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* Section 3 and Appendices A;B may be obsolate. For the latest version of the materials in these sections

see: Sakaé Fuchino, “Axiomatic set theory and the foundation of mathematics”,

https://fuchino.ddo. jp/kobe/logic-ss2019.pdf

Section 1 of the following note is based on my talk I gave at the Kobe Logic Collo-
quium on 26. December 2013. The material of the section is largely based on a note by
Andrés Caicedo [1] although the presentaion I chose here lay more stress on distinction
between metamathematics and the mathematics inside an axiom system of set theory.
In particular, the formulation of the Woodin’s Lemma (Proposition 1.3) I chose here
answers a question of Makoto Kikuchi at the talk. I learned Proposition 1.7 from David
Asperé who was present at the talk.

Section 2 gives a complete answer to one of the questions Wojciech Bielas asked me
during my stay in Katowice in October 2014. Nothing in the section should be new.

In Section 3 we consider several variations of Gédel’s Speed-up Theorem and analyse
their impacts to set theory.

In Appendix 1, we introduce a G6édel numbering in the framework of set theory and
see how syntax and semantics of first-order logic can be developed using it. In Appendix
2, we give a proof of the Diagonal Lemma on basis of the Godel numbering given in
Appendix 1.

A part of the materials in this note will be later reused in a textbook of the author

in preparation on basics of set-theory and forcing.


https://fuchino.ddo.jp/kobe/logic-ss2019.pdf
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The most up-to-date version of this note is downloadable as:

http://fuchino.ddo. jp/notes/woodin-incompl-e.pdf

1 Woodin’s set-theoretic proof of the Second Incomplete-

ness Theorem

Let us first reveiw the Daiagonal Lemma which is formulated here in the framework of
ZFC.

Let L. denote the language of ZFC. L. consists merely of the binary relation symbol
“e”. Let Lzrc = {&,0,{-},U,N,\ ,...} be the expansion of £, with all the names of the
definable constants and functions we introduce in course of our discussions. Let ZFC*
be the natural conservative extension of ZFC in Lzpc obtained from ZFC by adding the
intended definitions of the new symbols in Lzrc. We often call ZFC* simply as “ZFC” if it
would not make any confusion: Note that, for any Lzrc-formula ¢, there is an L.-formula

o~ such that
ZFC' o+ .

We assume that the Godel numbering is fixed so that it gives an algorithm which cal-
culates a closed Lzpc-term "¢ of an element in V,, to each given L.-formula ¢. Note that
the Godel numbering ¢ +— Ty is a meta-mathematical operation. We can canonically
define (Lzgc-terms for) subsets "™ Fmlip "7, "7 Sent, 7 and TTZFCTT of V,, which repre-
sent F'mlg_, Senty. and ZFC in the meta-mathematics in such a way that e.g., we have
ZFCF T e "TZFCT for any concretely given axiom ¢ of ZFC and ZFC - T & "TTZFC™
for any concretely given L.-sentence ¢ which does not belong to the axiom system of
ZFC.

Lemma 1.1 (Diagonal Lemma) For an arbitrary L.-formula v = ¥(x), there is an

L.-sentence o such that
(1.1) ZFCFo < ¢(ToT). a

See Appendix B for a proof of Lemma 1.1. Note that this lemma is actually a meta-
theorem formulated for each (concretely given) L.-formula . A standard proof of the
lemma like the one in Appendix B gives an algorithm to compose an L.-formla o as
above for a given L -formula ¢ = ¢(z).

In the following, we often consider the situation (in ZFC) that, for some sets M and F,
“(M, E) is a model of ZFC”. This actually means that (ZFC proves) (M, E) = "TZFC™"
(i.e., Vo € "TZFCT((M, E) |= z)).

For an L.-structure M and an L.-formula ¢ (in meta-mathematics) we often write
simply M |= ¢ in place of M | Tp™.

diag-a-0
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In ZFC (or in some extension of ZFC), let M = (M, FE) be an L.-structure with
M ="TTZFC™" and let m, e € M be such that

M = “(m,e) is a L.-structure”.
Then let m* = (m*, e*) be the L.-structure with

(1.2) m*={zeM:zEm (& MExzem)} and star-0
et ={{zy) € (m*)? : M“zey” (& M (2,y)ce)}.

The following can be proved by induction on the construction of ¢ € "™ Fmlz_

Lemma 1.2 The following assertion is provable in ZFC: Suppose that M = (M, E) is
an Le-structure with M = ""ZFC", and m,e € M are such that M = “(m,e) is a L.-

—

structure”. Then, for any ¢ € ""Fmls_ " with ¢ = ¢(Z) and @ € M such that £(Z) = £(Q)

and M = “components of @ are all e m”, we have
(13) M (me) =M@ & (m*e) = (@)
where @M is the element of (""Fmlz. "M which corresponds to . (V a

A property (i.e. a concretely given L.-formula in meta-mathematics) P(-) is said to

be hereditary if

(1.4)  ZFCHVYM (P(M)— M |=""ZFC™)
AYMYm ((P(M)Am € M AM = P(m)) — P(m*)). &

By Lemma 1.2, the property “M is a model of ""ZFC"™ is hereditary.

Proposition 1.3 (H. Woodin) For hereditary P(-), we have

ZFC - YM (P(M)
— (M EVYm~=P(m)V 3Im € M(P(m*) Am* = Vn—-P(n)))).

Proof. Let
(15) ThP = {90 S ’_'—Sentgs—'—' : VN (P(N) — N ): QD)} diag-a
By Diagonal Lemma, there is an L.-sentence np such that

(1.6) ZFCknp < (T—mp? € Thp). © diag-0

() Note that we have to make this distinction since M is not necessarily a transitive €-model. In

particular the w in M may be non-standard and not isomorphic to the w in the universe.
(2) Here, “M [= P(m)” is an abbreviation of M = subst("P(x)7,z,m). See the footnote (1).

() Note that “T—np' € Thp” can be rewritten as “="np?' € Thp” where the last ‘=’ denotes the function
(symbol in ZFC*) = : Fmlz. — Fmliz_ representing metamathematical operation of taking the negation

of formulas.
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Claim 1.3.1 ZFC+ 3N P(N) — 3N (P(N) AN = np).

- We work in ZFC. Let N be such that P(N). If N = np then we are done. Suppose
N [~ np. Then, since N | ""ZFC", we have N = "-mp” & Thp by (1.6). Hence, by
(1.5), there is n € N such that N = P(n) An |=np. By the hereditarity of P and by
Lemma 1.2, we have P(n*) A n* |= np. — (Claim 1.3.1)

Claim 1.3.2 ZFC VM (P(M) A M = np — M = Yn—P(n)).

F We work in ZFC. Suppose P(M) and M [ np. Then, since P(M) implies M =
FFZFC, we have M |= —np € Thp by M | np and (1.6). Thus

(1.7) M E=VYn(P(n) = n = -np). diag-1

If we had M | InP(n), it follows by Claim 1.3.1 that M = In(P(n) An = np). This is
a contradiction to (1.7). Thus, we should have M = Vn—P(n). — (Claim 1.3.2)

Working further in ZFC, suppose P(M). If M |=Vn—P(n) then we are done. Assume
otherwise. That is, M = InP(n). By Claim 1.3.2, we have then M [~ np. By M
FTZFC and by (1.6), it follows that M = "—mnp" & Thp. Hence, there is m € M such
that M = P(m) Am = np. Since P is hereditary and by Lemma 1.2, we have P(m*)
and m* = np. Thus, we have m* |= Yn—P(n) by Claim 1.3.2. [ (Proposition 1.3)

Since the Completeness Theorem can be proved in ZFC, we have
(1.8)  ZFCF consis(""ZFC7) «» IM (M |=""ZFC™).
Here, consis(""ZFC™7) is the L.-formula saying

VP (if P is a proof from ""ZFC7 then the conclusion of P is not () # ().

Lemma 1.4 The property P(-) defined by “P(M) <> M [|=""ZFC"” is hereditary.

Proof. Suppose that P(M) and M = “P(m)” for m € M. For ¢ € "TZFC"", we have
M | “pM e ™ZFCT™. Thus M | “m = ¢™”. By Lemma 1.2, it follows that m* = ¢.

D (Lemma 1.4)

Note that P(m*) A m* = Vn—P(n) means for this P(-) that

(1.9)  m* = "TZFC" and star-1
(1.10) m* = Vn (n £ TTZFCT), ctar-2

By Completeness Theorem, (1.10) is equivalent to
(1.11) m* | —consis(""ZFC™T) star-3

under (1.9).
Thus, we obtaind the following by applying Proposition 1.3 to this P(-):
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Corollary 1.5 (a) ZFC - VM (M | ""ZFC"" — (M | —consis(""ZFC'") vV Im €
M (m* ="TZFCTT Am* = —consis("TTZFCTT)))).
(b) ZFC I consis(""ZFC™) — IM (M | "TZFCTTA M |= —consis(TTZFCTT)). Q

The Second Incompleteness Theorem for ZFC can be derived immediately from (b)

of the Corollary above:

Corollary 1.6 (Incompleteness Theorem for ZFC) Suppose that ZFC is consistent.
Then we have ZFC t/ consis(""ZFC™™).

Proof. Suppose, toward a contradiction, that ZFC F consis(""ZFC?7"). By Corol-
lary 1.5, (b), it follows that

(1.12) ZFC+ 3M (M k= "T"ZFCTTA M = —consis(TTZFCT)).

Let T be a (concretely given) finite subset of ZFC and P a (also concretely given)
proof with T " consis(""ZFC™).

In ZFC, let M be an L.-structure with M = ""ZFC"" and M = —consis(""ZFCT).
But, since M = T, we have M = consis(""ZFC™™7). This is a contradiction. [ (oroltary 1.6)

The next proposition is interesting in contrast to Corollary 1.5, (a):

Proposition 1.7 ZFC+ VM (M | ""ZFC"" — Im € M (m* = ""ZFC™)).

Proof. We work in ZFC: Suppose that M = ""ZFC". If M is an w-model (that is, if
“wM 2 (,”)) then we have ""ZFC"" = mZFC"™™ () Hence M |= consis(""ZFC7).(0)
Thus, by Completeness Theorem, there is m € M such that M = m = "TZFC. It
follows that m* = ""ZFC" by Lemma 1.2 (see also Lemma 1.4).

M

If M is not an w-model then w™ contains a non-standard number nf. By Lévy’s

Reflection Principle in M, we have
(1.13) M =“3Im (m = p for all ¢ € ""ZFCT7 with rank(p) < nf)”.

Let m € M be one of such models. For all ¢ € ""ZFC"7, we have M | “pM ¢
FTZFC7 and rank(¢™) < n'” and hence, by Lemma 1.2, m* = ¢. This shows that
m* ': FI—ZFC—I—I. D (Proposition 1.7)

In the proof above m € M such that m* = "TZFC"" does not necessarily satisfy
M = m = ""ZFC". Actually this is impossible in general by Corollary 1.5.

) More precisely: ((w™)*, (<M)*) 2 (w, <) where “*” is in the sense of (1.2)

®) More precisely, we mean here that there is a natural one-to-one correspondence between elements of
FTZFC™T and (TTZFCTTM)*,

O 1f M is an w-model of ""ZFC™ and M = —consis(""ZFCT), then the proof of inconsistency from

(TTZFC"™MM in M can be translated to a proof of inconsistency from "ZFC 7V in V.

diag-2
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In the arguments above the Completeness Theorem is always applied to countable
theories for which AC is not necessary. Thus ZFC there can be replaced by ZF. The
arguments clearly work also for any recursive T' containing ZF. Actually we can also
treat resursive extesions of certain weak set-theory with the same arguments. Thus

almost the full extent of the Second Incompleteness Theorem can be reestablished by the

proof as above.

2 Existence of models of ZFC with additional properties

We already noticed that the Completeness Theorem tells us that
ZFCF consis("TZFCTT) «» Im(m | TTZFCTT).

It follows that

(2.1)  the axiom system ZFC + consis(""ZFC™") is equivalent to the axiom system equiv-0
ZFC + 3m (m | "TZFCT).

Let us consider the following axiom systems:

) ZFC,
) ZFC + Jm (m = TTZFCT),
) ZFC + 3Im (m |=""ZFC"7 Am is an w-model),
d)  ZFC + Im(m = "TZFCTT A'm is a transitive € -model),
) ZFC + Ja € On(V, | TTZFCT),
) ZFC + 3k (k is an inaccessible cardinal).
Clearly, we have (f) = (e) = (d) = (c) = (b) = (a).(")" We show that none of the
implications is invertible.

(a) # (b) (under the assumption of the consistency of (a)): This follows from (2.1)
and the Second Incompleteness Theorem.

(b) # (c) (under the assumption of the consistency of (b)): Assume otherwise. Then
we have

(b) F Im (m E="TZFC" A m is an w-model).
Working in the axiom system (b), let M be an w-model of ""ZFC™". Then
M = consis("TZFCTT)

(see footnote (6)). Thus

(M () = (B)” here means that (a) F ¢ for all sentence ¢ in (8).
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(b) F consis(""(b)™ ).

By the Second Incompleteness Theorem (see the remark after Proposition 1.7), it fol-
lows that the axiom system (b) is inconsistent. This is a contradiction to our assumption.
(¢) # (d) (under the assumption of the consistency of (c¢)): Assume otherwise. Then

we have
(¢) F3Im(m |E="TZFC" A'm is a transitive € -model).

Working in the axiom system (c), let M be a transitive €-model of ""ZFC™". By
Lowenheim-Skolem Theorem and Mostowski’s Theorem, we may assume that M is count-
able.

Now consider the ¥1-sentence ¢

Jr € R 3s € R ( r codes a countable model M of "ZFC™"

A s codes an isomorphism between w and w in M)

¢ is true (in the axiom system (c)). Hence, by Yi-absoluteness, M = ¢. Thus M = (c)
and it follows that

(c) F consis("(c)™).

By the Second Incompleteness Theorem, the axiom system (c) is inconsistent in contra-
diction to our assumtion.
(d) # (e) (under the assumption of the consistency of (d)): Assume otherwise. Then

we have
(d) F Ja € On (V, E"TZFC™).

Working in the axiom system (d), let a be such that V,, = ""ZFC"". Then clearly we
have o > w hence |V, | > 2%. Let M < V, be countable then there is an E € P(w?)
(C Vq) such that (w,E) = (M,€). Note that (w,E) € V,. Since V, = ""ZFC", it
follows that (N, €) € V,, where N is the Mostowski collapse of M. It follows that

Vo E 3Im (m E="TZFCT Am is a transitive € -model).

Thus, as before, we can apply the Second Incompleteness Theorem to the axiom system
(d) and conclude that (d) is inconsistent in contradiction to our assumtion.
(e) # (f) (under the assumption of the consistency of (e)): Assume otherwise. Then

we have
(2.2)  (e)F Ik (k is an incaccessible cardinal).

Working in the axiom system (e), let x be the minimal inaccessible cardinal. Then there
are a < 3 < k such that L, < Lg < L, |=""ZFC"". We have Lg = (e) since L, € Lg
but Lg F~ (f) by the minimality of x. This is a contradiction to (2.2).

equiv-1
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3 Speed-up Theorems

Theorem 3.1 Suppose that f : N — N is a recursive function. Then there is an Ly~
formula ¢(x1) such that, for each n € N, we have ZFCgy = p(n) but, if ZFCyy P o(n)
for a proof P in Ly, then ZFC = rank("P™) > f(n). (8)

Proof. We may assume that ZFCyy is consistent.

Let 1 (zo, 1) be the Li-formula asserting:

(31) o € ’_,_le—‘—lﬁ{} sut-1

A —3p € Vi (rank(p) < f(z1) A proofrrzec ,(p, Subst(zo, 1, 1))).
By the Diagonal Lemma, there is an Ly;-formula o(z1) such that

(3.2)  ZFCh FVr € w(p(z1) < ("¢, 71)). sut-2

Claim 3.1.1 For all n € N we have ZFCyy = ¢(n).

- Suppose that ZFCyy I/ (n) for some n € N. Then, in particular, for all proof P in
Ly with ZFCgy Frank("P7) < f(n), we have ZFCqy P o(n). By the definition (3.1) of
1, it follow that

(3.3)  ZFCu F ("9, n)
and hence ZFCgy = ¢(n) by (3.2). This is a contradiction. - (claim 3.1.1)

A similar argument shows:

Claim 3.1.2 For alln € N, there is no proof P in Ly with ZFCyy = rank("P7) < f(n)
such that ZFCyy P o(n).

 Suppose that there is n € N such that there is a proof P in Ly with

(3.4)  ZFCq Frank("PT) < f(n) and sut-2-a-0
(35) ZFC{} l_P (p(ﬂ) sut-2-a-1

By (3.2), it follows from (3.5) that
(3.6)  ZFChu F ("9, n). sut-2-0
By the definition (3.1) of ¢ this means

(37)  ZFCy kTl e TTEml, ez
A —dp € V, (Tcmk‘(p) < f(n) /\proofrrzpc{}v(p, Subst("p™, 1,@))).

On the other hand, by (3.4) and (3.5), we have



Models of ZFC (version: March 16, 2021) 9

(3.8) ZFCukTple TTEmlM, N TPTeV,
A TPY) < f(n) A proofrrzrc, (TP, Subst(T¢, 1, n)).

From (3.7) and (3.8) we obtain a proof of contradiction from ZFCyy.
This is a contradiction to the assumption that ZFC{} is consistent. —  (Claim 3.1.2)

D (Theorem 3.1)

Proposition 3.2 Suppose that ¢ is the Lgy-formula as in the proof of Theorem 5.1. We
have ZFCygy + consis("TZFCyy ) = Vn € w p(n).

Proof. We work in ZFCyy + consis(""ZFC, "), Suppose that —¢(n) for some n € w.
Then we have ¢ ("¢, n/z1) by (3.2). Thus there is some P € V,, with rank(P) < f(n)
such that

(3.9)  proofrrzrc, (P, o(Lna/z1)).

By (3.2), it follows that

(3.10)  3Q proofrrzrc, (Q ("¢ Lna/21)).

On the other hand (3.9) together with the definition (3.1) of ¢ implies
(311) 3R proofrezec, (R, (7@, /1))

From (3.10) and (3.11), it follows that

(3.12)  —consis(""ZFC )

Since we are working in ZFC{} +consis('_'_ZFC{}_'_'), this is a contradiction. [J (Proposition 3.2)

The proofs of Theorem 3.1 and Proposition 3.2 above also apply to the pairs of
theories 7" and T' + consis(T') for all strong enough T in place of ZFCyy and ZFCyy +
consis(""ZFC( ). Gédel’s Speed-up Theorem is Theorem 3.1 and Proposition 3.2 for
nth order arithmetic and (n + 1)st order arithmetic. Note that the (n + 1)st order

arithmetic implies consis(nth order arithmetic).

Appendix A Godel numbering and the model relation in
ZFC

Probably the most natural way to code the logic in ZFC is by using sequences in V,,. For
convenience, we shall work in the conservative extension of ZFC which we call ZFCyy in
the language Ly = {€,0,{-},U,N,\ } where } is a constant symbol, {-} a unary function
sysmbol and U, N, \ binary function symbols.

® Here, « > f(-)” is an Lgy-formula expressing what this notation suggests, formulated according to

the definition of f. Note that this is possible since f is recursive.

sut-2-2

sut-3

sut-3-0

sut-4
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The extension ZFCyy consists of the original axioms of ZFC together with the definition
of new symbols in the intended functionality:
(A1) Vz (z&0);
VaVy (z € {y} <z =y);
VaVyVz (reyUz <> (x €y Vo € 2));
VaVyVz (zr€eyNz < (x €y Az € 2));
VaVyVz (zey\z < (v €eyNa €& z)).
Here we work always with ZFC or ZFCy; and their extensions for convenience, but

most of the following can be also done without the Axiom of Choice in the formal system.

Note that, in ZFCyy, finite sets and ordered pairs are expressible as L}-terms:

(A.2)  Azo,.,xpn_1} e {zo} U U{zp_1},

(z,y) = {{z}, {2, y}}-

For each natural number n (in metamathematics) we have a closed Lyj-term n which

corresponds to n. For example, 0, 1, 2,... are represented by the closed L}-terms

0, {0}, {0, {0}} ,....

We denote these terms by 0, 1, 2,... .

We define the hierarchy of (metamathematical) formulas 3, zrc o Inzrcyy, Bnzrcy,
for all natural number n by:

(A.3)  Lp-formula ¢ is EOZFC{} = HO,ZFC{} = AO,ZFC{} if there is an Ly-formula
in prenex normal form with only bounded qunantifiers of the form (Va € y) or

(3x € y) in the prenex part such that ZFCy ¢ <> 1.

(A.4) L-formula ¢ is En+1,ZFC{} if there is Hn,zpc{}—formula ¢ such that ZFCg +
p <> Jx 1 for some variable .

(A.5)  Ly-formula ¢ is Hn+1’zpc{} if there is EnH,zpc{}—formula such that ZFCyy
@ < .

(A.6) Lg-formula ¢ is Ayiqzrcy, if there is X411 zrc ,-formula ¢ and Ay zrc,-
formula 1 such that ZFCyy = ¢ <+ ¢ and ZFCyy = ¢ <> 91

As already noticed in Section 1, we can find an L.-formula ¢~ for all £L-formula ¢ such
that ZFCyy o < o™

If o~ is ¥y, zFc ©) then it is easy to see that ¢ is also En’ZFC{}. Since all simple atomic
formulas (that is, z € {y}, {} € =, etc.) in Ly} can be expressed by Ag zrc-formulas,

we can also conclude that ¢~ is X, zrc for all ¥, zrc O formulas ¢.

O3, k¢ Tuzrc, Anzec are defined for L.-formulas on basis of ZFC similarly to Yinzrcyy 1lnzrcy,,

An,zpc{} defined for Ly;-formilas on basis of ZFCyy.

a-1

a-3

a-4

a-5

a-6
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We code the symbols appearing in L}-expressions in pairs of natural numbers: We

consider

(A.7)  variables xg,x1, ... as pairs (0,0), (0,1), ... and other symbols ‘€’, ‘=", ‘0’, ‘{-}, ar
lU?, (m’, 4\7’ C/\?7 C_|7’ Lv77 (37, 477, 4(7’ 4)7 as <jl’0>7 <17 1)7 yeres <1’ 13>.

In ZFCy, let £ = {(0,n) : n € w}U{(1,0),(1,1),...,(1,13)} and
Lx={f: f:n— L for some n € w}.

We interpret f € Lx with dom(f) = n as a sequence (f(0), f(1),..., f(n—1)). Note that,
in general, there is no garantee that dom(f) corresponds to some (meta-mathematical)
concrete number.

For f, g € Lx, f — g € Lxis the concatenation of the sequences f and g. For a,b € Lx,
(a) (and (a,b)) denote the sequences € Lx of length 1 (and 2), with the first (and second)
component(s) a (and b).

Note that the Lgy-formulas representing “x € w”, “z € L7, “z € Lx” are AO,ZFC{}.
*h=f"9g" 18 A zrey,-

If t and ¢ are closed L-terms such that ZFCyy + t,t' € Lx, then we can find an
Ly-term u such that ZFCyy = u = ¢~ #'. We shall denote such Lyj-term u also with
tt.

Now we define the set '—'_Termg{}j_‘ C Lx of all Ly-terms by

(A8) weTermg, ' ¢ Fz3f (2 C Lx A zis closed w.r.t. substrings a8
Nex€e€zNfrz—=2 AN - A flz)=1)

where appropriate details corresponding to the recursive definition of Ly)-terms (in

matemathematics) is to be inserted at “ --7.

The formula “x € "7 Term, {}—'—'” is A1 zFc 0 since we can represent it also as

(A9)  xeTerme, " < VzVf ((z C L* A zis closed w.r.t. substrings a-9
ANx€zNfiz—=2 AN ) = flx)=1)

Back in metamathematics, we define, for each L£g-term ¢, a closed Lg-term "t which
“encodes” the term ¢ as an element of "™ Term, {}—'7 by induction on the construction of
t. “s 71" here means the canonical closed L}-term corresponding to the concatenation

of the sequences the closed Ly)-terms s and ¢ represent.

(A.10) If ¢ is the (string of length 1 consisting of the) variable x,, then "¢t is the closed a-10
L-term {(0,n)}.

(A.11) If ¢ is the (string of length 1 consisting of the) constant symbol (), then "¢ is the a-10-0
closed Lg-term {(1,2)}.

A.12) If ¢t is of the form ¢t = {t'} for an Lg-term ¢/, then "t7 is the closed L-term a1
{3 {3
((1,3), (1,12)) =77 ((1,13)).
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(A.13) If t is of the form (' Ut") for some Ly-terms #', t”, then "t is the Ly-term
((1,4),(1,12)) 77 ((L, 11)) " ((L, 13)).
A.14) If ¢t is of the form (¢’ Nt”) for some Lp-terms ¢/, t”, then "¢ is the Lyy-term
{ {
((1,5),(1,12)) =" ((1, 11)) " ((L, 13)).
A.15) 1If ¢ is of the form (¢’ \ ¢”) for some L -terms ¢/, ¢, then "t is the L -term
{ {}
((L,6), (1,12)) ="t ((L,11)) ~¢"7 ({1, 13)).

By appropriate realization of “---” in (A.8) which is to correspond to (a-10) ~ (a-14),
we have ZFCyy 11 € '_'_Termg{}_'_' for all Lg-term ¢ and, conversely, if u is a closed
Ly-term such that ZFCy Fu € '_'—Termg{}—'—', then there is a closed L-term ¢ such that
ZFCh Fu="t"

Let us denote the set of all elements of C "™ Term, {}—'—' corresponding to closed L}~
terms by '—’_C’lTerml;{}—'—‘.

For each closed L;-term ¢, we have ZFC(y 717 € '—FC’lTermE{}—”. For a closed L3~
term u such that u = "t for some Lg-term ¢ (in the meta-mathematics) let us denote
with #(u) the term t. We have ZFCyy & #(u) € V. This gives rise to the definition
of the surjection #(-) : ""ClTermg " — V,, (the interpretation of ¢ € " ClTermg
as an element #(t) of V,,) and its natural inverse v~ : V,, — ""ClTerme " (u € V,, is
related to the canonical term vus € "7 ClTerme, 7' representing u) such that we have
ZFCyy = (Vv € V) (F#(Lva) = v).

The Godel numbering "¢ of Ly;-terms ¢ can be similarly extended to Godel number-
ing "' of Ly-formulas ¢. By appropriate definition of the Godel numbering and the

corresponding definition of the set "™ Fml, g '€ Lx of L;-formulas, we obtain
ZFCETteMFml

for all L£y-formula ¢ and conversely if ZFCyy Ft € "7 Fmig g for any closed Lg-term
¢ then there is an Ly-formula ¢ such that ZFCpy =o' =1,

For an Lg-formula ¢, variable symbol z;,, and an L-term ¢, we can formulate an
algorithm A to caltulate "p(t/x,)" (= the Godel number of the formula obtained by
substituting ¢ in z, in @) starting from "¢ and "¢". This renders the substitution

function
Subst : I_I_leﬁ{}—l—l X w X "rTerm,C”"'1 — I_I_leﬁ{}—l—l

such that we always have ZFCgy = Subst("¢ ', n,"t") = "p(t/zy,)" for any L-formula ¢,

number n and E{}—term t.

Lemma A.1 For any Ly-formula ¢ and an expression (i.e. either a formula or term

in Ly) n we have
ZFC(y (T ) = Subst(Tg, m, L), y

[The rest will be written soon.]

a-12

a-13

a-14
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Appendix B A Proof of the Diagonal Lemma

Theorem B.1 (Diagonal Lemma, R. Carnap, 1934) For an arbitrary Ly, -formula
Y, there is an Lg-formula o such that free(o) = free(y) \ {zo} and ZFCyy F o <

P(To/xo).
Proof. Let f*:(V,)? — V., be defined by

z, fz €™ Fmily,""and 2 = Subst(z,0,Ly.);

(B'1> f*(xa y) = { a2-0

0 otherwise.
(B.2)  Let t* be the closed Lyj-term "V (f*(20,z0) = 21 — Y(zk/20))” a2-1
where the variable zj, is the first variable which does not appear in ¢ and let
(B.3) o be the Lg-sentence Vay, (f*(t*,t") =z — Y(zx/70)). a2-2
By (B.1) and (B.2), we have

(B.4) ZFC{} E A5t = "V (fF(t5,t7)) = 2 — (xg/x0) a2-3

=0

It follows that

(B.5)  ZFCqy BV (f*(t"t") =ap < o ="0). a2-4

Thus, By (B.3) and (B.5),

(B.6) ZFCh ko — ("o /x0). a2-5
Conversely, since

(B.7)  o(Toa0) = F*(#,#%) = ap — ¥(To /o)

Since zp does not appear in 1, it follows that

(B.8) ZFCh F (v("0/mo) = Yar (f(t*, %) = 21 — ¢(Ta/k))). a2-7

Hence by (B.5),

(B.9)  ZFCqy b (0707 mo) — Vg (F(, %) = @ — (ai/k))),

Since the right-hand side of the outmost “—” of (B.9) is just o, what we obtained here

is
(B.10) ZFC{} Fy(Tol) = o. a2

a (Theorem B.1)
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