‖–P “Q

˜
∈ D ” and

(9.25) x-gen-10‖–P∗Q
∼
“ ∃j∃M (j : V

≺→κ M, j(κ) ≥ λ, G
˜
∗ H
˜
∈M, |P ∗ Q

˜
| ≤ j(κ), j ′′M ”.

We shall call the poset of the form Col(ω, λ) (in the notation of [14]) for a regular

cardinal λ the finite support Lévy collapse (fs L-c, for short).

Lemma 9.14 P-gen-8Let C be the class of all posets and D be the class of all fs L-c. Then, the

following are equivalent: ( a ) κ is (tightly) (C,D)-supercompact.

( b ) κ is (tightly) Laver-generically supercompact for D.

Proof. (a) ⇒ (b): is trivial.

(b) ⇒ (a):

(Lemma 9.14)
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10 Generalized mixed support iteration along with a Laver

function

msiThe materials in this section have been moved to [10].
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