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Abstract
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0 Introduction

Let x be an infinite cardinal. Let us recall that L. is the logic whose formulas are
constructed recursively just like in first order logic with the difference that conjunction
and disjunction of any set of formulas as well as quantification over a block of free
variables of cardinality < x is allowed.

@y is the completion of the free Boolean algebra Fr k on free generators k. A complete
Boolean algebra of the form @y is called a Cohen algebra. A Boolean algebra A is called
Lox-Cohen algebra when A is L. -elementarily equivalent to the Cohen algebra €. In
this paper we shall study L..,-Cohen algebras for various «’s.

A Boolean algebra B is called L.-free if B is L..-elementarily equivalent to the
free Boolean algebra Frx (see [9]). In Section 2 we give an algebraic characterization
of Loox-Cohen algebras for regular £ (Theorem 2.3) which is quite similar to Kueker’s
algebraic characterization of Lox-free Boolean algebras (see Theorem 1.5 below). From
this characterization of L£.x-Cohen algebras it follows that the o-completion of an L.ox-
free Boolean algebra is an L.,-Cohen algebra (Corollary 2.4). We still do not know if
there are L£.x-Cohen algebras which are not o-completion of L, .-free Boolean algebras.
Since every Loox-free Boolean algebra B for k > N satisfies the ccc, the o-completion
of B is actually the completion of B. Hence for x > Nj, the completion of any L..-free
Boolean algebra is L.o,-Cohen. However this is not true for K = X; (see the remark at
the end of Section 2 ).

In Section 3 we show that, for a singular A, every L.,»-Cohen algebra of m-weight A
is isomorphic to €y (Theorem 3.1). The proof of the theorem is similar to the proof of a
special case of Shelah’s Singular Compactness Theorem ([23]) given in Hodges [11].

In [9] it was shown that the existence of Loox,-free nonfree Boolean algebras of cardi-
nality N; satisfying the ccc as well as Loon,-free nonfree Boolean algebras of cardinality
Ny is provable in ZFC. However the construction given there does not guarantee that the
completion of the Boolean algebra constructed is not isomorphic to a Cohen algebras.
In Section 4 we give a modified construction (in ZFC) of L.,-free Boolean algebras
in Ry which satisfy the ccc but whose completions are not isomorphic to €y, (Corollary
4.2 (a)). Under V = L the same construction can be also applied to every non weakly
compact regular k to get Loox-free Boolean algebras in x whose completions are not iso-
morphic to the Cohen algebra €. Using a result by L. B. Shapiro we also construct (in
ZFC) an Loox,-free Boolean algebra of m-weight N9 whose completion is not isomorphic
to any Cohen algebra (Corollary 4.8).

Complete Loox,-Cohen algeras are already quite similar to Cohen algebras in the
following sence: if C' is a complete Lx,-Cohen algebra in a ground model V' then every
real in V¢ is obtained in the generic extension of V by adding a Cohen real (Corollary
2.7). This means that we cannot distinguish complete Lox,-Cohen algebras from Cohen
algebras only by looking at indivisual reals added by the algebras. Yet the global structure
of a complete L-Cohen algebra can be quite different from that of a Cohen algebra: in

Section 5 we shall show that there exist complete L.ox,-Cohen algebras having no factor



isomorphic to Cyx, (Theorem ?77).



1 Preliminaries

The notation used here is standard. For the basic facts about Boolean algebras the reader
may consult [15], and [12, 18] for set theory. The basic facts about the logic Lo, can be
found in [1].

For Boolean algebra A, AT denotes the partial ordering A\ {0} and A the completion
of A. We always assume that A is a dense subalgebra of A . For Boolean algebras A, B
we denote by A @ B the free product of A and B. In forcing, the completion of A & B
corresponds to the product of partial orderings A™ and B*. Without loss of generality
we may assume that A ® B < A’ @ B’ holds for A, A’, B, B’ such that A < A’ and
B < B.

If A is a subalgebra of a Boolean algebra B, this is denoted by A < B. A subalgebra
A of a Boolean algebra B is relatively complete in B (A <,. B) if for every b € B* there
exists the greatest element a of A such that a < b. We shall denote such a by prZ(b). If
A < B and if A is not a relatively complete subalgebra of B, this is denoted by A <_,. B.

A subalgebra A of a Boolean algebra B is said to be a reqular subalgebra of B
(A <ieg B) if, for every S C A such that A4 S exists, 3P S also exists and 34 5 = 2B §
holds. (Equivalently, if every maximal antichain in A is maximal in B.) If A <,. B holds
then it follows that A <, B. If B is a complete Boolean algebra then a subalgebra
A of B is a complete subalgebra if for every S C A, Y285 € A. Thus A is a complete
subalgebra of B if and only if it is a regular subalgebra of B and complete.

For a complete Boolean algebra B and X C B, (X)%" denotes the subalgebra of
B completely generated by X. In general (X)3" is not equal to the completion of the
subalgebra [X]|p of B generated by X. However it is the case when [X]|p is a regular
subalgebra of B. (X)%“" is the smallest o-complete subalgebra of B containing X. If
B satisfies the ccc then we have (X)7“" = (X)35".

For any set X, Fr X denotes the free Boolean algebra over the free generators X. For
X, Y such that X C Y we always regard Fr X as a subalgebra of FrY by the canonical
embedding. For a cardinal k, €, is the completion of Fr k. A complete Boolean algebra of
the form @y, is called a Cohen algebra. We always consider that Fr « is a dense subalgebra
of @4. For X C x(C Frx) the complete subalgebra (X)a" of € is denoted by €x. Also
for A < k we assume that €y is a complete subalgebra of €, in the above sense.

For a Boolean algebra B and b € B, B| b denotes the Boolean algebra {a € B :
a < b} with the partial ordering induced from the partial ordering of B. For Boolean
algebras A, B such that A < B and b € B, A-b denotes the subalgebra of B b with the
underlying set {a-b : a € A}.

For a Boolean algebra B the m-weight of B is defined by m(B) = min{| X | : X C
B, X is dense in B }. A Boolean algebra B is m-homogeneous if (B b) = w(B) for every
b € BT. Note that 7(B) = n(B) holds. The following lemma is well-known:

Lemma 1.1 A complete Boolean algebra B is isomorphic to QCy, if and only if B is
atomless and w(B) = Ny. 1



For Boolean algebras A, B such that A <,¢; B, m(B/A) =min{| X | : X C B, A[X]
is dense in B} is called the m-weight of B over A. B is m-homogeneous over A if
m(B| b/A-b) = m(B/A) for every b € BT. Note that, if B satisfies the ccc and 7(B/A) >
No, then 7(B/A) = n(B/A) holds and B is m-homogeneous over A if and only if B is
m-homogeneous over A.

A complete Boolean algebra B and its complete subalgebra A correspond to a two
step iteration of generic extensions in the following sense (Solovay and Tennenbaum [24]):
If A is a complete Boolean algebra and C' is an A-name of a complete Boolean algebra in
the generic extension then A * C is the complete Boolean algebra (in the ground model)

with the underlying set D which is a maximal set of A-names with the property that
if ¢ € D then |, “¢ € C7;if ¢1, éa € D and ¢é1 # ég, then fr, “é1 = é27.

The partial ordering of D is defined by: ¢ < ¢ & |, “¢é1 < é7 for ¢4, é2 € D. For
a € A\{04,14} let e(a) be the unique element d of D such that al, “d = 17 and
—alF, “d = 0", and e(04) and e(14) be the uniquely determined elements dy, dy of D
such that |, “dy = 05" and |4 “di = 15;”. The mapping e then embeds A regularly
into A * C. We shall always identify a € A with e(a) and consider that A <., A * C.

Conversely, for complete Boolean algebras A, B such that A <,,; B, let Gf be an
A-name of the filter on B generated from the generic filter on A and (B : A) an A-name
of “B/GE”. Then we have |-, “(B : A) is a complete Boolean algebra”.

For Boolean algebras A, By and Bs such that A < By and A < By we say that By
and Bs are isomorphic over A (notation: By 224 Bs) if there is an isomorphism from Bj

to Bs extending the identity mapping on A.

Lemma 1.2 (a) For a complete Boolean algebra A and A-names C, C' of complete
Boolean algebras |-, “C' = C"” holds if and only if AxC and Ax C" are isomorphic over
A.

(b)  For complete Boolean algebras A, B such that A <, B, B and A (B : A) are

isomorphic over A.

(¢) For a complete Boolean algebra A and an A-name C of a complete Boolean algebra

we have that |-, “(AxC: A)=C ",

(d) For complete Boolean algebras A, B, C such that A <,.s B if |k, “(B : A) = the
completion of C' 7 then B =4 A $ C holds.

e or complete Boolean algebras A an 1t holds that S5 : ~ B
F lete Boolean algebras A and B it holds that |-, “(A& B’ : A)=B". |

For more details see e.g. pp 232 — 237 in [12].

A complete subalgebra A of a complete Boolean algebra B is said to be a factor of
B if there exists a complete Boolean algebra C' such that B =4 A @ C. Note that if A
is a factor of B then every automorphism of A can be extended to an automorphism on
B. For complete Boolean algebras A, B isomorphic to Cohen algebras such that A < B
we write A || B if B4 A® ¢, for some k and A || B if this is not the case for any k.



Lemma 1.3 Let A be a complete subalgebra of a complete Boolean algebra B. If B is
m-homogeneous over A and w(B/A) =Ny then B =4 A& Cy, holds.

Proof By the assumption we have that |-, “(B : A) is m-homogeneous and w((B :
A)) = Rg”. By Lemma 1.1 it follows that |-, “(B : A) = @y, ”. Hence by Lemma 1.2
(d) it holds that B =4 A ® Qy,. I (Lemma 1.3)

Lemma 1.4 Let A and C be complete Boolean algebras. If A satisfies the ccc and
A C =y A Q, for a cardinal k, then it follows that C = Q.

—V
Proof By Lemma 1.2 (a) we have that |-, “ (AEBCV tA) =2 (AeQ.” :A)7. By
Lemma 1.2 (e) it follows that |-, “C = @Y ”. Since A satisfies the ccc it follows that
C =, (see [7]). I (Lemma 1.4)

It is easily seen that the assumption of the ccc of A can not be omitted from the lemma
above: e.g. let A be the completion of F'n(Xy, N, N;). We have that |-, “@va = @NQV 7,
Hence by Lemma 1.2 (a) it follows that A ® @y, =4 A ® Cy,.

By Kueker’s theorem, L..-free algebras enjoy a purely algebraic characterization

([17], see also [4]). For Boolean algebras the theorem can be formulated as follows. For a
subalgebra A of a Boolean algebra B we write A | B if B =24 A @ Fr A for some cardinal
A

Theorem 1.5 (D. Kueker) Let k be a regular cardinal. A Boolean algebra C' is Loy -free
if and only if there exists a set S of subalgebras of C' such that

(0") Every A € S is a relatively complete subalgebra of B, A is free and of cardinality
< K;

(1") For every S" C S such that | 8" | < k there exists a B € S such that A | B for every
AeS';

(2) US=c. [

In Section 4, some rudiments of the theory of projective algebras are used. We
shall summarize here the facts needed in the section. For the proof the reader may
consult [16]. A Boolean algebra B is projective over a subalgebra A of B (A <proj B) if
B®Frrk =4 A@ Frk holds for kK = | B | + Xg. Note, that this definition differs from
the original one of the projectivity. A Boolean algebra B is countably generated over a
subalgebra A if there exists a countable set X C B such that B = A[X] holds.

Lemma 1.6 ([16]) For a Boolean algebra B, A < B and b € B, if A <, B then
A(b) <o B. '

Theorem 1.7 (Haydon, see [16]) For a Boolean algebra B and A < B, the following are

equivalent:



(a) B is projective over A;

(b) There exist an ordinal p and a continuously increasing sequence (Bq)a<, of subal-
gebras of B such that: By = A, By <ic Bat1, Ba+1 is countably generated over
By for every a < p and U,<, Ba = B. 1



2 Characterization of £, .,-Cohen algebras

In this section we shall give an algebraic characterization of L,..-Cohen algebras which
is quite similar to the characterization of L...-free algebras mentioned in the last section.

For Boolean algebras A, B such that A < B, (B, A) denotes the structure B with a
unary relation consisting of all elements of A. Note that (B, A) = (B’, A') if and only if
there exists an isomorphism of B and B’ extending an isomorphism of A and A’.

Lemma 2.1 Let A\, k be cardinals such that A\ < k and let B < €. If (Cx, B) =¢_.,.
(Cx, Cy) then we have (Cy, B) = (Cy,Ty).

Proof Let ¢((xq)a<r) be an Logk-formula with free variables (x4 )q<x such that for any
sequence (cq)a<) Of elements of @, we have €, = ¢[(ca)a<n] if and only if (€, a)qer =

OOk

(€, Ca)a<x holds where X in (€, )q<y is seen as the set of free generators of Fr A C €.
We have that €, = ¥[(a)a<r] Where

P((Ta)acr)

V(¥Ya)acrI(za)acr | ©((za)a<r) A “{ya : @ <A} and the subalgebra A
completely generated by {2, : @ < A} are included
in the subalgebra A’ completely generated
by {24 : a <A} and A" =24 AT, holds” |.

Hence we have

(%) Cx = V(za)aca[@((Ta)acr) = P((Za)ar) |-

By the assumption it follows that B is completely generated by some {b, : o < A}
such that € = ©[(ba)a<r]- By (%) we can construct an increasing sequence (B, )new of
subalgebras of ¢, and an increasing sequence (X, )necw, Xn € [£], such that By = B and;
B, CCx, C But1, | Xnt1 \ Xn | = A, (Cx, By) =¢..,. (€4,C)) and By+1 &g, B, ®Cy
for every n € w hold.

Let X = U,c, Xn- Then U, c,, Bn = Uneo, Cx,, is dense in €x. By the construction
we have that (U,co, Bn, B) = (Upew Cx.,,,Cx,). It follows that (Cx,B) = (Cx,Cx,).
Since Cx is a factor of €, it follows that (€, B) = (Cx,Cx,). Since (Cx,Cx,) = (Cx,T)y)
we obtain that (Cy, B) = (Ck, Cy). I (Lemma 2.1)

Lemma 2.2 Let B, C be complete Boolean algebras such that B < C < @y, (Cy, B) =¢....
(Ck,Cy) and (Cx,C) =¢..,. (Ck,Cp) for some X < u < k. Then it holds B | C & C,. If
A < u then we have B || C.

Proof By Lemma 2.1 we have B || €, and C || Cx. Let {uy : a <rk}and {vy : a <k}
be free generators of dense subalgebras of @ such that B = ({us : @ <A})g" and



C = {{va : a<p})g" hold. Let (X;)new and (Y )new be increasing sequences in [AJ
such that Xo =Yy = pu+ p and
{uq : a€ Xn})g: C{vy : € Yn}>%f C{ug : o€ Xppg }>%Z

holds for every n € w. Let X = J,c, Xn and ¥ = U,,c,, Yn. We have | X | =|Y | = p
and ({ua 1 @ € X })g" = ({va 1 @ €Y })g". Let D = ({ua : @ € X })¢". Then D =
C,, B|| D and D =¢ C & €. It follows that B | C & C,,.

If A\ < p then there exists a subalgebra C’ of C' such that B < (', (€, C") =£....
(Cx,C,) and C 2 C"®C,. Hence from the first part of the lemma it follows that
B C. I (Lemma 2.2)

Theorem 2.3 Let k be a reqular cardinal. A Boolean algebra C is Loow-Cohen if and

only if there exists a set S of subalgebras of C such that
(0) Every A €S is a reqular subalgebra of B, A is isomorphic to €y for some \ < k;

(1) For every S" C S such that | 8" | < k there exists a B € S such that A || B for
every A € S';

(2) US=cC.

Proof “«<”: Let S be a set of subalgebras of C' satisfying the properties (0), (1) and
(2). Then

F ={f : fis an isomorphism from an A € S to Cx for some X € [k]<"}

is a family of partial isomorphisms from C' to € satisfying the back-and-forth property
relevant to the L. ,-elementary equivalence.

“=". Assume that C is an L,.-Cohen algebra. Let
S*={A: A<Cy, (Ck,C)) =¢..,. (Ck,A) for some \ < k }.

Clearly S* satisfies the conditions (0) and (2). S* also satisfies the condition (1): Let
S’ C S* be such that | §' | < k. Let X € [k]<" be such that |JS' CCx. Let Y C '\ X
be such that | X | = | Y |. Since Cxyuy =0x @XT@IXM it follows by Lemma 2.2 that
A || €xyy holds for every A € S’. Since we can express “S* E(0), (1), (2)” in an
Lor-sentence (in the language of Boolean algebra) we conclude that

S={A: A<C, (Ck,Cr) =¢.,. (C,A) for some A < k }

also satisfies the conditions (0), (1) and (2). I (Theorem 2.3)

Corollary 2.4 For reqular k if A is an Look-free Boolean algebra then the o-completion
of A is an Loox-Cohen algebra.



Proof Let A be an L..-free Boolean algebra and C be the o-completion of A. Let S
be a set of subalgebras of A which satisfies the conditions (0'), (1’) and (2’) in Theorem
1.5. Let

S={(B)¢": BeS}.
( Note that (B)Z" = (B)& ™ holds since B € S satisfies the ccc.) S satisfies the
conditions (0), (1) and (2) in Theorem 2.3. 1 (Corollary 2.4)

Theorem 2.5 A complete Boolean algebra C' is Looy, -Cohen algebra if and only if
(*) min{7(Clc): ceCT} >Ry and
() Ewvery countably generated complete subalgebra of C' has mw-weight < Ng.

Proof “=": Suppose that C' is a complete L,x,-Cohen algebra. Since the statement:
“any countable set of positive elements below a positive element is not dense below this
element” can be formulated in L.y, and is satisfied in Cy,, this is also true in C. Hence
(*) holds.

Similarly, since the statement (%) can be formulated in L.y, and is satisfied in @y, ,
it holds also in C.

“<": Let C be a complete Boolean algebra satisfying (*) and (f). Let
S={B: B <4 C, B=Qy, }.

S satisfies the conditions (0), (1) and (2) in Theorem 2.3: (0) follows immediately from
the definition. By (%), (2) also holds. To show (1) let S’ C S be a countable set. For
each B' € §" let Ups a countable dense subset of B'. Let U = Ugics Up. By (%) there
exists a countable regular subalgebra D of C' such that B = (D)5" includes U ( and
hence every B’ € S’ ). By (*) we can choose D so that, for every d € D™ and for every
finite U € D, {u-d : u € U} is not dense in B| d. Then for every B’ € S, B is
m-homogeneous over B’ with 7(B/B’) = Rg. By Lemma 1.3 it follows that B’ || B for

every B’ € S'. I (Theorem 2.5)

Corollary 2.6 A complete Boolean algebra C is a complete subalgebra of a complete
Loox, -Cohen algebra if and only if C satisfies the condition (}) of Theorem 2.5.

Proof If C is a complete subalgebra of a complete L.x,-Cohen algebra A then every
countably generated complete subalgebra A of C is a countably generated complete
subalgebra of C. By Theorem 2.5 it follows that m(A) < Rg. Conversely if C' satisfies the
condition (%) then C' @ Cy, satisfies the conditions (*) and (¥). 1 (Corollary 2.6)

10



Theorem 2.5 can be also formulated in the language of forcing. Let V be the model
of set theory in which we are “working”. Let G be a V-generic filter over a complete
Boolean algebra B in V. r € RV \RY is said to be almost Cohen over V if there exists
a V-generic filter H over @y,"” such that V[r] = V[H]. Note that for any V-generic filter
G over a Cohen algebra (in V) every r € RVI?I\ RV is almost Cohen over V.

Note that the condition (}) in Theorem 2.5 is equivalent to the assertion that , for
any V-generic filter G over C, every r € RVIC] \ R" is almost Cohen over V.

Corollary 2.7 A complete Boolean algebra C is Loox,-Cohen algebra if and only if
min{7(Clc) : ¢ € CT} > Ny and, for any V-generic filter G over C, every r €
RYICI\ RY is almost Cohen over V. |

It is still open if every m-homogeneous complete subalgebra of a Cohen algebra is
isomorphic to a Cohen algebra. The following corollary says that a m-homogeneous

complete subalgebra of a Cohen algebra of uncountable m-weight is Loox,-Cohen.

Corollary 2.8 Let C be a complete Loox, -Cohen algebra. Then every complete subalge-
bra B of C' with min{w(B]b) : b € BT} > Ny is an Loox, -Cohen algebra. In particular
every complete subalgebra B of a Cohen algebra with min{ w(B]b) : b€ BT} > Ny is an
Loy, -Cohen algebra.

Proof B satisfies the condition (}) in Theorem 2.5. 1 (Corollary 2.8)

From Corollary 2.7 it follows that every complete L,on,-Cohen algebra C' does not
collapse Ry: If V[G] = | w} | = N for a V-generic filter over C, there exists a real r in
V[G] which codes the order type w} . Such r cannot be almost Cohen.

In [9] it is shown that for any wi-tree T' the algebra B = Treealg(T) @ FrX; is an
Lon, -free Boolean algebra where Treealg(7") denotes the tree algebra over T (see [15]).
By Corollary 2.4 the o-completion of such B is an Lx,-Cohen algebra. However the full
completion of B in general is not an L.x,-Cohen algebra. For example if 7' is a special
Aronszajn tree, the completion B of B = Treealg(T) @ FrR; collapses R;. Thus, by the

remark above, B is not an L..y,-Cohen algebra.

11



3 A Singular Compactness Theorem

By Shelah’s Singular Compactness Theorem it holds that, for a singular A, every Loox-
free Boolean algebra of cardinality A is isomorphic to Fr A. In this section we shall show

that a similar theorem holds for £,,)-Cohen algebras:

Theorem 3.1 If )\ is singular then every Loox-Cohen algebra C' of m-weight X is isomor-
phic to Cy.

The proof is a modification of the proof of Shelah’s Singular Compactness Theorem

in Hodges [11]. The following lemma is the set-theoretic core of the proof.

Lemma 3.2 Let A be a singular cardinal with cof A = k. Let A be a complete Boolean
algebra which satisfies the following condition:

(0) For any X C A it holds that 7((X)}") <| X |+ No.

Let (Ao)a<k be a continuously increasing sequence of cardinals < X\ such that k < Ao and
sup{ Ao : @ < K} = X\ hold. Further let (Xa)a<x be a sequence of subsets of A such
that | Xo | < Ao for a < k holds. Then there exists an increasing sequence (Aq)a<r Of
subalgebras of A such that

(1) Xo C A, for a < k;
(2) 7(Aa) < Ao
(3) Ua<cy Aa is dense in A, for every limit v < k.

Proof By induction on n € w we construct sequences (Ay)a<x and {a 3 }<r, for
a < Kk so that

(a) for every n € w, (A})a<x is an increasing sequence of complete subalgebras such
that 7(A2) < A, for a < k;

(b) X, C AY for a < k;
(¢) {alz: B <X} isadense subset of (A})";
(d) AZT 2 {alg:d <k B<la}UAL

For a <k let A, =U
For (2) let

A?. We show that (A, )a<sk is as desired: (1) follows from (b).

new

Yo={ags: B<A,n€w}

Then Y, is dense in A, and (Y,)%" D A,. For (3) let v < k be a limit ordinal and let
a € A,. By (c) there exist n € w and 8 < A, such that al 3 < a. By the continuity of
(Aa)a<x, there exists a < 7 such that 8 < A,. By (d) it holds that afj 5 € At C A,
I (Lemma 3.2)

12



Proof of Theorem 3.1: Let X = {ag : f < A} be a dense subset of C. Let x = cof A
and let (A\y)a<x be a continuously increasing sequence of cardinals < A such that Ao > &

and Uy<p Aa = A. By induction on n € w we define a sequences (A% )a<k, (Bf)a<ks
(Cg)a@m (XT?)QKH such that

(0) (AY)acr, (B o<k, (C¥)a<r are sequences of subalgebras of C such that 7¢(A%) =
m(BY) =7(CY) = Xg fora < k. X$CCand | X3 | < A

(1) Fora<randnecw, Cy < By <Ay <Ch . < By, <Ay and X7 C X7, ;
(2) C§=({ag: B <A} for a < k;

(3) BY = (X2)&" and X is such that for some enumeration { z¢ }ecy, of X3 it holds
that (€, )e<ra =t (Cr2e)era-

(4) (A7)a<s is an increasing sequence and [J, ., A7 is dense in A for every limit v < .

(5) For a < K, n € wand k < n there exists a Y%, C X2 such that CrianN Byt =

Yok

It is easy to see that the construction above goes through. In particular (/) is possible
by Lemma 3.2.

For a < k let C% = U,eo, Aan (= Unew Ban = Unew Ca,, )- By (0) and (1), (CY)a<x
an increasing sequence of subalgebras of C. By (2) Uy, C“ is dense in C. By (3),
Lemma 2.2 and (5) we have (Co+1,C%) = (€, _,,, @), ). By (4), Ua<y C¢ is dense in C7
for every limit v < A. Hence it follows that C' = ., Aa = C. I (Theorem 3.1 3.2)

We still do not know if a theorem similar to Theorem 3.1 holds for a weakly compact
k. This is also connected with the following open problem:

Problem 3.3 Is every m-homogeneous complete subalgebra C' of a Cohen algebra iso-

morphic to a Cohen algebra?

If 7(C') < 8y the answer is known to be positive ([14]). By (a) of the next proposition, we
would obtain a theorem similar to Theorem 3.1 if we had a positive answer to Problem
3.3.

Proposition 3.4 Let k be a weakly compact cardinal.

(a) Every Look-Cohen algebra C of cardinality k can be embedded into €, as a complete
subalgebra.

(b) If B is an Loox-free Boolean algebra of cardinality r then the completion B of B is
isomorphic to Q.

Proof (a): Let U be a unary relation symbol and, for each a € C, let ¢, be a constant
symbol. Let ® be the set of the following L. sentences in the language of Boolean
algebraswith the new symbols above:

13



axioms of Boolean algebras;
“U(-) is a set of free generators of a dense subalgebra”;

{(Caps---»Ca,) : @ isaquantifier-free formula in the language of Boolean algebras,
C E ¢lag,...,ax], ag,...,ar € C};

{“thesum of {¢, : a€ X}is17: X e [CTR, XX =1 }.

® says that C' is embeddable into a Cohen algebra as a regular subalgebra. Since C' is
Loox-Cohen algebra ® is k satisfiable. By the weak compactness of « it follows that ® is
satisfiable and hence C' is embeddable into a Cohen algebra as a regular subalgebra.

(b): An argument similar to the proof of (a) shows that B is embeddable into Fr . Since
B is m-homogeneous and of m-weight x, it follows from the theorem in [21] that B is
isomorphic to €. I (Proposition 3.4)

Proposition 3.5 (a) consis( “every L__,x,-Cohen algebra of m-weight 280 js isomorphic
to @2}!0 ”).

(b) If consis( “ Ja weakly compact cardinal”) then consis(“ 280 is reqular and every

L ox-Cohen algebra of m-weight 280 is embeddable in Cyx, as a complete subalgebra”™).

Proof (a): By Theorem 3.1 the assertion holds if e.g. 2% = R, holds.

(b): Let k be a weakly compact cardinal. We show that €, forces the assertion. Note
that |Fq_ 2% = k7 holds.

Let C be a Q,-name of an L..,-Cohen algebra of m-weight x.

Claim 3.5.1 There exists a complete Boolean algebra D isomorphic to ©. such that
¢, *xC <reg D and ¢y || D.

Proof of Claim 3.5.1 Let U be a unary relation symbol and, for each @ € @y, * C, let
¢y be a constant symbol. Let ¥ be the following set of L., sentences in the language of

Boolean algebras with the new symbols above:
axioms of Boolean algebras;
“U(-) is a set of free generators of a dense subalgebra”;
{U(ca) : €k (CFre CC CCexC)

{p(cap,---»ca,) © ¢ isaquantifier-free formula in the language of Boolean algebras,
@,.;*C' ):(p[do,...,dk], ag, ..., 0k E@,{*C};

{“the sum of {cz : a € X }is17: X € [ * C]™, Z(E”*Cle}.

14



U is s-satisfiable: Let Y C €, *C such that | Y | < s. Let ¥’ be the subset of ¥ consisting
of formulas of ¥ which contain only constant symbols of the form ¢4, @ € Y and 0, 1.
We show that W' is satisfiable. Since |iq, “C'is an Loox-Cohen algebra” there exists a
C.-name A such that e, © A <o C7, e, A is isomorphic to €y ” for some A < x and
e, “a € A” foralla € Y. By Lemma 1.2 (a) and (c) we have that € x A =, €, © €.
Hence we can expand @, * A to a model of .

By weak compactness of x there exists a model D of ¥ of cardinality x. By identifying
each a € € * C with ¢;” this D is as desired. I (Claim 3.5.1)

Let D be as in Claim 3.5.1. For any generic filter G over €, we have C¢ <reg (D :
@.)¢. But since @, || D it follows that (D : €)% is isomorphic to a Cohen algebra.
I (Proposition 3.5)

Similarly to Theorem 2.8 in [9] we have the following:

Proposition 3.6 Let k be a weakly compact cardinal. If a Boolean algebra A of car-
dinality k 1is represented as the union of continuously increasing sequence (Aq)a<r Of
subalgebras of A such that A, is a Cohen algebra of m-weight < k for every a < k, then

A is isomorphic to Q.

Proof Let k, A and (Ay)a<x be as above. By modifying the sequence (Ag)a<x We may
assume that | A, | < | a |+ R holds for every a < k.

Assume that A is not isomorphic to €. Let
Sa={B<r:a<B As Az}
for a < k.
Claim 3.6.1 S={a <k : S, is stationary } is stationary subset of k.
Proof of Claim 3.6.1 Otherwise there would be a club set
CC{a<k:{B<k:A,| Ag} contains a club subset }.

Hence we can choose a continuously increasing sequence (74 )a<x Of ordinals € C such
that A, || A,, holds for every v <y < k. It follows that A is isomorphic to €. This is

a contradiction to our assumption. I (Lemma 3.6)

By weak compactness of « there exists a A < x such that S and every S, for « € SN A
are stationary below \. It follows that A, is not isomorphic to a Cohen algebra. This is

a contradiction. I (Proposition 3.6)
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4 L..~Cohen algebras constructed from L. .-free Boolean

algebras

In [9] it is shown that for every cardinal x there exists an Lox,-free Boolean algebra B
which does not satisfy the k-cc. The o-completion C' of B is an Ln,-Cohen algebra by
Corollary 2.4 but C' does not satisfy the x-cc. If T is a Suslin tree and Treealg(7T) is
its tree algebra then B = Treealg(T) @ FrX; is an Loy, -free Boolean algebra ([9]). B
satisfies the ccc but is not absolutely ccc. Let C' be the completion of B. Then again C'
is an Lyox-Cohen algebra by Corollary 2.4. C' has the m-weight X; and satisfies the ccc.
But since C' is not absolutely ccc, C' is not isomorphic to Qy; .

We shall show that ccc Loon,-Cohen algebras of m-weight 8 not isomorphic to @y,

can be constructed already in ZFC.

Theorem 4.1 Let k be a regular cardinal and S C {§ < k : cof (§) = w } be a stationary
non-reflecting subset of k (i.e. for every limit v < k, SN+ is not stationary in ~y.). Then
there exists a continuously increasing sequence (Aq)a<w 0f Boolean algebras such that

(0) | Ao | <k and A 2 Fr (| Ag +w |) for every a < k;
(1) Aa| Ag for every a < f < k such that o, f € K\ S;
(2) Aa is not a reqular subalgebra of Aq41 for every a € S.

Theorem 4.1 is proved after Lemma 4.4. The proof is a modification of a construction

by S. Koppelberg.

Corollary 4.2 (a) There exists an Loox, -free Boolean algebra A of cardinality X such
that A satisfies the ccc and A is not isomorphic to Qy, .

(b) (V = L) Let k be a non weakly compact reqular cardinal. There exists an Loox-free
Boolean algebra A of cardinality x such that A is not isomorphic to ..

Note that, by Theorem 2.4, the completion of A in (a) (in (b) resp.) is an Loox,-Cohen
algebra (an Loox-Cohen algebra resp.). Also note that for k > N every Loo.-free Boolean

algebra satisfies the ccc.

Proof (a): Let S C {a < w; : ais alimit } be a stationary co-stationary set. S is non-
reflecting. Hence there exists a continuously increasing sequence of countable Boolean
algebras (Aq)a<w, satisfying (0), (1) and (2) in Theorem 4.1. A = |J
By (1) and Theorem 1.5, A is an Loox,-free Boolean algebra. Since (1) of Theorem 4.1

a<w; Aa is as desired:

holds for stationary many «, 3 < k, A satisfies the ccc (see [24]). If A were isomorphic
to @y, then there would be club many o < x such that A, || A. But if € S then A, is
not a regular subalgebra of A.

(b): Under V = L there exists a non-reflecting stationary S C {§ < k : cof (§) = w } for
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every non weakly compact regular k (see e.g. [13]). Hence by the same argument as in

(a) we obtain an A with the desired property. I (Corollary 4.2)

For the proof of Theorem 4.1 we need the following lemmas:

Lemma 4.3 Let (By)a<k be a continuously increasing chain of Boolean algebras such
that By <proj Bat1. Let B = Uyep, Ba. Let A > B and x € A be such that A = B(x).
If By <ic B(x) for every oo < K then it holds that By <proj B(x) for every o < k.

Proof Let o < . By Theorem 1.7 there exists a continuously increasing chain (C}));<s
of subalgebras of B such that Cy = By; C;; <ure Cpy1 for all n < 0 which is a refinement
of the chain (Bg)a<g<k. By the assumption we have C;, <,. B(x) for every n < .

Let Dy = Cy (= By) and D, = Cy(x) for 0 < n < 6. (Dy)y<s is a continuously
increasing chain of subalgebras of B(z) and U, s Dy = B(x) holds.

For every n < 0, D;41 is countably generated over D,: Let X be a countable subset of
Cy+1 such that Cp[X] = Cy41. Then Dy = Dy[X U{x}].

For every n < ¢ it holds that D, <;. Dy,41: For n = 0 we have that Dy = B, <. B(x)
by the assumption. Since Dy < D; < B(x) it follows that Dy <;. D;. For 0 <n < §
we have that C,, <, B(z). By Lemma 1.6 it follows that D, = C)(z) <,. B(x). Hence
Dy <ie Dyy1.

By Theorem 1.7 it follows that By <proj B(x). I (Lemma 4.3)

Lemma 4.4 Let (By)a<x be an increasing chain of Boolean algebras such that By, <. Bg
for everya < < k. Let B =, Ba. Let A> B and let x € A be such that A = B(zx).
If there exist greatest elements po, and qo of {b€ By : b<z} and {b€ B, : b< —z}
respectively for every a < k then By <;c A holds for every a < k.

Proof Letye€ A, sayy=0b-x+b -—x for some b, i € B. For a < wy let § < wy be
such that o < 8 and b, b’ € Bg. For any a € B, we have:
a<ly & a-zr<banda-—z <V
& g-—b<-—zanda-—-b <=z
= a~—b§q5anda-—b'§p5
& a<(b+agp)- (V' +pg)
& a<prg(b+qs) - (' +ps)).

Hence prgi ((b+qp)- (V' +pp)) is the greatest element of { @ € B, : a <y }. I(Lemma 4.4)

Proof of Theorem 4.1: For a < k let A, be defined inductively so that, for every

a < K,

(*a) Aa ZFr|a+wl|; for every f < aif § ¢ S then Ag | A, holds and if § € S then
AB <-re Aoc
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holds. Suppose for a < k, (Ag)g<q has been already chosen so that (xg) for all § < « is
satisfied.

Case I «a is a limit: Let Ay = Up<, Ag- Since aN S is not stationary in « there exists
a club X C « such that for every 3,3 € X such that § < ' we have Ag|Ap. Since
Ao = Upgex Ap it follows that Ay = Fr (| a +w [). Clearly (x,) is satisfied.

Case Ila=~v+1forsomeyecr\S: Let Ay=A, &Fr(|v+w]).

Case III oo = v + 1 for some « € S: In this case we have that cof () = w. Let (8n)new
be a strictly increasing sequence of ordinals < = such that 8, ¢ S for all n € w and
Unew Bn = 7. Hence Ay = U, e, 4s,- Since (xg) holds for all § < v, we have that
Ag, |Ag,,, and Ag, = Fr (| B, +w|). Let (an)new be a sequence of elements of A, such
that a, € Ag,, per:Jrl (an+1) = an and ngw ap =1 Let I ={be A, : b<a, for
some n € w }. Let = (in some Boolean algebra extending A,) be such that {be A, : b <
z}=Iand{be A, : b<—x}={0} hold. By Lemma 4.4 it holds that Ag, <;. A,(x)
for every n € w. By Lemma 4.3 it follows that Ag, <proj Ay(x) for every n € w. Since
ngff) a, <z <1, A, is not relatively complete in A, (z). Let Ay, = Ay(z) & Fr (| v ).
Then Ag, | Ay and A, is not a regular subalgebra of A,. For 8 < v such that 3 ¢ S
let n € w be such that § < B,. By (%g,) we have Ag | Ag . It follows that Ag | A,.
I (Theorem 4.1)

By L. B. Shapiro [22] there exist Boolean algebras S°, S! with the following proper-
ties!:
S0 = Gl >~ Fry;
S0 <o SY
St is m-homogeneous over S° and 7(S'/S%) = Ny;
SOy ST,
there exists a continuously increasing chain (S9),<w, of subalgebras of S® such that

— S8V 2 FrR for every a < ws;

0_ 0.
- S'= Ua<w1 Sou
— 80185, for every o < wy and

SO St for every a < w.
S0 81 as above show that Lemma 1.3 with Ry in place of ®; does not hold.

Using S%, S! as above we shall construct (in ZFC) an Lon,-free Boolean algebra of

cardinality No whose completion is not isomorphic to Cy,.

T would like to thank Ingo Bandlow who made me familiar with this result.
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Lemma 4.5 Let A, B be complete Boolean algebras such that A <,.e B, B is m-homo-
geneous over A, m(B/A) =X, and A || B.

(a) For any complete Boolean algebra C such that B <,cg C' we have that A |f C.

(b) For any ccc complete Boolean algebra C we have that A® C |f B® C.

Proof (a): If there were a complete Boolean algebra C' such that B <., C and A || C,
we may assume that C' =24 A @ Cy, by 7(B/A) = N;. Then we would have

Fa (B :A) peg (O3 A) =@y, 7.
By the assumption we have
k4 “ (B : A) is m-homogeneous and 7((B : A)) = Ny 7.

Hence, by a theorem in [14], it follows that |-, “(B : A) = @y, ”. By Lemma 1.4 it
follows that B =4 A @ Qy,. This is a contradiction to the assumption: A || B.

(b): Assume that A® C || B @ C holds for some complete Boolean algebra C. Then it
follows that A || B @ C. By a this is a contradiction. I (Lemma 4.5)

Lemma 4.6 Let (Ay)a<w, be a continuously increasing sequence of free Boolean algebras
such that Aq11 =4, Ao ® Fr e, for some infinite cardinal ko and for o < B < wy. Let
A = Up<w, Aa- Then there erists a free Boolean algebra B such that; A <,. B, B is
w-homogeneous over A and w(B/A) =Xy, A} B and A, || B for every a < wy.

Proof Let SY, S' be Boolean algebras as above. Let x = SUP <, Ka and let (Xo)a<k
be a partition of x such that | X, | = ke for all @ < wy. Let TY = SY @ Frkx and
T! = S @ Frk. Then TV and T! are free Boolean algebras and 70 <. T'. By Lemma
4.5 (b) we have TO |y T1. For a < r let T? = SO @ Fr (Ug<a X5)- Then T° = Uy, T0
and (Aa)a<w, is isomorphic to (T2)a<w,. Hence by identifying T with A, the Boolean
algebra B = T"! is as desired. I (Lemma 4.6)

Theorem 4.7 Let k be a regular cardinal and S C {§ < k : cof (§) = w1 } be a non-
reflecting stationary subset of k. Then there exists a continuously increasing sequence
(Aa)a<k of Boolean algebras such that

(0) | Aa | < k and Ay is free for every a < k. Ay <ic Aat1 for every a < k;
(1) Ao | Ag for every o < B < K such that o, B € K\ S;
(2) Aay1 is T-homogeneous over Ay but Ay J| Aqy1 for every a € S.

Proof Similarly to the proof of Theorem 4.1 we can take A,, o < k inductively. At the
o + 1st step for o € S use Lemma 4.6. I (Theorem 4.7)
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Corollary 4.8 (a) There exists an Loox,-free Boolean algebra A of cardinality N such
that A is not isomorphic to Cy, .

(b) Let k be a regular cardinal. If there exists a non-reflecting stationary S C {6 < K :
cof (0) = wy } then there exists an Loox-free Boolean algebra A of cardinality k such that

A is not isomorphic to €.

Proof (a): Let S = {a < w2 : cof (o) = wy }. Then S is a non-reflecting stationary
subset of wy. Let (Ay)a<w, be as in Theorem 4.7 for this S. Let A =J Aq. By (1)
in Theorem 4.7 and Theorem 1.5 A is an Loox,-free Boolean algebra. A is not isomorphic
to @y, Otherwise there would exist an o € S such that A, || A. But by Lemma 4.5 (a)

this is a contradiction.

(b): Similar. I (Corollary 4.8)

a<w?2

Note that the Boolean algebra A in Corollary 4.8 is represented as a union of a
continuously increasing chain of relatively complete free subalgebras. A Boolean algebra
A is said to be openly generated if the set {C' : C <, B, and C is countable } contains
a club subset of [B]¥. By Scepin [19] union of a continuously increasing chain of openly
generated relatively complete subalgebras is again openly generated. It follows that the
Boolean algebra A in Corollary 4.8 is openly generated.

Since we need a non-reflecting stationary subset of { & < wy : cof (o) = w} for the
construction of L.ox,-free Boolean algebra in Theorem 4.1 and this is the only known
construction of non openly generated L,on,-free Boolean algebras, one may ask if the
assertion: “every Lon,-free Boolean algebra is openly generated” is consistent with ZFC.
Ideed it is proved in [8] that this assertion follows from Martin’s Maximum.
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