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κ-strategically closed posets

A poset P = 〈P,≤P〉 is said to be κ-strategically closed if Player Nonempty
has a winning strategy in the following game GII

κ (P):

Empty

Nonempty

p0

p1

p2

p3

· · ·

· · · pδ

pδ+1

pδ+2

· · ·

· · ·
δ: limit

where 〈pα : α < η ≤ κ〉 should be a descending chain in P with respect to ≤P.
Nonempty wins ⇔ for all α < κ pα can be played.

P is <κ-strategically closed ⇔ P is λ-strategically closed for all λ < κ.

P has a <κ-closed dense subset ⇒ P is κ-strategically closed
⇒ P is <κ-strategically closed.



Preservation of stationarity

定理 1 (Folklore?) (a) Suppose that κ is a regular cardinal. If S ⊆ κ is
stationary and P is κ-strategically closed then ‖–P “ S is stationary ”.

(b) If S ⊆ Pω1λ for a regular λ is stationary and P is ω1-strategically closed, then
‖–P “ S is stationary ”.

定理 2 (... and T.Usuba 200?) Suppse that κ < λ are regular cardinals and
κ is λ<κ-supercompact. Then there are stationary S ⊆ Pκλ and κ-strategically
closed κ+-c.c. P s.t. ‖–P “ S is not stationary ”.



Internally approachable filter over Pκλ

M ≺ H(θ) is (strongly) internally approachable ((s.)i.a. for short) ⇔ there is
an increasing sequence 〈Mα : α < δ〉 of elementary submodels of M s.t. (1)
M =

∪
α<δ Mα and (2) ∀γ < δ 〈Mα : α < γ〉 ∈ Mγ;(

(3) ∀γ < δ P(γ) ∈ Mγ

)
.

For a ∈ H(θ), let
SIA,θ,a

κ λ = {λ ∩ M : M ≺ H(θ), M is i.a., κ, λ, a ∈ M, |M | < κ} .

F IA
κ λ = the filter over Pκλ generated by

{SIA,θ,a
κ λ : θ is sufficiently large, a ∈ H(θ)}

SSIA,θ,a
κ λ, FSIA

κ λ: SIA,θ,a
κ λ, F IA

κ λ with “i.a.” replaced by “s.i.a”.

補題 3. F IA
κ λ (FSIA

κ λ) is a normal filter. In particular, for X ⊆ Pκλ, X is

F IA
κ λ-stationary (⇔ X ∈

((
F IA

κ λ
)∗)+

) ⇒ X is stationary.



Stationary sets of Pκλ whose stationarity is preserved
in generic extensions by a strategically closed poset

定理 4. (S.F. and G.Piper [1]) Suppose that S ⊆ Pκλ is F IA
κ λ-stationary.

Then, for any κ-strategically closed poset P, ‖–P “ S is F IA
κ λ-stationary ”.

定理 5. (S.F. [2]) Suppose that κ is inaccessible and so that S ⊆ {x ∈ Pκλ :
x∩κ is not a regular cardinal} is FSIA

κ λ-stationary. Then, for any <κ-strategically
closed poset P, we have ‖–P “ S is FSIA

κ λ-stationary ”

定理 6. (S.F. and G.Piper [1]) “(<)κ-strategically closed” in定理 5,6 cannot
be replaced e.g. by “P does not add any new element of Pκλ + κ+-c.c.”



定理 6. in detail

定理 6. (S.F. and G.Piper [1])
Suppose that κ is a regular cardinal with κ<κ = κ and κ ≤ λ.
Then there are a <κ-closed κ+-c.c. poset P0, a strongly κ-strategically closed κ+-
c.c. poset Q0 and a P0-name S

∼
s.t. P0 ≤◦ Q0 and

‖–P0 “ S
∼

is a F IA
κ λ-stationary subset of Pκλ ”

but ‖–Q0 “ S
∼

is not stationary ”.

Further, if κ is inaccessible, we have

‖–P0 “ S
∼
∩ {x ∈ Pκλ : x ∩ κ is a singular ordinal} is a FSIA

κ λ-stationary

subset of Pκλ ”.



Construction of P0 and Q0
Let θ be sufficiently large.
p ∈ P0 ⇔ p = 〈M p, sp〉 ; κ, λ ∈ M p ≺ H(θ) or M p = ∅ ; |M p| < κ ;
sp ⊆ P(λ ∩ M p) ∩ M p.
For p, p′ ∈ P0, p′ ≤P0 p ⇔ M p ⊆ M p′ ∧ sp ⊆ sp′ ∧ sp′ ∩ P(λ ∩ M p) = sp.

Let SG =
∪
{sp : p ∈ G} for a (V, P0)-generic filter G and S

∼
a P0-name of SG.

〈p, q〉 ∈ Q0 ⇔ p ∈ P0 ; q = 〈M q, sq〉; κ, λ ∈ M q ≺ H(θ) or M q = ∅ ; |M q| < κ ;
sq ⊆ P(λ ∩ M q) ; M q ⊆ M p ; bq ∈ sq ∩ M q for bq =

∪
sq;

sq ∩ M q = sq (in particular, sq = sq); sp ∩ sq = ∅, where,
for s ⊆ P(x), s = the closure of s w.r.t. union of increasing chain of length < κ.
For 〈p, q〉, 〈p′, q′〉 ∈ Q0, 〈p′, q′〉 ≤Q0 〈p, q〉 ⇔ p′ ≤P0 p ,M q ⊆ M q′, sq ⊆
sq′ and sq′ ∩ P(λ ∩ M q) = sq.
P0 ↪→ Q0 ; p 7→ 〈p, 〈∅, ∅〉〉


