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1 a-stationarity in P,()\)

For a cardinal x and a set X, we use the expressions P, (X) and [X]<" interchangeably to
denote {a C X : |a| < k} except that when we write P, (X) for a cardinal x, we always
assume that xk C X. More generally, for sets X, Y with Y C X we write Py (X) to denote
[(X]<I¥l,

For o € On \ 1, a-stationarity of subsets of Py (X) is defined by recursion on « as
follows: S C Py (X) is 1-stationary if |Y'| is regular uncountable and S is stationary in the
sense of Jech (i.e. if it intersects with each club subset of Py (X)).

For a € On )\ 2, S is a-stationary in Py (X) if, for any 0 < § < « and [-stationary
T C Py (X), there is a € S such that T'N Py, (a) is S-stationary in Pyng(a).

Similarly we say that S C Py (X) is diagonally 1-stationary if |Y'| is regular uncountable

and S is stationary in the sense of Jech (i.e. if it intersects with each club subset of Py (X)).

alpha-stat
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For a € On\ 2, S is diagonally a-stationary in Py (X) if, for any 0 < 5 < « and for any
family (T, € Py (X) : = € X) of sets such that each T, is S-stationary subset of Py (X),
there is @ € S such that T, N Pyng(a) is S-stationary in Pyng(a) for all z € a.

Lemma 1.1 For any a =1 or 2, Y C X with reqular uncountable |Y'| and S C Py (X), if
S is diagonally a-stationary in Py (X) then S is a-stationary in Py (X).

Proof. For a = 1, 1-stationarity and diagonal 1-stationarity coincide with stationarity
by definition. Suppose that S C Py (X) is diagonally 2-stationary. For 1-stationary T C
Py (X), let (I, : © € X) be defined by T, = T for all x € X. Note that all T,,, z € X
are diagonally 1-stationary. By the diagonal 2-stationarity of S, there is a € S such that
T, N Pyna(a) is diagonally 1-stationary for all x € a. By the definition of T}, z € X, it
follows that T'N Pyne(a) is 1-stationary. This shows that S is 2-stationary. [J (Lemma 1.1)

Lemma 1.2 Suppose that k is a supercompact cardinal. Then for any A > Kk and a € k\1,

Pr(N) is a-stationary and diagonally a-stationary (in itself).

Proof. We prove that P.(A) is diagonally a-stationary for all @ € x\ 1. The proof for
a-stationarity is similar.

For a = 1, the assertion is trivial. So assume that a > 1, 8 € o\ 1. Let X = \* and let
j:V 3 M be such that crit(j) = x, j(k) > N and

(1.1) MM C M.
Then j”X\ € M by (1.1).

Claim 1.2.1 If |z| < & then j(x) = j"x.

F Let f:0 — z be a surjection for some § < k. We have M = “j(f)"7(8) = j(x)” by
elementarity. Since j(6) =0, M = j(f)"0 = j(z). For a« < §, M = j(f)(a) = j(f(«)) by
elementarity. Thus j(z) = {j(y) : y € z} = j"x. - (Claim 1.2.1)

Suppose that T = (Te + € < A) is a sequence of diagonally (-stationary subsets in
P.(A). Since

(1.2)  (Pa(G"M)M = (Pu(G"N)Y O,
we have

(L3) M 5(T)j6) N Piynya(G"N) = (1) NPu(G"N) = {j(2) : x € T}

W (P (5" MM C (Pu(3”N)Y is clear. To prove (Px(5" M) D (Pu(5"N)Y, let € (Pu(5”))" and let
(Be : € < &) be an enumeration of z for some § < k. Let ag = j71(Be) forall € < 8. x = j({ae : £ <})) €
M by Claim 1.2.1.

P-a-stat-0

a-stat-0

a-stat-0-0
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for all £ € A. Since P(P.(j”)\)) € M by (1.2) and (1.1), we have PM(P.(j"\)) =
, \%
PV (Pa(j"A) and (YP(Py(j"))) € M by (11).
It follows that

(1.4) M= 3a€Pj(i(N\)VE€a (](’f)g N Pjx)nala) is diagonally B—stationary).

By elementarity and since 8 < K

(1.5)  V [=3a € Pu(N) V€ € a (Te N Prnala) is diagonally S-stationary).

This shows that P, () is diagonally a-stationary. [ (Lemma 1.2)

Lemma 1.3 (1) If P.(X) is 2-stationary, then K is a limit cardinal.

(2) IfS CPg(N) is 2-stationary then for any stationary T'C P () there are stationarily
many r € S such that T N Py (r) is stationary.

(3) If Pu(N) is 2-stationary, then k is a weakly Mahlo cardinal.

Proof. (1): Suppose that k = pu* then C = {a € Px()\) : |a| = p} is a club and hence
stationary. But, for any r € P, (\), |k Nr| < p and hence C N Py, (1) = 0.

(2): Suppose that S C P,(A) is 2-stationary and 7' C P, () is stationary. Let C' C
P.(A) be a club. We have to show that there is r € SNC such that TNPyq,(r) is stationary.
Let f:“>X — X be such that

(1.6) Cr={a€Px(N) : kNae€ k and ais closed with respect to f} C C.

Since Cy is a club, T'N C} is stationary. Let r € S be such that ("N Cf) N Puqr(r) is

stationary in P.n,(r). We have

Claim 1.3.1 kN7 € k.

I Otherwise, there is an o € sup(kN7r)\ 7. Let Y = {b € Py (r) : sup(kNb) > a}. Y is
club in Py (r) but Y N Cy = 0. Thus (T'NC¢) N Pear(r) NY = 0. This is a contradiction
to the stationarity of (T'N C) N Prnr(r) in Pear(r). — (Claim 1.3.1)

Claim 1.3.2 r is closed with respect to f.

F This is clear since TN Cy is cofinal in Py, (r) (with respect to C) and elements of
T N Cy are closed with respect to f. — (Claim 1.3.2)

From the Claims above it follows that r € Cy C C is as desired.

(3): Let T'={a € P.(\) : kNa € k}. T is a club and hence stationary. Let r € P, ()
be such that

(1.7) T N Pyxar(r) is stationary in Peay (7).

Similarly to Claim 1.3.1, we can show that k N r € k.

Cl-a-stat-0

a-stat-2
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Claim 1.3.3 kN7 is a cardinal.

I Otherwise there is p < x N such that |k N7r| = p. But then the set {a € Pynr(r) -
sup(a N k) > p} is a club in Pyn,(r) disjoint from 7. — (Claim 1.3.3)

Claim 1.3.4 «Nr s a regular cardinal.

I Otherwise there is an s C k N r cofinal in x N7 with |s| < kK Nr. But then the set
{a € Pyrr(r) : sup(aNk) 2 s} is a club in Py, (r) disjoint from T = (Claim 1.3.49)

Since there are stationarily many r with (1.7) by (2), it follows from Claim 1.3.4 that
k is weakly Mahlo. [ (Lemma 1.3)

A regular cardinal k is said to be strongly c.c.c.-generically supercompact if for every
A > K there is a c.c.c. poset P such that for a (V,P)-generic G there is an inner model
M C V0] with

(1.8) VIO =“*M C M”
and j with
(1.9)  VI[O]E“j:V > M, crit(j) = k and j(k) > \".

This definition is stronger than the generic supercompactness by ccc posets in [9].

Lemma 1.4 Suppose that M is an inner model of V with

(1.10) M C M, and
1.11 P e Misalt-c.c. poset.
(1.11) P

If G is a (V,P)-generic filter then, in V[G], we have *M|[G] C M|[C].

Proof. Suppose that (a, : @ < X) € V][] is a sequence of elements of M[G]. For each
a < A, let g, € M be a P-name such that ¢,[C] = ao such that (g : @ <) € M.

We need the AT-c.c. of P to realize the last condition: Let J be a P-name of (ag @ a < A)
such that all properties of the sequence needed below is forced already by 1p (maximal
principle!). For each a < A, let (aap : P € Sa) Where S, is a maximal antichain such that,
for each p € Sy, we have p|Fp “ f(®) = tap”
AT-c.c. of P, each S, a < X has size < A. Hence, by (1.10), ({(@gap : P € Sa) : < X) € M.

The sequence (aq : @ < A\) € M as desired can be constructed easily from this sequence:

and each a.p is a P-name in M. By the

By the assumption on M, we have (a, : @ < A\) € M. Thus

(1.12) s = {({opp(@a,d),1p) : « € A\} € M.

Since s is a P-name and s[G] = (aa[C] : @ < A) = (aq : a < ), it follows that (ay @ a <

A> € M[G] D (Lemma 1.4)

P-a-stat-1-a
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Corollary 1.5 If the statement “there exists a supercompact cardinal” is consistent (over rasiioo

ZFC) then so is the statement “28° is strongly c.c.c.-generically supercompact.”
Proof. Let x be supercompact. Then, letting P = Fn(k, 2), we have
(1.13)  V[C] E“2" = k and & is strongly c.c.c.-generically supercompact”

for any (V,P)-generic G. [ (Corollary 1.5)

Lemma 1.6 Suppose that u, k, X are reqular uncountable cardinals with p < k < A. P-a-stat-1-0

(1) IfPis a p-cc poset and C is a P-name of a club subset of P.(\) (in VI]C]), then
there is C C Py(A) (in V) such that C is club in Py(\) and |Fp“C C C”.

(2) If S CPu(N) is stationary and P is a p-cc poset, then we have
bp “S is stationary in Pu(N\)”.

Proof. (1): Let C = {z € Pc(\) : |Fp“% € C”}. It is easy to show that C is closed

(with respect to C-increasing sequence of length < k). To show that C' is cofinal in Py ()
(with respect to C), suppose a € Px(A). Let (an,an : n € w) be a sequence such that

(1.14) aO — a; a-stat-3
(1.15) @, is a P-name with |Fp “a, C a, € C7; a-stat-4
(1.16)  apt1 € Pe(A) and |Fp “an C Gpt1”. a-stat-5

Note that (1.16) is possible by the p-cc of P. Let b =
be C by (1.15) and (1.16).

(2): Suppose that |[fp “S is stationary in P.(\)”. Then there is p € P such that
p|Fp “S is non stationary in P.(\)”. Let C be a P-name such that p|Fp“C is a club

ap. Then a C b by (1.14) and

new

subset of P,(A\) and C NS = 0”. By (1) (applied to P | p), there is a club C C P.()\) in
V such that p|Fp “C C C”. It follows that C NS = (. But this is a contradiction to the
Stational"ity Of S D (Lemma 1.6)

Lemma 1.7 If k is strongly c.c.c.-generically supercompact then Py(\) is diagonally 2-  rosvar2

stationary for all A > k.

Proof. InV, let S := (Se¢ : € € \) be a sequence of stationary subsets of Pg()A). Let P,
G, M, j be as in the definition of the c.c.c.-genric supercompactness.
In V[C] we have j”"X € M by (1.8). Also by (1.8) and by (1.9), we have

(1.17)  Pe(G" VO =Pe(G"NM = Pjnima (3" A)M and
J

K( "
(118) ](5;) (f) N Pj(N)QjIIA(j/I)\)M = {j”[]ﬁ LT e Sg} fOI‘ all f S A
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Since V[C] |= S is stationary in Px(A)” by Lemma 1.6, (2), we have
M =S¢ is stationary in Pe(A)”.
Thus we have M = V¢ € "\ (j((S)ng(ﬁ)mj #x(3”X)) is stationary) and

=,

(1.19) M [=3a € Py (j(N) V¢ € a (j( )e (1 Pjmynala) is stationary).

By elementarity, it follows that
(1.20)  V |=3a € Pe(N) V€ € a (Se N Prnala) is stationary).
[ (Lemma 1.7)
For regular cardinals x, A\, X with Kk <X\ < X and §' C P (N), let
(1.21) SLy={anA:acS}.
For S C Pi(A), let
(1.22) SV ={auUb:acS, becP.(N\ N}

Lemma 1.8 (0) For all « € On if S C P.()\) is (diagonally) a-stationary then any S C
Po(N\) with S C S is (resp., diagonally) a-stationary.

(1) Foralla € On, S C P(N) is (diagonally) a-stationary in P (N\) if and only if SV
is (resp., diagonally) a-stationary in Pg(N').

(2) For all « € On, if 8" C Py(XN) is (diagonally) a-stationary in P.(N') then S}, is
(resp./ diagonally) a-stationary in Pe(N).

Proof. (0): This can be proved by straightforward induction by « € On\ 1.

(1): We prove the statement for diagonal stationarity.

(2): The assertion follows from (1) and (2). Suppose that S’ C P, ()\) is (diagonally)
a-stationary. Let S = S.,. Then we have §' C SYX\\. By (1), SY¥\ is (diagonally)
a-stationary in P, (N). Thus, by (2), S = S}, is (diagonally) a-stationary in Py (A).

D (Lemma 1.8)

2 Consistency of theories

The following Theorem 2.1 answers a question Andrjei Kucharski asked during my stay
in Katowice in 2018. Since the theorem is about the non-existence of a proof in meta-
mathematics, it is a meta-(meta-mathematical) theorem.

The meta-(meta-mathematical) Theorem must be a well-known fact. I thank Taishi

Kurahashi for giving me a hint for the proof of the theorem.

a-stat-6

a-stat-7

P-a-stat-3

consis
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Theorem 2.1 Assume that T' is a weak set theory in a broad sense (including, e.g., the
case “T = PA”) in which the Second Incompleteness Theorem can be formulated and proved.
Let T' be a theory extending T and such that T' = consis(""T77).

If there is a (meta-mathematical) proof of the consistency of T' from the assumption
that T is consistent, then we can obtain a proof of the contradiction from T .

In other words, there is no (meta-mathematical) proof of the consistency of T' if T is

consistent.
Proof. Assume that there would be

(2.1)  a (meta-mathematical) proof of the consistency of 7" from the assumption that T

is consistent.

Then we should be able to translate this proof to a proof of consis(""T77) — consis("™T'77)

from T'. Thus, we have
(2.2) Tt consis(""T77) — consis("TT'T).

Note that, since our meta-mathematics should be strictly constructive, the proof (2.1) must

give

(2.3) an algorithm A such that, given a proof P of the contradiction from 7", A gives
us a proof A(P) of the contradiction from 7.

By (2.2), it follows that
(2.4) T + consis(""T" )+ consis("TT'77).
By the assumption on 7", we have T" =T + consis(""T77). It follows that
F consis("TT'T) — consis("TT + consis("TTTT)T).
From this and (2.4), we obtain
(2.5) T + consis(""T" ) consis(""T + consis("TTTT)7T).

By the Second Incompleteness Theorem (applied to the theory T' + consis(""T77)), it
follows that T 4+ consis("™™T77) is inconsistent. Since T' + consis(""T77) is a sub-theory
of T', T" is also inconsistent. Hence, by the algorithm A in (2.3), we obtain a proof of the

contradiction from 7. [ (Theorem 2.1)

The theorem above applies to many situations in set-theory. For example:

There is no meta-mathematical proof of the consistency of ZFC + “there is an inac-
cessible cardinal” from the assumption of the consistency of ZFC (provided that ZFC is

consistent);

P-consis-0

consis-a

consis-1

consis-1-0

consis-2

consis-2-0
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There is no meta-mathematical proof of the consistency of ZFC + “there is a measurable
cardinal” from the assumption of the consistency of ZFC or even of the consistency of ZFC
+ “there is an inaccessible cardinal” (provided that the theory ZFC or ZFC + “there is an

inaccessible cardinal” respectively is consistent), etc.

Theorem 2.2 Assume that (2.6) ZFC + consis(""ZFC7) is consistent. Then there is no  r-consi-1
proof in ZFC of

consis("TZFCT) — consis("TZFC + 3k(k is inaccessible) ).
Proof. Suppose, toward a contradiction, that
(2.7)  ZFCF consis("TZFCT) — consis(""ZFC 4 Jk(k is inaccessible) 7). x-consis-0
Then

ZFC + 3k(k is inaccessible)

consis(""ZFCT) — consis(""ZFC + 3k(k is inaccessible) 7).
Since ZFC + 3k(k is inaccessible) - consis(""ZFC7), it follows that
ZFC + Jk(k is inaccessible) & consis(""ZFC + Jk(k is inaccessible) ™).
By the Second Incompleteness Theorem, there is a proof ) such that
ZFC + 3k (k is inaccessible) F¢ 0 = 1.
Then "Q" witnesses
ZFC - = consis(""ZFC + 3k(k is inaccessible) ™).

From this and (2.7), it follows that ZFC - = consis(""ZFC™7). This is a contradiction to the

assumption of (2.6). [ (Theorem 2.2)  Scan 2020-10-18-15.52-

math-notes - annotated.pdf
p.84

3 o-linked partial orderings

sigma-1

Proposition 3.1 Any separative o-linked partial ordering has cardinality < 2%0.

Proof. Suppose otherwise and assume that P = (P, <p) is a separative partial ordering
of size > (2%)* such that P is partitioned into linked sets P,, n € w. Without loss
of generality, we may assume that P is the positive elements of a Boolean algebra B
(separativity is needed for this) and |P| = (2%0)7.

Let C be a linear ordering on P and let f : [P]?2 — w?; {p,q} — (ko,k1) be such that
ko is such that p — ¢ € Py,—1 if p— q # OB, ko = 0 otherwise; k; is such that ¢ —p € Py,
if g —p # 0p, k1 = 0 otherwise.
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By Erdés-Rado Theorem, there is an f-homogeneous H € [P]™.

Let f"[H])? = {(k§, k})}. ki = ki = 0 does not hold, since otherwise, all p, ¢ € H would
be identical.

Suppose, that kj # 0, then for any three distinct elements p, ¢, r € H with p C ¢ C r,
we have p —q € Pyz—1 and ¢ —r € Pyz_1. Since p — ¢ and ¢ — r are disjoint, this is a
contradiction.

Similarly, also k] # 0 would lead to a contradiction. [J (Proposition 3.1)

4 Generic large cardinals

Lemma 4.1 Any generically measurable cardinal is reqular.

Proof. Suppose that j : V= M C V[G] is such that crit(j) = &.

If k were singular, there would be a sequence i = (kq : a < p) in V with 4 < k and
Ko < k such that £ = sup,, ka- Since j(F) = K by elementarity and x = crit(j), it follows
that j(xk) = sup,, a Dy elementarity. This is a contradiction to the assumption that

R = CT’lt(]) D (Lemma 4.1)

The following Lemma will be yet improved significantly in section 9 (see Lemma 9.3
and Theorem 9.8).

Lemma 4.2 Suppose that k is generically measurable by a c.c.c. poset P. Then k is weakly
Mahlo.

Proof. Suppose that G is a (V, P)-generic filter, M an inner model in V[G] and j : V M
is such that crit(j) = k.

Claim 4.2.1 M |= “k is a regular cardinal”.

I k& is a regular cardinal by Lemma 4.1. By the c.c.c. of P, & is also a regular cardinal in
V[G]. It follows that x is a regular cardinal in M C VI[C]. — (Claim 4.2.1)

Claim 4.2.2 « is weakly Mahlo.

I Suppose that C C «k is a club. We have to show that there is an a € C such that «
is a regular cardinal. By elementarity M | “j(C) is a club in j(k)”. j(C) Nk = C and
k =sup C. It follows that M = k € j(C). By Claim 4.2.1, it follows that

(4.1) M |=“there is an a € j(C) such that « is a regular cardinal”.
By elementarity

(4.2)  V |=“there is an o € C such that « is a regular cardinal”.

gen-large

L-gen-large-a

L-gen-large-0

Cl-gen-large-0

Cl-gen-large-2
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_| (Claim 4.2.2)

D (Lemma 4.2)

The lemma above can be still improved (see also Theorem 9.8):

Lemma 4.3 (1) Suppose that k is generically measurable for a poset P and j, M C V[G]
for a (V,P)-generic G such that M is an inner model of V[G] j : V =5 M, crit(j) = k.
Then, in V[C],

(43) F={ac(Pk) :rejla)}

is a V-normal ultrafilter on (the Boolean algebra) (P(k))Y .

(2) Ifp <k and k is generically measurable for a p-cc poset P then there is a p-saturated

normal ideal over k (in V). In particular, k is k-weakly Mahlo.

Proof. See [9] (L-lt-conti-1-1). See also Proposition 16.8 in [14]. [ (Lemma 4.3)

Lemma 4.4 Suppose that k is generically measurable by a < p-closed poset for a reqular

uncountable cardinal pu < k. Then k is a reqular cardinal and 2<H" < K.

Proof. Suppose that x is generically measurable by a < u-closed poset P and let G be a
(V, P)-generic filter with transitive M C V[G] and elementary embedding j : V = M such
that crit(j) = k.

K is regular by Lemma 4.1.

Suppose now, toward a contradiction, that 2<# > k. Since k is a regular cardinal it
follows that there is a pg < p such that 210 > k. Let A = 210 and let f : A — P (o) be a

bijection. By elementarity,
(44) ME“j(f):5(A\) = P(uo) and j is a bijection”.

Since P is < p-closed, we have P ()Y = P(10)VI® D P(uo)™. By (4.4), it follows that
P(u0)Y = P(p0)™. Thus

(4.5) M E“j(f):j(\) = P(uo)V and j is a bijection”.

We have j(f)(j(a)) = j(f(a)) = f(a) for each a € X\. Thus j(f)"”\ = P(uo)V. Since j(f)
should be an injection, x € j(\)\ j”\ cannot be assigned to any element of P(ug)Y by j(f).

This is a contradiction. [ (Lemma 4.4)

4.1 Two dimensional Laver genericity

The materials in this subsection have been copied to https://fuchino.ddo.jp/papers/SDLS-
[TI-x.pdf. The version in this paper may be more up-to-date than what you find in this

subsection.

L-lt-conti-1-1

lt-conti-2-2-0

L-gen-large-1

gen-large-0

gen-large-1

Laver-gen2
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For properties B and Q of posets, a cardinal x is strongly Laver-generically supercompact

for (3, 9) if, for any poset P with P =B and (V,P)-generic G, there are a P-name Q of
a poset with |Fp“Q = Q7 and (V,P * Q)-generic H with G C H such that there are

4, M C V[H] with

(4.6) M is a transitive class in V[H],
47)  j:V3 M,

(4.8)  crit(j) = k and j(k) > A,

(4.9) P, He M,

(4.10)  j")\ € M, and

(4.11)  ([M]R0)VIH C M.

Lemma 4.5 Suppose that P =Py — P1 and P = Q1 — Qo hold for all posets P. If k is
strongly Laver-generically supercompact for (P1,Q1), then k is strongly Laver-generically

supercompact for (Po, Qo). a

Proposition 4.6 Suppose that P is “< k-closed” and Q is “proper”. If k is strongly Laver-
generically supercompact for (B, 9Q), then, for any p > K, and for P = Col(k, u), we have

(4.12)  |Fp “~k is generically supercompact by proper posets”.

Proof. Note that P = B. Let G be an arbitrary (V,[P)-generic filter. We have to show
that V[G] | “k is generic supercompact for proper”.

Let A > p=<" and let Q be a P-name with |Fp “Q is a proper poset” such that there are
a (V, P * Q)-generic filter™ with G C H, and j, M T V[H] such that (4.6) ~ (4.11) hold.

By (4.9), we have G € M. Let R = j(P). By elementarity,
(4.13) M | “R is directedly < j(k)-closed”.

By (4.8), M |= |j"G| < j(k). Hence, there is r € R such that M = r <g j”C. Let K be a
(V[H], R)-generic filter with r € K. Then

(414)  J:VI6] S MIK; o = j(a)¥

is well-defined and j C j. In particular we have x = crit(j), j > A and j”\ € MK].
By (4.13) and (4.11), we have V[H] = “R is o-closed”. Thus, for P * Q-name R cor-
responding to R with |-p.q “R is o-closed”, P * Q x R is proper and it induces a generic

elementary embedding for generic A-supercompactness. [ (Proposition 4.6)

Corollary 4.7 (1) Suppose that k is strongly Laver-generically supercompact for (3, Q)
where B is “< k-closed” and 9 is “proper”. Suppose further that A > k is a supercompact
and let P = Col(k, ). Then

(a) |Fp“k is generically supercompact by proper pos”; and

gen-large-1-0

gen-large-2

gen-large-3

gen-large-4

gen-large-5

gen-large-6

P-gen-large-0

P-gen-large-1

gen-large-7

gen-large-7-0

gen-large-8

P-gen-large-2
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(b) |Fp“K™ is generically supercompact by < r -closed posets”
(2) Fork, A\, P asin (1), we have

(a) |Fp“SDLS™ (LY, <K)”; and
(b) |Fp“GRP="(<k)".

Proof. “(1),(a)”: By Proposition 4.6. “(1),(b)”: By Lemma 4.10 in [8].
“(2),(a)”: By (1),(a) and, Theorem 2.10 and Propositions 3.1 in [9]. “(2),(b)”: By
(1), (b) above and Lemma 4.11 in [8]. [ (Corollary 4.7)

5 Axiom of Choice in Zermelo’s set theory

When Zermelo proved his ,Wohlordnungssatz“ (Well-ordering Theorem), there was not yet
the Zermelo-Fraenkel axiom system ZF but at most the axiom system Zermelo introduced
in his 1908 paper [20]. The axiom system Z (the system obtained by dropping the Axiom
of Replacement and Axiom of Regularity from ZF) corresponds to the axiom system in [20]
but it differs from Zermelo’s system in the treatment of the axiom of infinity. Since the
modern treatment of ordered pairs and functions were not yet introduced in Zermelo’s 1908
paper, it is not so clear whether he proved his ,Wohlordnungssatz* really in the framework
of the axiomatics of his 1908 paper. Also in all modern textbooks, the equivalence of AC
with the ,Wohlordnungssatz* and Zorn’s Lemma is proved in the framework of ZF. Thus,
it is rather difficult to find an easy to read source to check that this equivalence can be
established already in Z. In the following we will check this in a most self-contained manner
so that the text will be also accessible for students who just began to learn the axiomatic
set-theory.

In this section we are working in the Zermelo’s set theory Z if not mentioned otherwise.
For a set X, a binary relation R on X, that is, R C X? is said to be a well-ordering on X
if R is a linear ordering, that is, if it is irreflexive, anti-symmetric and transitive relation

satisfying
(5.1) Va,be X (aRbV a=bV bRa),

such that, reading “a R b” as “a is smaller than b with respect to R”, every non empty
Y C X has the minimal element with respect to R.

If R is a linear-ordering (a well-ordering, resp.) on X, then we also say that (X, R) is
a linearly-ordered set (a well-ordered set, resp.), or also simply a linear ordering (a well-
ordering, resp.). For such a structure (X, R), if it is clear which R is attached to X, we call
(X, R) simply as X and, to declare that we call (X, R) simply as X, we write: X = (X, R).

For a linear ordering (X, R), Y C X is said to be an initial segment of X if YV is
downward closed in X with respect to R, that is, if for all @ € Y and b € X with b Ra we
always have b€ Y. Y C X is an end segment of X if X \ 'Y is an initial segment of X.
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For Y C X and R C X2, R | Y denotes the binary relation RNY? on Y. For linear
orderings Xy = (Xo, Ro) and X; = (X1, Ry), we say that X; is a end-extension of Xq if
Xo C X1, Xp is an initial segment of X; with respect to R; and Ry = Ry [ Xp.

Lemma 5.1 (1) Suppose that (u,r) is a linear ordering (a well-ordering, resp.) and ug C
u. Then (ug,r | ug) is also a linear ordering (a well-ordering, resp.).

(2) If {(u,r) is a linear ordering (a well-ordering, resp.) and a & w then (u',r') defined
by v =uU{a} and v’ =rU (ux {a}) is also a linear ordering (a well-ordering, resp.) and
(u',r") is an end-extension of (u,r).

(3) Suppose that F is a family (set) of linear orderings (of well-orderings, resp.) such
that, for any (ug,ro), (u1,r1) € F,

(5.2) either (uy,r1) is an end-extension of (ug,ro)

or (up,ro) is an end-extension of (ui,r1).
Then (U, R) for
(5.3) U=U{u: (u,r) € F for somer} and R=\J{r : (u,r) € F for some u}

is also a linear ordering (a well-ordering, resp.) and, for all (u,r) € F, (U, R) is an end

extension of (u,r).
PI‘OOf. EXGI’CiSG. D (Lemma 5.1)
Axiom of Choice (AC) is defined as the following assertion:

AC: For any A with () € A, there is a mapping f : A — |J A such that f(a) € a for all
acA.

A mapping f as above is called a choice function for A.

Theorem 5.2 (Zermelo, 1904) The following are equivalent over Z:
(a) AC. (b) (Well-ordering Theorem) For any X there is a well-ordering R on X.

Proof. (b) = (a): Suppose that (b) holds and let A be a set with ) ¢ A. Let R be a
well-ordering on [ J A. Then

(5.4)  f:A— UA4; a+— the minimal element of a C |J A with respect to R

is a choice function for A.

(a) = (b): Suppose that AC holds. Let X be an arbitrary set. If X = () then R =0 is
a well-ordering on X. Hence we may assume that X # ().

Let A=P(X)\ {0} and let f: A — |JA (= X) be a choice function on A. We show
that there is a well-ordering R on X such that, for any non-empty ¥ C X, f(Y) is the
minimal element of Y with respect to R.

Let

L-AC-Z-1

AC-Z-0

T-AC-Z-0

AC-Z-2
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(5.5)  F={(u,r) : uC X, r Cu? ris a well-ordering on u and, for any non-empty
end segment v of u with respect to r,

the minimal element of v with respect to 7 is f(X \ (u\v))}.

Claim 5.2.1 F # (.

+ (@, ®> e F. —  (Claim 5.2.1)

Claim 5.2.2 For any (ug,ro), (ui,r1) € F,

(5.6) either (uy,r1) is an end-extension of (ug,ro)

or (up,ro) is an end-extension of (ui,r1).

- Suppose that (ug, 7o), (u1,71) € F are a counter-example to the assertion of the Claim.
Let

(5.7) Fo={v:vCuyNuy, o lv=r1lv
v is an initial segment of ug with respect to rg and

v is an initial segment of u; with respect to 71}

Let v* = |JFo. Then v* C ugNug, ro [ v* =71 [ v* v* is an initial segment of uy with
respect to g and v* is an initial segment of u; with respect to r;. Thus v* is the maximal
element of Fy with respect to C.

By the choice of (ug,70), (u1,71) € F, we have v* G up and v* & uy. By definition of
F, we have

(5.8)  the minimal element of ug \ v* with respect to 7

= f(X \ v*) = the minimal element of u; \ v* with respect to 7.

Let a be this element. Then v* U {a} € Fy. This is a contradiction to the maximality

of v*. —  (Claim 5.2.2)
Let
(5.9 Xo=U{ueP(X) : (u,ry € F for some r Cu} and
Ry =U{r € P(X?) : (u,r) € F for some u € P(X)}.
Claim 5.2.3 Ry is a well-ordering on Xg.
- By Claim 5.2.2 and Lemma 5.1, (3). — (Claim 5.2.3)

Thus, (Xo, Ro) is the maximal element of F with respect to component-wise inclusion. The

following Claim finishes the proof:

Claim 5.2.4 Xy = X.

N-AC-Z-0

N-AC-Z-1

)-7Z-6

AC-Z-8
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- Suppose not and let ag = f(X \ Xp). Let X1 = XoU{ag} and Ry = Ry U (Xo x {ap}).
Then (X;,R;) € F by Lemma 5.1,(2). This is a contradiction to the maximality of
<X0, RO> _| (Claim 5.2.4)

] (Theorem 5.2)

A pair (P, <) for a set P and a binary relation < is said to be a partial ordering if < is
irreflexive, anti-symmetric and transitive relation. A subset C' of P for a partial ordering
(P, <) is a chain if <] C'is a linear ordering on C. For X C P, a € P is an upper-bound of
X (with respect to <) if b=a or b < a holds for all b € X. a € P is a mazimal element
(with respect to <) if there is no b € P such that a < b.

Zorn’s Lemma is the following assertion:

Zorn’s Lemma: Suppose that (P, <) is a partial ordering such that
(5.10) any chain has an upper-bound in P. AC-Z-10

Then P has at least one maximal element.

Theorem 5.3 The following are equivalent over Z: T-AC-Z-1
(a) AC.

(b) Zorn’s Lemma.

Proof. By Theorem 5.2, it is enough to show that Zorn’s Lemma is equivalent to Well-
ordering Theorem over Z.

Assume first that Well-ordering Theorem holds and (P, <) is a partial ordering satisfying
(5.10). Let R be a well-ordering on the set P and let

(5.11) P ={ue€P(P) : <[ uis a well-ordering on u, for any proper initial segment v  acz1
of u with respect to <[ u, the minimal element of u \ v with
respect to <[ u is the minimal element of
{p € P : pis an upper-bound of v with respect to <}
with respect to R}.

Similarly to the proof of (a) = (b) of Theorem 5.2, we can prove that elements of P as
linear orderings ordered by < or equivalently R restricted to them are linearly ordered with
respect to end-extension. Hence we have U* = UP € P and U™ is the maximal element of
P with respect to end-extension of elements of P. U* is a chain in P with respect to < by
Lemma 5.1, (3). Let p* € P be an upper-bound of U*. Then p* € U*, that is p* must be
the maximal element of U* with respect to <[ U*. Also p* must be a maximal element of
P with respect to <.

Suppose now that Zorn’s Lemma holds and let X be a set. Let

(5.12)  F = {{u,7) € P(X) x P(X?) : » Cu? and 7 is a well-ordering on u}. AC-Z-12

For (ug,m0), (u1,m1) € F, let
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(5.13)  (ug,ro) = (u1,7r1) < (ug,r1) is an end extension of (ug, o).

Then F = (F,C) is a partial ordering and, by Lemma 5.1, (3), every chain C in F has
the least upper-bound (U, R) where

(5.14) U =J{u e P(X) : (u,r) € C for some r C u?} and
R=U{r e P(X?) : {u,r) € C for some u € P(X)}.

By Zorn’s Lemma, it follows that F has a maximal element (Uy, Rg). The following

Claim finishes the proof:

Claim 5.3.1 Uy = X.

I Suppose otherwise and let a € X \ Uy. Letting Uy = UyU{a} and Ry = RyU (Uy x {a}),
we have (Uy, R1) € F and (Up, Ro) F (U, R1) by Lemma 5.1, (2). This is a contradiction

to the assumption that (Up, Rg) is a maximal element. —  (Claim 5.3.1) [J (Theorem 5.3)

Theorem 5.4 (Cantor-Bernstein Theorem) In Z, if there are 1-1 mappings from M to N
and also from N to M, then there is a bijection from M to N.

Proof. See Chapter 19 in [1] where the proof given there is claimed to be one by Julius
Koénig.

General Topology by John L. Kelley also contains an “intuitively elegant form of the
proof of Theorem 0.20” due to G. Birkhoff and S. MacLane. [J (Theorem 5.4)

Characterization of DC

Recall that DC (Dependent Choice) is the principle:

(5.15) For any non-empty set A and any binary relation R on A, if (*) for any a € A
there is @’ € A such that R(a,a’), then there is a sequence s : w — A such that
R(s(n),s(n+ 1)) for all n € w.

For a set A and a binary relation R on A, R is a well-founded relation (on A) if for any
non-empty B C A, there is R-minimal element of B. An <w-sequence s: w — A in A (of
length w < w) is R-increasing if R(s(n),s(n+ 1)) (i.e., (s(n),s(n+1)) € R) for all n € w.

Thus, (5.15) can be reformulated as

(5.15)” For any non-empty set A and any binary relation R on A, if (*) for any a € A

there is @’ € A such that R(a,a’), then there is an R-increaing sequence s : w — A.

An <w-sequence s: w — A in A (of length w < w) is R-decreasing if R(s(n + 1), s(n)
(i.e., (s(n+1),s(n)) € R) for all n € w.

AC-Z-13

Cl-AC-Z-}

Scan_2020-10-18-15.52-

math-notes -

p.175

x-AC-Z-0

annotated.pdf
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Theorem 5.5 The following are equivalent
(A) DC.
(B) For any non-empty A and binary relation R on A,

(5.16) R is a well-founded on A < there is no R-decreasing sequence s of length w.

Proof. (A) = (B): Assume DC. Suppose that A is a non-empty set and R is a binary

relation on A.

(5.16) “=": We prove the contraposition. Assume that there is a R-decreasing sequence
s:w — A. Then s”w is a non-empty subset of A without the minimal element. Note that

we did not use DC for this direction.

(5.16) “<”: Again we prove the contraposition. Assume that R is not well-founded on
A. Then there is a nonempty A* C A without a minimal element. Let R* be the inverse
of RN A2 ie. R* = {{a,a’) € (A*)? : (d’,a) € R}. Then (A*, R*) satisfies the condition
(*) in (5.15). By DC there is an R*-increasing sequence s : w — A* This sequence is then

R-decreasing sequence.

(B) = (A): We prove here again the contraposition. Suppose that DC does not hold. We
want to find a counterexample to (B) By the proof of “(A) = (B)”, such a counterexample
must be a non-empty partial ordering which is non-well founded but satisfies the right side
of the equivalence (5.16).

By —DC, there is a non-empty A and a binary relation R on A such that

(5.17)  For all a € A, there is a’ € A such that (a,d’) € R;
(5.18)  there is no R-decreasing s : w — A.

Let A* := {t € “” A : tis R-increasing}, and let R* be the binary relation on A*
defined by

(5.19) (t,t") =& /Gt

for t, t' € A*.

(5.17) implies that A* does not have a R* minimal element. Thus R* is not a well-
founded relation on A*.

If s : w — A* were an R*-decreasing w-sequence in A* then | J s would be an R-increaing
sequence of length w. Thus, by (5.18), it follows that there is no such sequence. This shows

that (A*, R*) is a desired counter-example. [ (Theorem 5.5)

6 Hilbert’s Paradox and Grothendieck universe

The following Theorem 6.1 appears in Hilbert’s course note of 1905 (see V. Peckhaus and
R. Kahle [18], see also A. Kanamori, [15]):

p-AC-Z-0

t-AC-Z-1

x-AC-Z-1-0

x-AC-Z-2

x-AC-Z-3
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Theorem 6.1 (in Z, Hilbert’s Paradox) There is no set X such that

(6.1) X is closed with respect to powerset operation, that is, for any a € X, P(a) € X;

and

(6.2) UY eX, foranysetY C X, .

Note that there are infinite sets with the property (6.1) alone and infinite sets with the
property (6.2) alone. For example: V, |= (6.1) for any limit ordinal v. P(X) |= (6.2) for
any set X 2

Proof of Theorem 6.1.  Suppose that there is a set X with X = (6.1), (6.2). Then
UX € X and P(UX) € X. It follows that P(|JX) C |JX: for any a € P(JX), since
a is an element of an element of X (namely P(|J X)), we have a € |JX. But this is a
contradiction to Cantor’s Theorem which states that, for any set a, there is no surjection

from a to P(a) D (Theorem 6.1)

The class V = {z : = = z} clearly satisfies (6.1) and (6.2). On the other hand, a class
X satisfying (6.1) and (6.2) does not need to be equal to V:

Lemma 6.2 There are proper subclasses X of V with X = (6.1), (6.2).

Proof. Let X = {a : |b| <|a| for any b € trcl(a)}. Clearly X # V but X |= (6.1), (6.2).
In ZF, X = {V, : a € On} is another example. [J (Lemma 6.2)

The second example in the proof of Lemma 6.2 is quite symptomatic in ZF (see Propo-
sition 6.3 below). Actually, the properties of Hilbert’s (non-existent) set can be slightly

extended to obtain a characterization of V:

Proposition 6.3 (ZF) If a class X satisfies (6.1) and (6.2), then V, € X for all o € On.

Proof. Since ) =J0 and § C X, we have V) =0 € X by (6.2).
If Vo, € X then Voqp1 =P (Vo) € X by (6.1). If Vg € X for all 8 < « for a limit ordinal
then V»y = U{V/B . B < ’}/} c X by (62) | (Proposition 6.3)

Corollary 6.4 (ZF) If a class X is transitive and satisfies (6.1) and (6.2), then X = V.

Proof. We have V, € X for all « € X. Since X is transitive, it follows that X D V.
D (Corollary 6.4)
By modifying further the properties of the non-existent set in Hilbert’s paradox, we ob-

tain the definition of Grothendieck universes (which are sets!). An uncountable Grothendieck

@1fqe V, then a € V, for some a < . Since a C V,, by transitivity of V,, we have b C V, for all b C a.
Thus P(a) C Vot1 and P(a) € Vay2 C V,.
IfY CP(X) then Y C X and hence JY € P(X).

P-Gu-a-0

Gu-a-1
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universe U exists if and only if an inaccessible cardinal exists. In terms of set theory, an un-
countable Grothendieck universe U is simply H(x) for an inaccessible k. A weakening of the
notion of Grothendieck universe (called here weakly Grothendieck universe) characterizes
the families H (k) of hereditarily of cardinality < x sets for regular x (see Lemma 6.10, (8)
and (9)). Note that such H(k)’s are still “universes” in that they are models of ZFC —
Power Set Axiom.

A set U is said to be a Grothendieck universe if

(6.3) U is transitive;

6.4) 0eU; (under the Axiom of Foundation, this follows from (6.3)).

(6.5) U is closed with respect to pairing operation, i.e., for any a, b € U, we have
{a,b} € U;

(6.6) U is closed with respect to power set operation, i.e., for any a € U, we have
P(a) € U; and,

(6.7)  forany I € U and f € 1U, we have ;. f(i) € U.®}

The definition of Grothendieck universes makes sense under ZF without Axiom of Foun-
dation or as a matter of fact even without Separation and Replacement although the most
natural setting for this notion seems to be the full ZFC with the Axiom of Foundation (see
e.g. Lemma 6.7, (8) and Lemma 6.10, (10) below). The following properties of Grothendieck

universes can be proved in a weak fragment of ZF:

Lemma 6.5 Let U be a Grothendieck universe.
(1) ForanyaeU, we have | Ja € U.
(2) Let k =0nnNU. Then, for any a € [U]<", we have a € U.

Proof. (1): Letid,:a—U;a>b—=becaCU. By (6.7), Ua = Uy, ida(b) € U.

(2): Suppose a € [U]<" and let u = |a|]. Then p € U. Let f : p — U be an enumeration
of a and let f* be a mapping on p defined by f*(&§) = {f(£)}. We have f* € “U by (6.5).
Thus a = Uge, f*(£) € U. 0 (Lemma 6.5)

Under the full axiom system of ZFC with the Axiom of Foundation and the Axiom of
Choice, we can say much more than this (see Lemma 6.7,(7)).
Grothendieck universes obtain certain regularity even under the set theory without the

Axiom of Foundation:

Lemma 6.6 (in ZF - Axiom of Foundation) IfU is a Grothendieck universe then U ¢ U.

There is no €-descending sequence starting and ending with U.

) Actually (6.5) is redundant: If z € U then {z} € P(P(z)) € U. Thus by (6.3), we have {z} € U.
By (6.4), it follows from this that 2 = {0,{0}} = P({0}) € U. Thus, for any a, b € U, we have f =

{(0,{a}), (1,{b})} € *U and {a,b} =U f € U.

Gu-0
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Proof. Let U be a Grothendieck universe. Toward a contradiction, suppose that U € U.
Let k =0nnNU.

Claim 6.6.1 & is a limit ordinal.

I Suppose that o € k. Then a4+ 1 = aU{a} = U{{a}, {{a}}} € U by (6.5) and (6.7).
Hence oo + 1 € &. —  (Claim 6.6.1)

Let f: U — k C U be defined by

(6.8) fla) = {x, if x € On;

®  otherwise.

Then v = Uk = U,ep f() € U by our assumption U € U and (6.7). (Note that the first
equality holds because « is a limit ordinal.) Thus x € k. This is a contradiction.

Since U is transitive, if there were a €-descending sequence starting and ending with
U, then this would imply U € U. [ (Lemma 6.6)

Lemma 6.7 Work in ZF. Suppose that U is a Grothendieck universe and xk = OnNU.
1) IfaeU andbC a thenbe U.

2) wCU (hence k > w) and H(k) CU.

3) Ifa,beU thenaUbeU.

4) Ifa,beU thenaxbeU.

5) If f €U for some I €U then f"I €U.

6) For any (a,r) € U, if r is a well ordering on a, then we have otp ({a,r)) € U.

(7) If Kk > w then k is a regular cardinal. If we assume AC, then k is an inaccessible

cardinal.

(8) Under AC, we have U = H(k). If k > w, U |= ZF and further, if AC holds, then we
have U = ZFC.

(9) Conversely to (7), H(k) is a Grothendieck universe if either k = w or k is inacces-

sible.

Proof. (1): This follows directly from (6.6) and (6.3). We shall show the assertion here
without appealing to (6.6):
Suppose that a € U and b C a. Let f:a — U be defined by

x}, ifxzeb;
(6.9) f(a:):{{} -

0, otherwise

for x € a. f is well-defined by (6.5). We have b = | J,, f(x) € U by (6.7).

(2): We first show that w C U.
0 € U by (6.4). By (6.5), it follows that {0} € U and {0,{0}} € U. Thus x > 3. By
(6.7), it follows that,

P-Gu-0

Gu-4-0



#}F ./ — b 2018 (2026 £ 05 B 10 BAR) 21

(6.10) for any a € U, aU {a} = J{{a},{{a}}} € U by Lemma 6.5, (2) and (1).

E[U}<H

Since w is characterized as the minimal set W (with respect to C) satisfying ) € W and
aU{a} € W for all a € W, it follows that w C U. In particular, we also have k > w.

To prove H(x) C U by induction on the rank of elements of H(k), it is enough to show:
If a € H(k) and @ C U then a € U. This follows from Lemma 6.5, (2).

(3): Suppose that a, b € U.

(6.11) aUb=U{{a},{b}} € U by Lemma 6.5,(2) and (1).
-
€ [U]<* by (6.5)
by (6.7).
(4): axbCP(P(aUb)). Thusa x b e U by (1).
NI
€ U by (3) and (6.6)

(5): Suppose f € U for some I € U. Let f*: I — U; i+ {f(i)}. f* is well-defined by
(6.5). Then f"T =UJ,e; f*(i) € U by (6.7).

(6): Suppose, toward a contradiction, that (a,r) € U be such that r is a well-ordering
on a but otp({a,r)) ¢ U. Suppose further that (a,r) is chosen such that otp ((a,r)) is
minimal among the order-type of such pairs.

otp ((a,r)) is not a successor ordinal: if otp({a,r)) = a + 1, then let I be the initial
segment of a below the maximal element of a with respect to r. By (6.3), (1) and (6.5),
we have (I,r [ I) € U and otp ((I,r | I)) = . By the minimality of otp ({a,)), it follows
that o € U. Hence otp ((a,r)) = a+1=aU{a} € U. This is a contradiction to the choice
of (a,r).

Hence we may assume that otp ((a,r)) is a limit ordinal. For each b € a, let I} be the
initial segment of a consisting of all elements of a smaller than b with respect to r and let
ap = otp ({(Ip,r | Iy)). Since (Iy,r | I) € U, ap, € U by the minimality of otp ((a,r)). Thus
otp ((a,r)) = U{aw : b€ a} € U by (6.7). This is a contradiction to the choice of (a,r).

(7): We first show that & is a regular cardinal. Suppose otherwise and let 6 = ¢f (k) < k
and (ag : &) be a sequence of ordinals < x such that sup; s a¢ = 5. Then £ = [J{{a¢} :
£ €6} €U by (6.7) and thus k € k. This is a contradiction.

For 6 < x, we have 2° = |P(0)| = otp ((P(6),r)) € U by (6) where r is the well-ordering
on P(6) of order-type |P(d)].

(8): We have shown in (2) that H(x) C U holds. To show that U C H(k), suppose
otherwise and let a € U \ H(x) be with the minimal possible rank. Thus b € H(x) holds
for all b € a. By AC, and (6), A = |a| € U. It follows that A < k and hence a € H(x). This
is a contradiction to the choice of a.

If K > w then w € kK C U. It follows that U satisfies the Axiom of Infinity. It is also
easy to prove that all other Axioms of ZFC hold in U: The Axiom of Extensionality holds
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in U since U is transitive. The Axiom of Empty Set holds in U by (6.4). U |=“The Pairing
Axiom” by (6.5). U E“The Axiom of Union” by the remark before Lemma 6.7. The
Axiom of Power Set by (6.6). U [=“The Axiom of Separation” by (1). U =“The Axiom
of Replacement” follows from (5). The Axiom of Foundation holds in any €-model (if we
are working in the set theory with the Axiom). If AC holds then for all a € U with § & a
and a choice function f : a — (Ja, we have f € U: a x ({Ja) € U by the remark before
Lemma 6.6 and (4). Hence f € U by f Ca x (|Ja) and (1).

(9): If Kk = w or k is inaccessible, it is easy to see that H (k) satisfies the conditions
6.3) ~ (6.7). D (Lemma 6.7)
(

Since we have H(w) = V,, and H(k) = V, for an inaccessible &, (7), (8), (9) in
Lemma 6.7 implies the following. Note that V,, = H(k) if and only if Kk = w or k is
inaccessible under CH (see e.g. [16] Chapter IV, Lemma 6.3).

Theorem 6.8 (ZFC, [19]) A set U is a Grothendieck universe if and only if U = V,, = H(w)

or U =V, =H(k) for an inaccessible k. a
Let us call a set U a weak Grothendieck universe if

(6.3) U is transitive;

(6.4) 0 e U; (we need this, if we are working in ZF — the Axiom of Foundation).

(6.5) U is closed with respect to pairing operation, i.e., for any a, b € U, we have
{a,b} € U; and

(6.7) for any I € U and f € ‘U, U,¢; f(i) € U. In particular, for any a € [U]<F, we
have Ja € U where k = OnNU.

With exactly the same proof as that of Lemma 6.5, we obtain the following;:

Lemma 6.9 Let U be a weak Grothendieck universe.
(1) ForanyaecU, we have | Ja € U.
(2) Let k=0OnNU. Then, for any a € [U]<", we have a € U. N

With almost the same proof as that of Lemma 6.7, we also obtain the following Lemma.

Lemma 6.10 Work in ZF. Suppose that U is a weak Grothendieck universe with k =
OnnU.

(1) Ifa€U and b C a then b € U. Equivalently, if a € U then P(a) C U;¥
(2) wCU (hence k > w) and H(k) CU.
(3) Ifa,beU thenaUbeU.

D 1n [17], a set U with this property is said to be supertransitive.

Th-Gu-0

P-Gu-0-0

P-Gu-1



#}F ./ — b 2018 (2026 £ 05 B 10 BAR) 23

Ifa,be U thenaxbeU.

)

) If f €U for some I € U then f"I € U.

) For any (a,r) € U where r is a well ordering on a, otp ((a,r)) € U.
)

If Kk > w then K is a regular cardinal.

(8) Under AC, we have U = H(k). If K > w, U = ZF — Axiom of Power Set and further
if AC holds we have U = ZFC — Axiom of Power Set.

(9) Conversely to (8), H(k) is a weak Grothendieck universe if either Kk = w or Kk is a

regular uncountable cardinal.

Proof. All proofs except that of (4) in Lemma 6.7 work under the assumption that U is

a weak Grothendieck universe.
(4): Suppose a, b € U. For each ¢ € a, {c} x b = J{{{{c},{c,d}}} : d € b} € U by
(6.7). Thus a x b=J{{{c} xb} : c€a} eU. [ (Lemma 6.10)

Corollary 6.11 (ZFC) A set U is a weak Grothendieck universe if and only if Kk = OnNU  r-cura

is a reqular cardinal and U = H(k).

Proof. By Lemma 6.10, (8) and (9). [ (Coroltary 6.11)

Theorem 6.12 (ZFC) A weak Grothendieck universe U with k = OnNU is a Grothendieck r-cui-0

universe if and only if either Kk = w or K is an inaccessible cardinal.
Proof. By Corollary 6.11 and Theorem 6.8. [ (Theorem 6.12)

From here on we work in ZFC. Let us call a transitive €-model M of ZFC full if M is
closed with respect to the power set operation. By (6.6) and Lemma 6.7, (6), any uncount-
able Grothendieck universe is a full transitive €-model of ZFC. However the existence of a
full transitive €-model of ZFC is consistency-wise strictly weaker than the existence of a

Grothendieck universe:

Lemma 6.13 Let us call the assertions “There is a full transitive €-model of ZFC” and rcu -

“There is an uncountable Grothendieck universe” @y and @1 respectively. Then we have

(6.12) ZFC + o1 F g and Gu-8
(6.13) ZFC + o1 F consis("TZFCT + ¢p). Gu-9

Actually we even have
(6.14)  ZFC + ¢y F consis(""ZFC + ¢p). Gu-9-0

where ¢ is the assertion “For any set a there is a full transitive €-model M of ZFC with
aeM”.
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Proof. (6.12) is trivial. To show (6.13) we work in ZFC + ¢; and let U = H(k) be an
uncountable Grothendieck universe. By Lemma 6.7, (7),  is an inaccessible cardinal. Note
that we also have U = V,.(%)

For an arbitrary a € U, let (§, : n € w) and (M,, : n € w) be such that

(&, : m € w) is a strictly increasing sequence of ordinals below k; Gu-10

ac Vﬁo; Gu-10-0

an Cc M, < U; and Gu-12

(6.15)
(6.16)
(6.17) (M, : n € w) is a C-increasing sequence of elements of U; Gu-11
(6.18)
(619) M, C Ve,

Let My = U, co, Mn = Upey, Ven- Then M, = Ve € U where § = sup,,c, &n < k. a € M,
by (6.16) and M, = ""ZFC""since M, < U by (6.17) and (6.18). M, is full by (6.15). Thus
U is a model of ""ZFC™" + . It follows that consis(""ZFCT" 4 ¢f) holds. [ (Lemma 6.13)

For a transitive €-model M, we shall call the ordinal On N M the height of M.

Theorem 6.14 If M is a full transitive €-model of ZFC with reqular height k then Kk is an  r-cus

inaccessible cardinal and M = H(k). Thus such M is a Grothendieck universe.

Proof. We first prove that x is inaccessible. Since the regularity of « is already assumed,
and since we have w < k by M = “the Axiom of Infinity” and transitivity of M, it is enough
to show that x is closed under cardinal exponential. Suppose that A < k. Then P(\) € M
since M is full. Let u € k be such that M =“|P(A\)| = p” Then 2* = |u| < p < k.

M DO H(k): Suppose otherwise and let a € H(x) \ M be of the minimal rank among
elements of H(x)\ M. Then a C M. Since  is regular, there is & < & such that a C (V).
Since M is full it follows that a € P((V,)M) € M. Since M is transitive it follows that
a € M. This is a contradiction to the choice of a.

M C H(k): Suppose otherwise and let a € M \ H(x) be of the minimal rank among
elements of M \ H (k). Then a C H(k). Since a &€ H(k) we should have |a| > . But then

k <la| <la/™ < k. A contradiction. [ (Theorem 6.14)

Lemma 6.15 (ZF) If a is transitive then () € a. 10

Proof. Let b € a be with the minimal possible rank. then b = (): Otherwise there would
be ¢ € b. By the transitivity of a it follows that ¢ € a. This is a contradiction to the

minimality of the rank of b. [ (Lemma 6.15)

) For a regular cardinal x, H(k) = Vi if and only if either k = w or & is strongly inaccessible (see e.g.
Kunen [16] Ch.IV, Lemma 6.3). The “if” direction of this lemma can be also shown by proving (V)R = v,

for all a < k by induction on a < k.
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Some Open problems: The following is an assertion with a wrong proof withdrew
from
[https://fuchino.ddo.jp/notes/forcing-outline-katowice-2017.pdf: Lemma {Valpha}]

(6) Vg is C-maximal set X with the property that X is transitive, closed under trel™,

union of pairs and subset, and o« &€ X.

Wrong Proof: (6): For @ = 0 the assertion is trivial since every non empty transitive set
contains () as an element.

Suppose that the assertion holds for a and X is a transitive set closed under trel™, - U-
and taking a subset, and o + 1 ¢ X. We have to show that X C V4.

If a & X then X C V, C V,41 by induction hypothesis. Thus we may assume that
a € X. We have {a} ¢ X since, otherwise, we would have a +1 = a U {a} € X by the
closedness of X with respect to - U-. In particular, if a € X then « € a since otherwise we
would have {a} € X by the closedness of X with respect to subset.

Let a € X and let by = trel™(a). by € X by the closedness of X with respect to trel™.
Thus o & bg. Let by = {{Js : s € [bo]<N0} and by = {v : v C u for some u € b1}. a C by.
by C X since X is transitive and closed with respect to - U .. Thus by C X since X is
closed with respect to subset. Now bs is transitive and closed with respect to trel™, - U -

and subset.
Claim 6.15.1 (1) a € b1. (2) a & bs.

|_ % (Claim 6.15.1)

It follows by induction hypothesis that by C V. Since a C by C by C bo, it follows that
a CV, and a € V4. Since a was arbitrary we obtain X C V,41.

The induction step for limit -y is trivial.

7 Is w; an object in the conventional mathematics?

Most part of the conventional mathematics can be developed in Zermelo’s set theory (or
Zermelo’s set theory plus Axiom of Choice depending on how the word “conventional” is
interpreted). The existence of the ordinal number w; as it is defined in the modern set
theory cannot be proved in these systems: V,,, is a model of Z (or ZC if we work in ZFC)
and the statement of the non existence of w;. As a matter of fact, (in ZFC) V,, for any limit
ordinal >w is a model of ZC. Thus we cannot even prove the existence of w + w in ZC! (©)

In this context, is seems to be a intriguing question whether w; can be considered to
be a mathematical object in the scope of the “conventional” mathematics. The following

rather trivial theorem can be seen in connection with this question.

(6) Note however, that the order types w + w, wi etc. are definable objects in ZC.

Cl-ind-0

omegal
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Theorem 7.1 (1) (in Z + Countable Choice for countable sets) FEvery countable well-

ordered set is order-preservingly and continuously embeddable in R.

(2) (in Z without Choice) No uncountable well-ordered set is order-preservingly embed-
dable into R.

Corollary 7.2 (Countable Choice for countable sets) wy is the least ordinal which is not
order-preservingly embeddable into R.

a

Of course, Corollary 7.2 only makes sense in an axiom system which proves the existence

of w1.

Proof of Theorem 7.1. (1): By induction on the order-type of countable well-ordered
set w = (w, <y).

For w = (), the assertion is trivial.

Suppose that w has the maximal element m and w \ {m} is order-preservingly and
continuously embeddable in R. Then, without loss of generality, we may assume that
w \ {m} is embeddable in the open interval (—oo,0) with the embedding f. We may also
assume that, if w \ {m} does not have a maximal element, then f”w \ {m} is cofinal in
(—00,0). The mapping f U {(m,0)} is then an order-preserving continuous embedding of
w into R.

Suppose now that w does not have the maximal element and each proper initial segment
of w can be embedded order-preservingly and continuously into R. By countability of w we
can find a sequence m;, i € w of elements in w such that (m; : i € w) is strictly increasing
and cofinal in w.

Let wo={n €w : n <, mo}and wiy; = {n €w : my <y n <miy1} for i € w. By the
assumption there is a sequence f;, i € w of order-preserving and continuous embeddings of
wp to (—o00,0) and w;y; to [i,7 4 1) such that

(7.1) fi+1 sends the minimal element of w; 41 to ¢;
(7.2)  if w; is cofinal in {n € w : n <, m;} (that is, if m; is a limit in w) then f"w; is
cofinal in (—o0,1).
Note that we need the Countable Choice for countable sets to find such sequence (f; : i €
w).
Let f = U,c, fi- Then f is a order-preserving continuous embedding of w into R.

(2): Toward a contradiction, suppose that w = (w, <,,) is an uncountable well-ordered
set and f : w — R is an order-preserving embedding. For each m € w and the successor m/
of m, let ¢, € Q be such that

(7.3)  f(m) < gm < f(m')

T-omegal-0
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(we do not need the Axiom of Choice here to choose ¢,’s since Q is well-orderable). Since
Q is countable, there are m, n € w such that m # n but ¢, = ¢,. By the choice (7.3) of

qm and ¢, this is a contradiction.(?) [J (Theorem 7.1)

8 Absoluteness over H (k)

In the following, the notations “M <, V” and “M <y, V” are used interchangably. Note
that for a large cardinal s, H (k) <y, V is equivalent to x € C'") since we we have H (k) = Vi

for an inaccessible k.

Theorem 8.1 (Lévy, see p.299 in Kanamori [14]) For any regular k > w, H(k) <1 V.

Proof. Suppose that a € H(k) and ¢ = ¢(x) is a formula of the form Jyy(x,y) where
is Ag.®

If H(k) E ¢(a), that is, if H(k) & Ty (a,y), let b € H(k) be such that H(k) = ¥(a,b).
It follows that V = v(a,b).

Thus V = Jy¢(a,y).

Suppose now V |= ¢(a) and let b € V be such that V = ¢(a,b). By Lévy-Montague
Reflection Theorem, there is a € On such that a, b € V,, and V,, = ¥(a,b). Let M <V,
be such that trel(a) € M, b € M and |[M| < k. Let f : M = trcol(M) be the transitive
collapse. Then f(a) = a and hence we have trcol(M) = v (a, f(b)). Since treol(M) C H(k)
it follows that H(k) = ¢(a, f(b)). Thus H(k) = ¢(a). [ (Theorem 8.1)

Lemma 8.2 For a limit cardinal \. H(A) = U, .\ H(n).

Proof. If a € |, .\ H(n), then a € H(uo) for some o < A. Hence a € H(uo) € H(N).
If a € H(N), there is ug < A such that |trel(a)| = po. Since a € H((po)™) and (uo)t < A,
lt fOHOWS that a < UN<)‘ H(M) D (Lemma 8.2)

Corollary 8.3 H(\) <1V for all uncountable cardinals X.

Proof. By Theorem 8.1 and Lemma 8.2. [ (Corollary 8.3)

Corollary 8.4 {)\ € Card : H()\) = Vi} is a club class in Card |

Note that there is a formula ¢ in L¢ such that Vyib < Vy = H(N).

Lemma 8.5 Suppose that k is a cardinal. If H(k) <2 V, then k is a limit cardinal and

(") Here, again, we do not need Axiom of Choice since, if there were no m, n € w with m # n and gm = qn,
w S m+— gm € Q would be a one to one mapping which would be a contradiction to the assumption of non

countability of w.

(®) Note that, since H(x) satisfies the Pairing Axiom, and “z = (y, z) is A, this implies the general case

with formulas with a block of existential quantification and a block of free variables.

L-abs-a-0
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(8.1)  2¥ <k forall p < k.
In particular if k is regular and H(k) <2 V then k is an inaccessible cardinal.
Proof. x must be a limit cardinal: For each o < k, we have
VE=“3B (B isan ordinal >a A Vf((f:a— ) — fisnot a surjection)”
By H(k) <2 V, and since the formula above is ¥, it follows that
H(k) =<3 (B is an ordinal > a A Vf((f:a— B) — f is not a surjection)”.

To show (8.1), suppose that there is a u < & such that 2# > k. Then we have H(k) =
o(p) and V | —p(pn) where o = ¢(x) is the IIy-formula saying that no set y contains the

power set of x:

(8.2) WYydz(zCaxAzdy). 0 (Lemma 8.5)

Theorem 8.6 (Proposition 22.3 in [14]) Suppose that k is supercompact. Then H(k) =
Vi <2 V.

Proof. H(k) = Vj, since & is inaccessible.
Suppose that ¢ = p(v1) is Xo-formula of the form Jvg)(vg, v1) where v is I1;.
Suppose V,;, = ¢(a) for some a € V. Then there is b € V,; such that V,, = ¢(b,a). By
Theorem 8.1, it follows V = ¢(b,a). Thus V = ¢(a).
Suppose now that V = ¢(a) for some a € V.. Then there is some b € V such that
V = (b, a). Let A\g > k be a regular cardinal such that b € H(\o) and let A = |H (o).
Note that

(83)  H(X) = ¥(ba)

by Theorem 8.1.
Let j:V 2y M be such that

(8.4)  crit(j) = r, j(k) > A,
(8.5) M is an inner model in V and

(8.6) M C M.

By (8.6), we have b, H(\o)V € M and H(\o)V € M. It follows that H(\g)V = H(Ao)M.
Thus

(87) M E“H(o) E v(ba)".

By Theorem 8.1 (applied in M), it follows that M = (b, a). by Corollary 8.3 (also applied
in M), M =“H(j(k)) = 1(b,a)”. Hence

(8.8) M |="3uo(H(j(r)) I (v, a))”.

T-abs-0
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Noting j(a) = a, we obtain V = “3Jug(H (k) = ¥ (vo,a))” by elementarity. This simply
means H(k) = ¢(a). [ (Theorem 8.6)

In the following, the fact that the statement “x is a y-supercompact cardinal” is A%F
(see [14], p.302) is used.

Proposition 8.7 Suppose that kK < X\, X\ is supercompact and k is p-supercompact for all

w < X. Then k is supercompact.

Proof. There is a IIy-formula ¢(z) expressing “z is supercompact”.
Since V) = ¢(k) and V) <2 V by Theorem 8.6, it follows that V = (k). This means

that k is supercompact. [ (Proposition 8.7)

Proposition 8.7 implies that “V, <9 V” in Theorem 8.6 is optimal:

Corollary 8.8 Suppose that k is the smallest supercompact cardinal. Then V, A3 V.

Proof. Let ¢ = ¢(u) be the Ils-formula stating that “u is supercompact”. Then V |= (k)
and hence V |= Jup(u). On the other hand, by Proposition 8.7, we have V., = Jup(u).

D (Corollary 8.8)

Lemma 8.9 (1) For an ordinal o, if Vo, <1V, then o > w and a is a limit ordinal.

(2) IfVa <1V, then
(8.9) 2 <« holds for all p < a.

In particular, a is a strong limit cardinal.
(3) IfVi =<1V, then V, = H(k).

Proof. (1): Suppose V, <1 V. Since V |= 3z (“x is an ordinal” A (Vy € z)(y+1 € x)), and

the sentence is 1, it follows that V,, satisfies the same sentence. This implies that o > w.
We have V | Vz (“z is an ordinal” — Jy)(y = x + 1)). Since the sentence is Ils it

follows that V,, also satisfies the sentence, and this implies that « is a limit ordinal.

(2): Assume that V,, <1 V. V satisfies the formula saying that for any cardinal set x
there is a cardinal which is the cardinality of P(z). Since this sentence can be formulated
in Ils, it holds in V. This implies that « is closed with p — 2#, and this clearly implies
that « is a strong limit cardinal.

(3): Assume that V, <1 V. H(x) C V, holds for all infinite cardinal x (see e.g. [7],
Lemma [L-hered-0]). Thus it is enough to show that V,, C H(x). Consider the following
¥p-formula p9 = pa(x):

(8.10)  “JyIz3f (y is transitive A z is an ordinal A f: z — y is a bijection A z e y”

P-abs-0
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For a € Vj, we have V |= @a(a). It follows that V,, = ¢p2(a). Since On NV, = k, this means
that a e H(K/) D (Lemma 8.9)

Lemma 8.10 If H(k) <2 V for a cardinal k then H(k) = V.

Proof. Suppose that H(x) <2 V. Then we have k£ > w. Since H (k) C V,; always holds, it
is enough to show that V,, C H (k). For this, it is enough to show that V,, € H(x) holds for
all a < k.

Consider the Ya-formula ¢ = ¢(x):

(8.11)  FJyIfVu (“y is an ordinal A x e y A f is a function on y A f(0) =0 A

(Vv e y)((vis alimit = f(v) = Uye f(w)) A
(v is a successor of some vg — (u C f(vo) <> ue f(v))))”.

For f < K, we have V = ¢(5). Hence H(k) = ¢(B) by H(k) <2 V. Thus, for a < , letting
f+ o+ 1 there is a mapping f € H(k) on 8 such that f(§) = Vg for all £ < . In particular
VO[ = f(a) S H(/ﬁ;) D (Lemma 8.10)

Theorem 8.11 (1) Voxg A1 V. (2) Vi, A1 V. (3) Vi, A1V
(4) H(2%) 2 V.0

Proof. (1), (2): By Lemma 8.9. (3): follows from (1) and (2).

(4): If H(2R0) <5 V, then H(2%0) = V,n, by Lemma 8.10. Thus V,x, <1 V by Corol-
lary 8.3. But this is a contradiction to (1).

Note that this can be seen also more directly by H(2%) |= ¢(w) but V |= —¢p(w) where
¢ is as in (8.2).

Note also that this proof also shows that H(280) # Vix,. [ (Theorem 8.11)

Theorem 8.12 For a cardinal k, the following are equivalent: (a) Vi <1 V;
(b) H(k) =V, and 2" < k forall p < k; (c) H(k)=Vj.

Proof. (a) = (b): By Lemma 8.9.
(b) = (c¢): Trivial.
(c) = (a): By Theorem 8.1. [ (Theorem 8.12)

Theorem 8.13 For a regular cardinal k, the following are equivalent: (a) Vi, <1 V;
(b) Kk is inaccessible;
(c¢) Vi EZFC;
(d) Vi.=H((k).

) Note that H(2°) <1 V by Theorem 8.1.
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Proof. Suppose that x is a regular cardinal. (a) = (b): By Lemma 8.9, (2). (b) = (c¢):

This is well-known.

(c) = (d): Let w3 = @a(z) be the ¥;-formula in the proof of Lemma 8.9, (3). Since
ZFC |- Vx g, we have Vi, |= Vaps. Since On"s = k it follows that V,, C H(k).

(d) = (a): By Theorem 8.1. D (Theorem 8.13)

Cantor’s Attic: Reflecting cardinals

9 Generic elementary embedding

9.1 generic elementary embedding under chain conditions gen

Lemma 9.1 Suppose that M and N are inner models in V and j C V be such that j : rgeno
M =5 N. Suppose further that P € M is a poset in M, Q = Jj(P), G is an (M, P)-generic
filter and H is an (N, Q)-generic filter such that

(9.1) ;"G CH.
Then the class mapping introduced by

(9.2) “j: M[G] — N[H]; a[C] — j(a)[H] for P-name a in M” gen-a

is well defined, j C j and j : M[G] = N[H].

Proof. + Well-definedness: Suppose that a, ¢’ € M are P-names such that M[G] =
“a[C] = ¢/[C]”. Then there is a p € G such that M =“p|Fp“a=d 7”. By elementarity,
it follows that N = “j(p) |Fq “j(a) = j(¢')””. Since j(p) € H by (9.1), it follows that
NIH] | “j(a@)[H] = ji(a")[H]".

+ j C j: Suppose that j(a) = b fora € M and b € N. Let @ € M be such that M = “a is

a standard P-name for a”. By elementarity,
(9.3) N E“j(a) is a standard Q-name for j(a)”. a-gen-0-0

Thus

©

by (9.3)
B =~
(04) @ = j@MH = ja)=b
~
by the def. of j
- j: MJ[G] 3 N[H]: Suppose that M[G] = ¢(ag, ..., an_1) for an Le-formula o = p(zq, ...,

ZTp—1) and ag,...,an—1 € M[C]. Then there are p € G and P-names ao, ..., an—1 of ag, ...,

an—1 such that

(9.5) M E“pl-p“e(ao, - an-1)"". gen-1


https://neugierde.github.io/cantors-attic/Reflecting
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By elementarity,

(9.6) N E“ji(P)IFo“e(i(a0), s i(an-1))"".

Since j(p) € H, it follows form the definition (9.2) of j that
(9.7) N[H] E“p(j(ag), ..., j(an—1))". 0 (Lemma 9.1)
Lemma 9.2 Suppose that N CV is an inner model and Q € N a poset. If

(9.8) AN C N for some cardinal \,
(9.9)  Q satisfies the AT -c.c.

and H is (V,Q)-generic, then (AN[H])VH € N[H].
Proof. See Lemma 1.4. [ (Lemma 9.2)

A regular cardinal k has the tree property if there is no k-Aronszajn tree. This means
that k has the tree property if any x tree has a x-branch.

For some more known results about the tree property we are not going to discuss here,
see e.g. [5]. In the next lemma, the condition “generically measurable by a ccc poset” can

be yet weakened to “generically weakly compact by a v-cc posets for a v < k” (see [13]).

Lemma 9.3 Suppose that  is generically measurable by a ccc poset. then
(1) & has the tree property.

(2) & the stationary limit of weakly inaccessible cardinals (i.e. k is Mahlo) — this as-

sertion has been already proved as Lemma 4.2.110) .

Proof. Suppose that P is a ccc poset, G a (V, P)-generic set, and j, M classes in V[G] such
that j : V=5, M.

(1): Suppose that T' € V is a k-tree. Without loss of generality, we may assume that
T C k.

Then M |=“j(T) is a j(k)-tree” by elementarity. Since x = crit(j), we have
J(T)<rn="T.

Let t* € j(T)x, and let < and t* be P-names of j(<r) and ?o respectively. Let

T* :={t €T : thereis p € P such that p|-p “t <1*"}

By the ccc of P, T* is a k-tree such that each of its levels is countable. Thus, by a
theorem of Kurepa (Proposition 7.9 in [14]), there is a x-branch b in T (in V). b is also a
k-branch in 7. This shows that x has the tree property.

(19 This assertion will be yet improved in Theorem 9.8.

gen-3

L-gen-1

P-gen-0
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(2): Note first that ~ is a regular limit cardinal in V' (i.e. k is a weakly inaccessible
cardinal — otherwise we obtain a contradiction to crit(j) = k). Thus (by the ccc of P) k
is regular in V[G] and hence also in M.

For any club C C k (in V), M =“j(C) is club in j(k)” by elementarity. j(C)Nk =C
by crit(j) = k.

Hence M = j(C) > k. Thus, M =“j(C) contains a weakly inaccessible cardinal”.

By elementarity it follows that

V |=“C contains a weakly inaccessible cardinal”.
Since C was arbitrary, it follows that « is Mahlo in V. [ (Lemma 9.3)

Let us call a cardinal & greatly weakly Mahlo if k is weakly inaccessible and there exists
a k-complete normal filter F over s such that {u < k : p is a regular cardinal} € F and

F is closed with respect to the Mahlo operation:

(9.10) S +— M/(S):={a €S : « has uncountable cofinality and

S N« is stationary in a}.

This definition of the Mahlo operation is slightly different from the one given in [4].
For a € On, we define the notion of a-weakly Mahloness for all cardinals « by induction

on «.

(9.11) K is 0-weakly Mahlo if k is weakly Mahlo;
(9.12)  r is 1-weakly Mahlo if & is weakly Mahlo®™) and {u < s : p is weakly Mahlo}

is stationary;
(9.13) for 1 < a < K, kK is a-weakly Mahlo if {u < k : p is f-weakly Mahlo} is stationary

in « for all 8 < a.

(9.14) K is hyper-weakly Mahlo if Aq<x{p < Kk : p is a-weakly Mahlo} is stationary.

Lemma 9.4 For an ordinal x of uncountable cofinality, if S C k is a stationary set con-

sisting of reqular cardinals, then k is also reqular and hence k is weakly Mahlo.

Proof. Suppose that S is as above but x is not regular. Say, c¢f (k) = p < k. Let
(€ : a < w) be a continuously increasing sequence of ordinals cofinal in k such that
& > p. By the assumption on S, there is A € SN{& : a < u}. Say, A = &4+. Then
cf (A) < a* < pu < A. This is a contradiction since A as an element of S must be regular.

D (Lemma 9.4)

Lemma 9.5 Suppose a < 8 < k. If k is B-weakly Mahlo, then x is a-weakly Mahlo.

(1) Actually, by Lemma 9.4, the weak Mahloness of & follows from the second condition.

x-gen-a-a-a-0

x-gen-a-a-0

x-gen-a-0

x-gen-a-1

xX-gen-a-2

P-gen-0-0

P-gen-0-0-0
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Proof. By induction on . [ (Lemma 9.5)
For S C k and «a < k, let M{*(X) be defined inductively by

(9.15) MLO(X):= X;
(9.16)  MLOTH(X) := ML (MLY(X));
(9.17)  for a limit v < x, ME7(X) =, ME*(X).

Finally, let
(9.18) MI7(X) := Aqex MLY(X).

Note that stationary sets are not necessarily closed with respect to intersection of de-
creasing sequence of short length: Let x be an uncountable cardinal with x > w,. For

new,let Sy ={a<k:w, <cf(a) <wy}. Then each S,, n € w is stationary. But
Npew Sn = 0.

Lemma 9.6 (1) For a regular k, a filter F over k is uniform (i.e. every end-segment
of k is in F) and normal, if and only if F is < k-complete and normal.

(2) If F is a uniform normal filter over a regular k, then C € F for all club C C k. It
follows that all S € F are stationary in kK.

(3) If k is greatly weakly Mahlo and F is as in the definition of the greatly weak Mahlo-
ness of K, then for all o < k {§ < k : £ is a-Mahlo} € F.

Proof. (1): “«<” is trivial. For “=", suppose that 6 < x and X, € F for all a < 4.
For a < &, let

{Sa\é, if a < 9;

K otherwise.

Sk =

We have S € F for a < § as k \ 0 € F since F is uniform.

Then F 35 AackSh = Naer Sa \ 0 € Naer Sa- Thus Na<kSq € G.

(2): We show first that Lim(k) = {a < k : «a is a limit ordinal} is an element of F.
This follows from Lim(k) = Agerr \ (@ +1) € F.

For a club C C &, let (¢, : o < k) be an increasing enumeration of C. Then we have
C D Lim(k) N Dp<kk \ ca € F.

For an S € F, SNC € F and hence SNC # () for all club C' C k. Thus S is stationary
in K.

(3): By induction on «. [ (Lemma 9.6)

The following Proposition is a variant of Proposition 16.8 in [14].

Proposition 9.7 Suppose that k is greatly weakly Mahlo, and let F be a < k-complete

normal filter over a reqular k such that

x-gen-0

x-gen-1

X-gen-2

x-gen-3

P-gen-1
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(9.19)  Reg(k) :={pu <k : p is regular} € F, and r-gen-4-0
(9.20)  F is closed with respect to the Mahlo operation (as defined in (9.10)). o-gen-4-1

Then, for any 1 < a < K,

(1) Ml*(Reg(k)) € F,

(2) MlY(Reg(k)) ={pn <k : pis B-weakly Mahlo for all f < a}

={p <k : pis ap-weakly Mahlo} for all 1 < o < w where oy is such that o = agy + 1;
M{*(Reg(k)) ={p < Kk : p is f-weakly Mahlo for all 5 < o}

={p <k : pis a-weakly Mahlo} for allw < a < k,

(3) K is hyper-weakly Mahlo.

Proof. We first prove (1) and (2) by induction on 1 < o < k. Note that the last equality

in both of the cases in (2) follows from Lemma 9.5.

For a« = 1, we have

F 5> MY (Reg(k)) = ML (Reg(x))
by (9.19)\;:d (9.20) = {p € Reg(k) : pNReg(k) is stationary in p}
= {u € Reg(k) : p is weakly Mahlo}.
= {u € Reg(k) : p is 0-weakly Mahlo}.

Suppose that v < x is a limit ordinal, and (1), (2) hold for all & < . Then

Me7(Reg(k)) = (loey ME*(Reg(k)) € F
~—
by (9.17)
by the induction hypothesis around (1) and < k-completeness of F.

Suppose that p € M{7(Reg(k)). Then, by the induction hypothesis around (2), u is
(B41)-weakly Mahlo for all 8 < 6. By (9.13), it follows that {{ < p : £ is S-weakly Mahlo}
is stationary in p. Thus, again by (9.13), p is 6-weakly Mahlo.

Conversely, if © < k is d-weakly Mahlo, then, by Lemma 9.5, u is a-weakly Mahlo
for all @ < 4. Thus, by the induction hypothesis around (2), p € (), M *(Reg(x)) =
M{¢7(Reg(k)). This shows that (2) holds for 4.

Suppose now that (1) and (2) hold for 1 < a < k.

If o < w, this means in particular that for ag such that a = ag + 1,
M{*(Reg(k)) = {p < K : p is ag-weakly Mahlo} € F.
By the definition (9.16) of the iteration of Mahlo operation and (9.20), we have

Ml (Reg(k)) = {p < k : pis (o + 1)-weakly Mahlo} € F.

———
=«

If w < a < w, our assumption is
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M/l “(Reg(k)) = {u < k : p is a-weakly Mahlo} € F.
Thus, similarly to above, we obtain
ML (Reg(k)) = {p < K : pis (a+ 1)-weakly Mahlo} € F.
(1) and (2) imply (3):

Na<ri{p < K @ pis a-weakly Mahlo} = A,<.ML%(Reg(k)) € F.
— —~—
by (2) by (1) and normality of F

In particular Ag<{p < k : p is a-weakly Mahlo} is stationary, and this proves that & is
hyper—weakly mahlo. D (Proposition 9.7)

Theorem 9.8 If k is a generically measurable cardinal by ccc poset, then k is greatly weakly —p-gen-2

Mahlo.

Proof. Let P be a ccc poset with (V, P)-generic G such that there are classes j, M C V[G]
with j:V S, M.

Note that, since generically large cardinals are definable (see [12]), we may apply forcing
theorems in the arguments which involve j and M. In particular, we may assume that
Fp sV e M7

In V[G], let F:={S Ck :SeV,j(S)>r}and let F be a P-name of F.

InV,let F:={SCr: |[Fp“SeF"} Then

Claim 9.8.1 (1) F is a <k-complete normal filter.
(2) Reg(k) e F.
(3) F is closed with respect to Mahlo operation.

I In the following, we use the bullet notation of Asaf Karagila (see e.g. [10]).

(1): Suppose that S .= (Sq : a< p) €V for some pu < K is a sequence of length u of
elements of F. Then |-p “Sis a sequence of elements of F of length p”. Since j(u) = p
and hence |Fp “j(S) = (j(Sa) : a < p)*”, we have

Fp“i(NS)” =N5(5) = N{(Sa) : a < ul® > k.
Thus |Fp“ S € F”, and hence ({S, : o < pu} € F.

If §:= (S, : & < k) is a sequence in V of elements of F. then
Fer e N{i(Sa) : a <k} =NGS)* Tr".
Since

—,

Feér e NG Th & ke nj(S) =4(AS)7,
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It follows that |-p “AS € F” and AS € F.

(2): Let R := Reg(k). Then we have |Fp “j(R) = Reg(j(k))” by elementarity (which
is assumed to be forced by 1p). Thus |Fp “x € j(R)” and hence R € F.

(3): If S € F, then |Fp “x € j(S)” by the definition of F. Thus |-p “V |= S is stationary in x”.
Since P is c.c.c., it follows that |Fp “VF |= S is stationary in x”.

It follows that

e “r e ME(j(S) =5 (MEY(S))”.

Thus, |Fp“M¢VY(S) € F” and hence M/ (S) € F. = (Claim 9.8.1)

By Proposition 9.7, it follows that « is greatly weakly Mahlo. [J (Theorem 9.8)

The following Lemma corresponds to Proposition 5.15 in [14].

Lemma 9.9 Suppose that k is measurable. Then there are stationarily many weakly com- rgen-s

pact p < K.
Proof. Suppose that j:V 2y, M. Note that we have
(9.21) Kl>/€ g M x-gen-5

[If ferk, f=74(f) € M;if f € s then f=f(f) ke M.].

k is weakly compact in M: [ Since k is strongly inaccessible in V, it is also strongly
inaccessible in M by (9.21). The tree property of x follows from the fact that x has the
tree property in V and (9.21). |.

For any club C C k (in V), k € j(C): [ since j(C) is a club in M by elementarity and
j(C)Nk = C is unbounded below k. |.

Thus

M =“j(C) contains a weakly compact cardinal”.
By elementarity, it follows that
V |= “C contains a weakly compact cardinal”.

Since C' was arbitrary, this shows that {¢ < k : p is weakly compact} is stationary.

D (Lemma 9.9)

For a class C of posets a cardinal x has C-generic embedding property if, for any transitive
My with k € My and | My| = &, there is P € C such that |Fp “3joINg (jo : Mo Ny No)”.

Lemma 9.10 Suppose that k has C-generic embedding property. Then, P-gen-4
(1) & is regular.

(2) If elements of C are < k-cc then k is a limit.
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Proof. (1): Suppose that & is singular. Let p := c¢f (k) < x and let ¢ := (¢ : & < p)
be an increasing sequence of ordinals cofinal in k. Let M be a transitive set such that k,
¢ € M and |M| = k. Then, for this M, there cannot be any P with the property in the
definition of C-generic embedding property.

(2): Suppose that C consists of < k-cc posets. Assume, toward a contradiction, that
k = pt. Let My be a transitive set such that k € My, My = k = p™ and |My| = k.
Suppose that P € C, G is (V, P)-generic, and jo, Ny € V[C] are such that jo : My %, No.
Then Ny E u < k < j(k) = pt. But by the <k-cc of k, Ny = k is a cardinal. This is a

contradiction. [ (Lemma 9.10)

Lemma 9.11 Suppose that kK > w1 and k has the < u-c.c.-generic embedding property for
u < k. Then k has the tree property.

Proof. Suppose that s has the < py-c.c.-generic embedding property for some p < k. Then
k is weakly inaccessible by Lemma 9.11.

Suppose that T is a k-tree. Without loss of generality, ' C *~ k. Let M be a transitive
set such that x, T'€ M, and |M| = k. Let P, Js I be such that

H—p“z:Mim]y”.
Then |Fp“j [ T =idr”. Let t* be a P-name of an element of j(7') of height > x and
To:={teT : plFp“t <jm) "7}

Ty is a tree of width < p and of height k. Thus, by Proposition 7.9 in [14], Tj has a

k-branch b. Clearly b is also a xk-branch in T'. [ (Lemma 9.11)

Scan_2021-09-28-17.45 Liicke - annotated.pdf p.9

Does c.c.c.-generic embedding property imply some variant of great weak Mahloness?

Let Cohen :={P : P ~ Fn(k,2,<Np)}.

Theorem 9.12
If k is Cohen-generically measurable, then k is stationary limit of cardinals with Cohen-

generic embedding property.

Proof. Let P =Fn(\, 2, <Xy) for some \ such that for a (V, P)-generic G, there are classes
j, M C V[C] such that j : V i),.; M. Tt is enough to show that s has the Cohen-generic
embedding property in M.

In M, Let My be a transitive set with k € My and |My| = k. Let Q := j(P). We have
j"P < P. Let G* = j”C. Then G* is (V,j"”P)-generic and V[C] = V[G*]. Let H* be a
(V, Q)-generic filter such that G* C H*.

Let

J:VIEl=V[E] . V[H]; al6] = j(a)[H]

P-gen-6
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for all P-name ¢ (in V).

[:l (Theorem 9.12)

Corollary 9.13 Let C be as in Theorem 9.12 and suppose that k is tightly C-generically

huge, then there are stationarily many p < k with tree property.

Proof. By Theorem 9.12 and Lemma 9.11. [ (Corollary 9.13)

9.2 Finite support Lévy collapse

Let us begin with recalling some definitions:

For classes C, D of posets, a cardinal x is said to be (C,D)-generically supercompact
if, for any A > s and P € C, there is a P-name Q such that |Fp “Q ¢ D” and, for any
(V, P % Q)-generic G = H, there are classes j, M C V[H] such that j : V S5, M, j(r) > A,

GxHe M and j"\ e M.

In the following, we shall denote the conditions above by
(9.22)  |Fpeg“FjAM (j:V S, M, j(k) >\, GxHe M, j"M”.

Strictly speaking, we cannot formally quantify classes (and put the “formula” inside the
forcing relation). But because of the definability of this situation (see [12]), we can refor-
mulate (9.22) into a legitimate expression.

We call a cardinal k tightly (C,D)-generically supercompact if (9.22) is strengthened to
(923)  |Fpug“T3M (:V S M, (k) > A, Gxl € M, [PxQ| < j(r), j"M".

A cardinal k is Laver-generically supercompact by D, if, for any A > k and P € D there
is P-name Q such that |Fp“Q € D” and

(9.24)  |Fpeg “FJAM (:V S, M, j(k) >\, GxHe M, j"M”.

Similarly as above, we say that a cardinal x is tightly Laver-generically supercompact by D,
if for any A > x and P € D there is P-name Q such that |-p“Q € D” and

(925)  |Fpeg “Fj3M (J:V S M, j(5) 2 A, GxH €M, [PxQ| < j(x), j"M".

We shall call the poset of the form Col(w,A) (in the notation of [14]) for a regular
cardinal \ the finite support Lévy collapse (fs L-c, for short).
Lemma 9.14 Let C be the class of all posets and D be the class of all fs L-c. Then, the
following are equivalent: (a) & is (tightly) (C,D)-supercompact.
(b) & is (tightly) Laver-generically supercompact for D.

Proof. (a) = (b): is trivial.
(b) = (a):

D (Lemma 9.14)

P-gen-7

en-levy

x-gen-7

x-gen-8

x-gen-9

x-gen-10

P-gen-8
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10

Generalized mixed support iteration along with a Laver

function

The materials in this section have been moved to [10].
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