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Abstract

Set-theoretic axioms formulated in terms of existence of a Laver-generic

large cardinal were introduced in [16] and studied further in [17], [18], [20].

These axioms, let us call them Laver-genericity axioms, claim the existence

of a P-Laver generic large cardinal for various classes P of proper or semi-

proper posets, and they still vary depending on the notions of large cardinal

involved, and a modification (tightness) of the definition of Laver-genericity.

Laver-genericity axioms we consider here are divided into three groups

depending on whether they imply that the Laver generic large cardinal κ is

ℵ2 = (2ℵ0)+, or it is ℵ2 = 2ℵ0 , or else it is very large and = 2ℵ0 (see the

Trichotomy Theorem (Theorem 3.5)).

Many set-theoretic axioms and principles considered in the recent devel-

opment of set theory follow from a Laver-genericity axiom in one of these

three groups, and by this, all of them can be placed in a global picture (see

Figure 3).

In spite of this very strong unifying feature of the Laver genericity axioms,

we show that Maximality Principle (MP) without parameters is independent

over ZFC with any of the Laver-genericity axioms we consider in our present

context (Theorem 4.8, Theorem 5.11). Similar independence is also shown

for parameterized versions of Maximality Principles (Theorem 6.1, Theo-

rem 6.5).

In contrast to these independence results, we can show that local versions

of Maximality Principle as well as versions of Resurrection Axioms including
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the Unbounded Resurrection Axioms of Tsaprounis follow from the existence

of a tightly Laver-generic large cardinal for a strong enough notion of large

cardinal (Theorem 6.6, Theorem 7.1, Theorem 7.2).
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1 Introduction

introSet-theoretic axioms formulated in terms of existence of a Laver-generic large car-

dinal (see Section 3 for definition) were introduced in [16] and studied further in

[17], [18], [20].
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More precisely, these axioms — let us call them here Laver-genericity axioms

— claim the existence of a P-Laver generic large cardinal for various classes P of

proper or semi-proper posets, and they still vary depending on the notions of large

cardinal involved, and a modification (tightness) of Laver-genericity.

We restrict ourselves here to classes P of posets which are proper or semi-proper

since we want to have axioms which imply (or at least compatible with) various

reflection principles, see Section 2 and Section 3.

Laver-genericity axioms are divided into three groups depending on whether

they imply that the Laver generic large cardinal κ whose existence is claimed by

the axioms is ℵ2 = (2ℵ0)+, or it is ℵ2 = 2ℵ0 , or else it is very large and = 2ℵ0 (see

the Trichotomy Theorem (Theorem 3.5)).

By this trichotomy, the Laver-generic large cardinal we consider here is proved

to be unique under the respective Laver-genericity axiom.

Many set-theoretic axioms and principles considered in the recent development

of set theory follow from a Laver-genericity axiom in one of these three groups, and

by this, they are placed uniformly in a global context (see Figure 3).

In sections 2, 3 of the present note, we give an improved and streamlined pre-

sentation of the Laver-genericity axioms. Most of the materials presented in these

sections are already stated in [15] or [16] but there are also a couple of improve-

ments and new results. The extended version of the paper you are reading now

also contains detailed proofs of the results mentioned in these sections.

In spite of the very strong unifying feature of the Laver genericity axioms, we

can show that Maximality Principle (MP) without parameters is independent over

ZFC with any of the Laver-genericity axioms we consider in our present context

(Theorem 4.8, Theorem 5.11). Similar independence is also shown for parameter-

ized versions of Maximality Principles (Theorem 6.1, Theorem 6.5).

In contrast to these independence results, the local versions of Maximality Prin-

ciple as well as versions of Resurrection Axioms including the Unbounded Resur-

rection Axioms of Tsaprounis are consequences of the Laver-genericity axioms for a

strong enough notion of large cardinal (Theorem 6.6, Theorem 7.1, Theorem 7.2).

In the following we are working in the framework of ZFC. All classes are definable

by some L∈-formula where L∈ is the language of ZFC consisting solely of the ∈-
symbol. Sometimes the language is extended with a constant symbol or a unary

relation symbol. This is in particular the case when we are talking about “Vδ ≺ V”

or that “there are stationarily many δ with certain large cardinal property and such

that Vδ ≺ V”. Even in such cases ZFC is meant the axiom system in the original

language L∈.
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Regardless of this convention, we sometimes choose a narrative that may sound

we are working in some higher order set theory. This happens in particular when

we are talking about the notions of Laver-generic large cardinal: we may do this

since it is proved in [20] that the notions of Laver generic cardinals are actually

characterizable by a property which is formalizable the language of ZFC.

2 Generic large cardinals

genLet us begin with recalling the definition of supercompact cardinal: A cardinal κ is

supercompact if, for any λ > κ, there are classes j, M such that ① j : V
≺→κ M ,

② j(κ) > λ and ③ λM ⊆M .

Here, “j : N
≺→κ M” denotes the set of conditions that N and M are transitive

(sets or classes); j is a non-trivial elementary embedding of the structure (N,∈)
into the structure (M,∈); κ ∈ N , and crit(j) = κ.

Note that a supercompact cardinal is a large large cardinal which is a normal

measure one limit of measurable cardinals (see e.g. [27] Proposition 22.1), and

more. This is not the case with the generic large cardinal version of the notion of

supercompactness (e.g. see Examples 2.2, 2.3 below).

For a class P of posets, a cardinal κ is P-generically supercompact (P-gen.

supercompact, for short) if, for every λ > κ, there is P ∈ P such that, for (V,P)-

generic filter G, there are j, M ⊆ V[G] such that ① j : V
≺→κ M , ② j(κ) > λ,

and ③’ j ′′λ ∈M .

In case of genuine supercompactness, the condition j ′′λ ∈ M is equivalent to
λM ⊆M for M obtained as the ultrapower of V by an ω1-complete ultrafilter (see

Kanamori [27], Proposition 22.4). In general we do not have this equivalence for

generic supercompactness. However this condition still implies certain closedness

of M :
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Lemma 2.1 (Lemma 2.5 in [16]) L-lt-conti-0Suppose that G is a (V,P)-generic filter for a

poset P ∈ V, and j : V
≺→κ M ⊆ V[G] for a cardinal κ is such that, for a cardinal

in V λ with κ ≤ λ, we have j ′′λ ∈M .

( 1 ) For any set A ∈ V with V |= |A | ≤ λ, we have j ′′A ∈M .

( 2 ) j ↾ λ, j ↾ λ2 ∈M .

( 3 ) For any A ∈ V with A ⊆ λ or A ⊆ λ2 we have A ∈M .

( 4 ) (λ+)M ≥ (λ+)V, Thus, if (λ+)V = (λ+)V[G], then (λ+)M = (λ+)V.

( 5 ) H(λ+)V ⊆M .

( 6 ) j ↾ A ∈M for all A ∈ H(λ+)V.

Proof. (1): In V, let f : λ→ A be a surjection.

For each a ∈ A with a = f(α), we have

(2.1) pr-L-lt-conti-0j(a) = j(f(α)) = j(f)(j(α))

by elementarity. Thus j ′′A = j(f) ′′(j ′′λ). Since j(f), j ′′λ ∈ M , it follows that

j ′′A ∈M .

(2): Since j ′′λ ∈ M and (j ↾ λ)(ξ) for ξ ∈ λ is the ξth element of j ′′λ, j ↾ λ
is definable subset of λ × j ′′λ in M and hence is an element of M . Similarly,

j ↾ λ2 ∈M .

(3): Suppose that A ∈ V and A ⊆ λ (the case of A ⊆ λ2 can be treated

similarly). Then j ′′A ∈M by (1). Thus, by (2), A = (j ↾ λ)−1 ′′(j ′′A) ∈M .

(4): Suppose that µ < (λ+)V. Then there is A ∈ V with A ⊆ λ2 such that A

codes the order type of µ. A ∈M by (3). Thus M |=“ |µ | ≤ λ”.

If (λ+)V = (λ+)V[G], we have

(2.2) pr-L-lt-conti-1(λ+)V = (λ+)V[G] ≥ (λ+)M ≥ (λ+)V.

(5): For A ∈ H(λ+)V, let U ∈ V be such that trcl(A) ⊆ U and V |=“ |U | = λ”.

Let cA ⊆ λ2 and dA, eA ⊆ λ be such that cA, dA, eA ∈ V and

(2.3) pr-L-lt-conti-2〈λ, cA, dA, eA〉 ∼= 〈U,∈↾ U2, trcl(A), A〉.

By (3), cA, dA, eA ∈ M and hence 〈λ, cA, dA, eA〉 ∈ M . Since trcl(A) and then A

can be recovered from this quadruplet in M , it follows that A ∈M .

(6): Suppose that A ∈ H(λ+)V. Since A ∈M by (5), it is enough to show that

j ↾ trcl(A) ∈M .

We have trcl(A) ∈ H(λ+)V and hence trcl(A) ∈ M by (5). Thus j ′′ trcl(A),

j ′′(∈↾ trcl(A)) ∈M by (1). But then the mapping (j ↾ trcl(A))−1 is the Mostowski

collapse of j ′′ trcl(A). Thus j ↾ trcl(A) ∈M . (Lemma 2.1)
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Example 2.2 ex-gen-1Suppose that κ is a supercompact cardinal and P = Col(ℵ1, κ) (the

standard collapsing of all cardinals strictly between ℵ1 and κ by countable condi-

tions). Then for a (V,P)-generic G, we have κ = (ℵ2)
V[G] and V[G] |= “κ is σ-

closed-gen. supercompact”.

Example 2.3 ex-gen-2If MA is forced starting from an supercompact cardinal κ with an

ccc-iteration of length κ in finite support along with a supercompact Laver function,

then we obtain a model in which κ is the continuum (though still quite large, e.g.

hyper-hyper etc. weakly Mahlo, and more) and it is ccc-gen. supercompact in the

generic extension.

These examples will be revisited in Theorem 3.3 below. The situation created

in Example 2.2 can be also seen as a strong reflection property.

Theorem 2.4 p-gen-0(B.König [28] ) The following are equivalent:

( a ) Game Reflection Principle (GRP) holds.

( b ) ℵ2 is σ-closed-gen. supercompact.

As in [15], what we call the Game Reflection Principle (GRP) is the principle

called GRP+ in [28]. As its name suggests, GRP is actually a reflection statement

about the non-existence of winning strategy of certain games of length ω1 down to

subgames of size <ℵ2.

We will not go into the details of the definition of GRP but just note that GRP

implies the Continuum Hypothesis (CH) and it implies practically all reflection

principles with reflection down to <ℵ2 available under CH:

(2.4) x-gen-0GRP implies Rado’s Conjecture (RC) (König, [28]).

(2.5) x-gen-1GRP implies strong downward Löwenheim-Skolem Theorem of Lℵ0,II
stat down

to <ℵ2 (SDLS(Lℵ0,II
stat , <ℵ2) in the notation of [15]).

(2.6) x-gen-2Each of RC and SDLS−(Lℵ0
stat, <ℵ2) (a weakening of SDLS(Lℵ0,II

stat , <ℵ2)) im-

plies Fodor-type Reflection Principle (FRP), see [6] and [15].

(2.7) x-gen-2-0RC implies a strong form of Chang’s Conjecture (Todorčević, [30])

(2.8) x-gen-3FRP is known to be equivalent to many “mathematical” reflection principles

with reflection down to < ℵ2, see [4], [5], [8], [14], [22].

(2.9) x-gen-4GRP implies a ”generic” solution to the Hamburger’s problem (see Corol-

lary 2.6 below, for the original Hamburger’s Problem see [17] and reference

given there).

Some of these and some other implications are put together in the following

diagram:
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! Suppose β < λ. Then Claim 4.13.2 and the definition of ∈U imply j(β) =

[iβ]U ∈ [id]U .

Suppose now [f ]U ∈ [id]U . Without loss of generality, we may assume that

f(u) ∈ u for all u ∈ Dκ,λ. But then, in V[G], there is a ξ < κ such that fξ = f . For

β = αξ, we have [f ]U = [iβ]U = j(β). # (Claim 4.13.7)

(Theorem 4.13)

5 Conclusion
summary

As we have seen in the previous sections, Strong Downward Löwenheim-Skolem

Theorems for stationary logic (in ℵ0 interpretation of the weak second-order vari-

ables) and its variations fit nicely in the web of implications of reflection axioms.

In case of statements with the reflection cardinal <ℵ2, this can be summarized in

the following diagram:

Fodor-type Reflection Principle (FRP)Semi-stationary Reflection (SSR)

Axiom R ⇔ RPIUℵ0

Rado Conjecture (RC(<ℵ2))

RPICℵ0

MA
+(σ-closed)

SDLS
−(Lℵ0

stat, <ℵ2) ⇔ DRP (ICℵ0
)

MA
+ω1(σ-closed) MM

MM
+ω1

SDLS (Lℵ0,II
stat , <ℵ2)

⇔ DRP (ICℵ0
) + CH

Game Reflection Principle (GRP<ω1(<ℵ2))

⇔ ω2 is generically supercompact

by σ-closed forcing

[15], see also 
Theorem 4.3

[4]

    [15],
see also 
Theorem 4.13 and
Lemma 4.2

Theorem 4.7, 
Lemma 4.1 and Lemma 4.2

Lemma 2.1,(2) and
Lemma 3.5,(1)

Lemma 2.1,(1) and
Lemma 3.5,(2)

[7]

[1]

[6]

[11]

Note that GRP<ω1(<ℵ2) implies CH while MM implies 2ℵ0 = ℵ2. In the sequel

[13] of the present paper, we shall show among other things that there is a natural

Löwenheim-Skolem theorem type statement with reflection cardinal < 2ℵ0 which

implies that the continuum is very large (e.g. weakly Mahlo and more).
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figure1Figure 1.

In the following we will elaborate on (2.9) above.

Proposition 2.5 p-gen-1Suppose that κ is P-gen. supercompact and P is a property of

topological spaces which is ⓐ preserved by homeomorphism and ⓑ downward abso-

lute, meaning that if W is a universe of set theory and W0 is an inner model in W,

if a topological space X ∈ W satisfies the property P in W then X also satisfies P

in W. Then, for any topological space X of character < κ, if ‖–P“X satisfies P ”

for any P ∈ P then there is a subspace Y of X of cardinality <κ which satisfies P .

Proof. Suppose that X is a topological space of character µ < κ and

ⓒ ‖–P“X satisfies P ” for any P ∈ P .

Without loss of generality, we may assume that the underlying set of X is a

cardinal λ ≥ κ and the topology of X is given by the system 〈τα : α < λ〉 where
τα is an open nbhd basis of α of cardinality ≤ µ.

Let P ∈ P be such that, for (V,P)-generic G, there are j, M ⊆ V[G] such that

① j : V
≺→κ M , ② j(κ) > λ and ③ j ′′λ ∈M .

Let

X ′ : = 〈j ′′X, {〈{j ′′U : U ∈ τα}, j(α)〉 : α ∈ λ}〉
= 〈j ′′X, {〈{V ∩ j ′′X : V ∈ j(τα)}, j(α)〉 : α ∈ λ}〉.
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ThenX ′ ∈M by③ (and① ),X ′ is a subspace of j(X) andX ∼= X ′ (in V[G]). Byⓐ
and ⓒ , V[G] |=“X ′ satisfies P” and hence M |=“X ′ satisfies P” by ⓑ . Thus, by

② ,M |=“ there is a subspace of X of size <j(κ) satisfying P” By elementarity, it

follows that V |=“ there is subspace of X of size <κ satisfying P”. (Proposition 2.5)

Corollary 2.6 p-gen-2Suppose that GRP holds. Then, for any topological space X of char-

acter ≤ℵ1 such that ‖–P“X is not metrizable ” for any σ-closed poset P, there is a

non-metrizable subspace of X of cardinality ≤ℵ1.

Proof. By Theorem 2.4 and Proposition 2.5 for the property P being non-

metrizable. (Corollary 2.6)

3 Laver-generic large cardinals

laverThe Laver-genericity axioms (i.e. the axioms claiming the existence of Laver-generic

large cardinals defined below) for respective classes of posetscomplete the picture

of reflection and absoluteness in terms of double plus versions of forcing axioms

given in Figure 1 (see Theorem 3.9 and Figure 3 below).

A (definable) class P of posets is said to be iterable if (a) {1} ∈ P , (b) P is

closed with respect to forcing equivalence (i.e. if P ∈ P and P ∼ P′ then P′ ∈ P),

(c) closed with respect to restriction (i.e. if P ∈ P then P ↾ p ∈ P for any p ∈ P),

and (d) for any P ∈ P and P-name
∼
Q, ‖–P“

∼
Q ∈ P ” implies P ∗

∼
Q ∈ P .

For an iterable class P of posets, a cardinal κ is said to be P-Laver-gen. super-

compact 1) if, for any λ ≥ κ and P ∈ P , there is a P-name
∼
Q with ‖–P“

∼
Q ∈ P ”

such that, for (V,P ∗
∼
Q)-generic H, there are j, M ⊆ V[H] with ① j : V

≺→κ M ,

② j(κ) > λ, and ③’ P ∗
∼
Q, H, j ′′λ ∈M .

Recall that a cardinal κ is superhuge (super-almost-huge, resp.) if, for any

λ > κ, there are classes j, M such that ① j : V
≺→κ M , ② j(κ) > λ and ③

j(κ)M ⊆M (j(κ)>M ⊆M , resp.).

These notions of large cardinals can be straightforwardly translated into their

Laver-generic versions: For an iterable class P of posets, κ is P-Laver-gen. super-

huge (P-Laver-gen. super-almost-huge, resp.) if, for any λ ≥ κ, P ∈ P , there is

a P-name
∼
Q with ‖–P“

∼
Q ∈ P ” such that, for (V,P ∗

∼
Q)-generic H, there are j,

M ⊆ V[H] with ① j : V
≺→κ M , ② j(κ) > λ, and ③’ P, P ∗

∼
Q, H ∈ M , and

j ′′j(κ) ∈M (j ′′µ ∈M for all µ < j(κ), resp.).

1)The definition of Laver-generic large cardinals given here is slightly stronger than the one
given in [16]. The Laver-generic large cardinals in the sense of present subsection is called strongly
Laver-generic large cardinals in [16].
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Sometimes it is more convenient to consider the following additional property

which we called the tightness of Laver-genericity: For an iterable P , a P-Laver-gen.

supercompact cardinal (P-Laver-gen. huge cardinal, etc., resp.) is tightly P-Laver-

gen. supercompact (tightly P-Laver-gen. huge, etc., resp.) if the condition

④ P ∗
∼
Q is forcing equivalent to a poset of cardinality ≤ j(κ).

additionally holds for the elementary embedding j in the definition.

The strongest notion of large cardinal we consider in this paper in connection

with its Laver-generic version is that of ultrahuge cardinal introduced by Tsaprou-

nis [32]. A cardinal κ is ultrahuge if for any λ > κ there is j : V
≺→κ M such that

j(κ) > λ and j(κ)M,Vj(λ) ⊆M . In terms of consistency strength ultrahuge cardinal

is placed between superhuge and 2-almost-huge (Theorem 3.4 in [32]).

For an iterable class P of posets, a cardinal κ is (tightly) P-Laver-generically

ultrahuge, if, for any λ > κ and P ∈ P there is a P-name
∼
Q with ‖–P“

∼
Q ∈ P ”,

such that for (V,P ∗
∼
Q)-generic H, there are j,M ⊆ V[H] such that j : V

≺→κ M ,

j(κ) > λ, P,H, (Vj(λ))V[H] ∈ M (and P ∗
∼
Q is forcing equivalent to a poset of size

j(κ)).

The following theorem is used to construct models with a Laver-generically

ultrahuge cardinal:

TheoremA3.1 p-gen-3(Tsaprounis [32]) If κ is an ultrahuge cardinal, then κ carries a

Laver function f : κ→ Vκ, i.e. a function f with the property:

(3.1) x-gen-5for every cardinal λ ≥ κ and any x ∈ H(λ+) there is an j : V
≺→κ M with

j(κ) > λ, and j(κ)M,Vj(λ) ⊆M such that x = j(f)(κ).

By definition, it is obvious that we have the following implications:

tightly P-Laver-gen.
ultrahuge ⇒

tightly P-Laver-gen.
superhuge ⇒

tightly P-Laver-gen.
super-almost-huge ⇒

tightly P-Laver-gen.
supercompact ⇒

tightly P-Laver-gen.
measurable

⇓ ⇓ ⇓ ⇓ ⇓
P-Laver-gen. ultrahuge ⇒ P-Laver-gen. superhuge ⇒ P-Laver-gen. super-almost-huge ⇒ P-Laver-gen. supercompact ⇒ P-Laver-gen. measurable

⇓ ⇓ ⇓ ⇓ ⇓
P-gen. ultrahuge ⇒ P-gen. superhuge ⇒ P-gen. super-almost-huge ⇒ P-gen. supercompact ⇒ P-gen. measurable

figure2Figure 2.

Some of the horizontal implications should be irreversible. At the moment

however we can only prove the irreversibility of the implication from (tightly) P-

(Laver)-gen. ultrahugeness to (tightly) P-(Laver)-gen. supercompactness.
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Proposition 3.1 (Proposition 4 in [12]) p-laver-aSuppose that P is a class of posets such

that there is a construction of a model with a tightly P-Laver generically supercom-

pact cardinal starting from an arbitrary model with an supercompact cardinal κ by a

poset of cardinality κ.2)Then tightly P-Laver geneneric supercompactness of κ does

not necessarily imply the P-gen. super-almost-hugeness.

For the proof of Proposition 3.1 we use the following observation:

Lemma 3.2 p-laver-a-0Suppose that κ is P-gen. ultrahuge for an arbitrary class P of posets.

If there is an inaccessible λ0 > κ then there are cofinally many inaccessible in V.

Proof. Let λ > λ0 be an arbitrary cardinal. Then there is P ∈ P such that, for

(V,P)-generic G, there are j,M ⊆ V[G] such that

(3.2) x-laver-1j : V
≺→κ M , (3.3) : x-laver-2j(κ) > λ, and

(3.4) x-laver-3(Vj(λ))
V[G] ∈M .

By (3.3) and elementarity (3.2), we have j(λ0) > λ. By elementarity (3.2),

M |= “ j(λ0) is inaccessible”. By (3.4), V[G] |= “ j(λ0) is inaccessible”, and hence

V |=“ j(λ0) is inaccessible”. (Lemma 3.2)

Proof of Proposition 3.1: Suppose that κ is a supercompact cardinal and λ0 > κ

is an inaccessible cardinal.

We may assume that λ0 is the largest inaccessible cardinal: if there is inacces-

sible cardinal larger than λ0, then let λ1 be the least such inaccessible cardinal. In

Vλ1 , λ0 is the largest inaccessible cardinal and κ is supercompact (see e.g. Exercise

22.8, (a) in [27] : Vλ1 |=“κ is supercompact” can be seen using the characterization

of supercompactness in terms of ultrafilters.).

Let P be a poset of size κ such that, for (V,P)-generic G, we have V[G] |=“κ

is tightly P-Laver generically supercompact”. Note that V[G] |=“λ0 is the largest

inaccessible cardinal”. Thus, by Lemma 3.2, it follows that V[G] |=“κ is not P-gen.

ultrahuge”. (Proposition 3.1)

(Tightly) Laver-generic large cardinal is actually first-order definable (i.e. it has

a characterization formalizable in the language of ZFC ), cf. [20]. Thus “Forcing

Theorems” are available for arguments with Laver-genericity. Because of this and

because an iterable class P is closed under restriction to a condition, by definition,

we may be lazy about the quantification on generic filters like in the context of

“ for a/any (V,P ∗
∼
Q)-generic H ...”

2)By the following Theorem 3.3, the class of all σ-closed posets and the class of all ccc posets
satisfy this condition.
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The Examples 2.2, 2.3 are actually examples of the construction of models with

a Laver-generic large cardinal.

Theorem 3.3 (Theorem 5.2, [16]) p-laver-0( 1 ) Suppose that κ is supercompact (super-

huge, etc., resp.) and P = Col(ℵ1, κ). Then, in V[G], for any (V,P)-generic G, ℵV[G]
2

(= κ) is tightly σ-closed-Laver-gen. supercompact ( superhuge, etc., resp.) and CH

holds.

( 2 ) Suppose that κ is super-almost-huge (superhuge, etc., resp.) with a Laver

function f : κ → Vκ for super-almost-hugeness (superhugeness, etc., resp.), and

P is the CS-iteration for forcing PFA along with f . Then, in V[G] for any (V,P)-

generic G, ℵV[G]
2 (= κ) is tightly proper-Laver-gen. super-almost-huge (superhuge,

etc., resp.) and 2ℵ0 = ℵ2 holds.3)

( 2′ ) Suppose that κ is super-almost-huge (superhuge, resp.) with a Laver function

f : κ → Vκ for super-almost-hugeness (superhugeness, etc., resp.), and P is the

RCS-iteration for forcing MM along with f . Then, in V[G] for any (V,P)-generic

G, ℵV[G]
2 (= κ) is tightly semi-proper-Laver-gen. super-almost-huge (superhuge, etc.,

resp.) and 2ℵ0 = ℵ2 holds.3)

( 3 ) Suppose that κ is supercompact ( superhuge, etc., resp.) with a Laver function

f : κ → Vκ for supercompactness ( superhugeness, etc., resp.), and P is a FS-

iteration for forcing MA along with f . Then, in V[G] for any (V,P)-generic G, 2ℵ0

(= κ) is tightly ccc-Laver-gen. supercompact ( superhuge, etc., resp.). κ = 2ℵ0, and

κ is very large.

In the following we give a proof of the case (2) of Theorem 3.3 for ultrahugeness

and its Laver-generic version. For this case, we need the next lemma. Note that κ

is almost huge if it is ultrahuge.

Lemma 3.4 p-laver-0-0( 1 ) If κ is almost huge and j : V
≺→κ M is an almost huge elementary

embedding, then the target of j (i.e. j(κ)) is inaccessible.

( 2 ) Suppose that κ is super almost huge. Then there are cofinally many inacces-

sible cardinals.

Proof. (1): Suppose that j : V
≺→κ M is an almost huge elementary embed-

ding. Thus we have in particular (3.5) : x-laver-4
j(κ)>M ⊆ M . Since κ is inaccessible,

M |=“ j(κ) is inaccessible” by elementarity. By (3.5), it follows that j(κ) is really

inaccessible.

(2): follows from (1) since, if κ is super almost huge, the targets of almost huge

elementary embeddings are unbounded. (Lemma 3.4)

3) It seems that the construction does not work with supercompact κ here.
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Proof of Theorem 3.3: We prove (2) for ultrahugeness and its Laver-generic

version. Other cases can be proved similarly.

Suppose that κ is ultrahuge and f : κ→ Vκ is an ultrahuge Laver function (see

TheoremA3.1).

Let 〈Pα,
∼
Qβ : α ≤ κ, β < κ〉 be a CS-iteration with

∼
Qβ :=

{
f(β), if ‖–Pβ

“ f(β) is a proper poset; ”

1, otherwise.

We show that Pκ forces that κ is tightly proper-Laver generically ultrahuge.

Let Gκ be a (V,Pκ)-generic filter. Suppose λ > κ and P be a proper poset in

V[Gκ]. Let ∼P be a Pκ-name of P.

By Lemma 3.4, (2), we may assume that λ is inaccessible.

Let j : V
≺→κ M be such that j(f)(κ) = ∼P, j(κ) > λ, and

(3.6) x-laver-5
j(κ)M,Vj(λ+1) ⊆M .4)

By elementarity, we have

M |=“ j(Pκ) is a CS-iteration 〈P∗
α, ∼

Q∗
β : α ≤ j(κ), β < j(κ)〉 of proper

posets with the book-keeping j(f) and |P∗
α | < j(κ) for all α < κ”.

Note that P∗
α = Pα for all α ≤ κ, Pκ ∈ M , and

∼
Q∗
κ = ∼P. Thus, by the Factor

Lemma

M [Gκ] |=“ j(Pκ)/Gκ is (forcing equivalent to) a CS-iteration of proper

posets of length j(κ) and its 0th iterand is P ”.

By the κ-cc of Pκ and by (3.6),we have λ(M [Gκ]) ⊆M [Gκ].

V[Gκ] |=“ j(Pκ)/Gκ is (forcing equivalent to) a CS-iteration of proper

posets of length j(κ) and its 0th iterand is P ”.

It follows that, in V[Gκ], we have j(Pκ)/Gκ ∼ P ∗
∼
Q∗ where

V[Gκ] |= ‖–P“
∼
Q∗ is proper ”.

Let H be a (V[Gκ], j(Pκ)/Gκ)-generic filter: Note that H corresponds to a

(V[G],P ∗
∼
Q∗)-generic filter, and Gκ ∗ H corresponds to a (V, j(Pκ))-generic filter

extending Gκ. I shall denote the latter also with G ∗ H.

Let j̃ be the “lifting” of j defined by

4) It is intentional that we choose M here with slightly stronger closure property by saying
Vj(λ+1) ⊆ M instead of Vj(λ) ⊆ M .
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j̃ : V[Gκ] →M [Gκ ∗ H]; ∼a[Gκ] 7→ j(∼a)[Gκ ∗ H] for all Pκ-name ∼a.

Then we have j ⊆ j̃, j̃ : V[Gκ]
≺→κ M [Gκ ∗ H], j̃ ′′λ = j ′′λ ∈ M ⊆ M [Gκ ∗ H],

| j(Pκ)/Gκ |V[Gκ] ≤ | j(Pκ) |M = j(κ).

Gκ∗H seen as a (V, j(Pκ))-gen. filter has cardinality j(κ) < j(λ) and it is ∈ Vj(λ).

Thus, there is a j(Pκ ∗
∼
Q)-name ∼V of (Vj(λ))

V[Gκ∗H] in Vj(λ)+1 = Vj(λ+1).

It follows that

(Vj(λ))
V[Gκ∗H] = ∼V [Gκ ∗ H] ∈M [Gκ ∗ H].

This shows that V[Gκ] |=“κ is tightly proper-Laver-gen. ultrahuge”.

(Theorem 3.3)

The circumstance that the three possibilities of the cardinality of the continuum:

ℵ1, ℵ2, or very large, are highlighted in Theorem 3.3, has also an explanation in

terms of Laver-genericity:

Theorem 3.5 (The Trichotomy Theorem [16], see also [10]) p-laver-1(A) If κ is P-Laver-

gen. supercompact for an iterable class P of posets such that (a) all P ∈ P are

ω1 preserving, (b) all P ∈ P do not add reals, and (c) there is a P1 ∈ P which

collapses ω2, then κ = ℵ2 and CH holds.

(B) If κ is P-Laver-gen. supercompact for an iterable class P of posets such that

(a) all P ∈ P are ω1-preserving, (b
′) there is a P0 ∈ P which add a real, and (c)

there is a P1 which collapses ω2, then κ = ℵ2 ≤ 2ℵ0. If P contains enough many

proper posets then κ = ℵ2 = 2ℵ0 (For the last assertion see Theorem 3.9 below).

( Γ ) If κ is P-Laver-gen. supercompact for an iterable class P of posets such that

(a′) all P ∈ P preserve cardinals, and (b′) there is a P0 ∈ P which adds a real,

then κ is “very large” and κ ≤ 2ℵ0. If κ is tightly P-Laver-gen. superhuge then

κ = 2ℵ0.

Theorem 3.5 follows from the next Lemma 3.6, Lemma 3.7, and Theorem 3.8.

Lemma 3.6 p-Lg-RA-1-1Suppose that P is a class of posets and κ is P-generically measurable.

Then:

( 1 ) κ is regular.

( 2 ) If all elements of P preserve κ, then κ is a weakly inaccessible cardinal.

( 3 ) If all elements of P also preserve regularity of κ, then κ is a weakly inaccessible

cardinal which is a stationary limit of weakly inaccessible, limit of limits of weakly

inaccessible cardinals, etc.

( 4 ) If all elements of P preserve stationarity of subsets of all regular λ ≤ κ,

then κ is a weakly inaccessible which is a stationary limit of weakly inaccessible,

stationary limit of stationary limits of weakly inaccessible cardinals, etc.
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Proof. Let P ∈ P be such that, for (V,P)-generic G, there are j, M ⊆ V[G] such

that j : V
≺→κ M .

(1): If κ were not regular, there would be µ < κ and cofinal f : µ→ κ. j(f) = f

by crit(j) = κ. Hence, by elementarity, M |= j(κ) = supα<µ f(α) = κ. This is a

contradiction.

(2): Suppose that P preserves κ. κ is a limit cardinal: If κ were a successor

cardinal, there would be µ < κ with a sequence 〈fα : α < κ〉 such that each fα is

a surjection form µ to α (µ to α + 1 for finite α). Let 〈f ∗
α : α < j(κ)〉 := j(〈fα :

α < κ〉). Then f ∗
κ is a surjection from µ to κ (in M , and hence in V[G]). This is a

contradiction to P ∈ P .

Together with (1), this implies that κ is a weakly inaccessible cardinal.

(3): Let P ∈ P be such that for a (V,P)-generic G there are j, N ⊆ V[G] such

that j : V
≺→κ M . κ is weakly inaccessible by (2).

Suppose that D ⊆ κ is a club (in V). We want to show that D contains a weakly

inaccessible cardinal. Since j(D) is closed by elementarity and since j(D)∩κ = D ,

κ ∈ j(D). Since P preserves confinality, V[G] |=“κ is weakly inaccessible”. Hence

M |=“κ is weakly inaccessible”. Thus M |=“ j(D) contains a weakly inaccessible

cardinal”. By elementarity, it follows that V |=“D contains a weakly inaccessible

cardinal”.

(4): Let P, G, j, M be as in (3) where P now preserves stationary subsets of κ.

Suppose that D ⊆ κ is a club (in V). We want to show that D contains a weakly

inaccessible cardinal which is a stationary limit of weakly inaccessible cardinals.

By (3), S = {α < κ : α is weakly inaccessible} is stationary. It follows that S

remains stationary subset of κ in V[G]. Since S = j(S) ∩ κ, We have S ∈ M . As

in (3), we also have κ ∈ j(D).

Thus M |=“ there is a weakly inaccessible δ ∈ j(D) which is a stationary limit

of inaccessible cardinals”. By elementarity it follows that V |=“ there is a weakly inaccessibleδ ∈
D which is a stationary limit of inaccessible cardinals”. (Lemma 3.6)

Lemma 3.7 p-Lg-RA-1-2-0(Proposition 4, in [10]) ( 1 ) If κ is P-gen. measurable for an ω1

preserving P, then ω1 < κ.

( 2 ) If κ is P-Laver-gen. supercompact for an iterable ω1-preserving P with

Col(ω1, {ω2}) ∈ P then κ = ω2.

( 3 ) If κ is P-Laver-gen. supercompact for an iterable P which contains a poset

adding a new real, then κ ≤ 2ℵ0.

( 4 ) If κ is P-gen. supercompact for a P such that all posets in P do not add any

reals then 2ℵ0 < κ.

14



Proof. (1): Suppose κ ≤ ω1. Since κ = ω is impossible, we have κ = ω1. Let

P ∈ P and G be (V,P)-generic such that j : V
≺→κ M ⊆ V[G]. Then we have

M |=“ j(κ) = ω1” by elementarity. Since κ < j(κ), M |=“κ is countable”. Thus

V[G] |=“κ is countable”. This is a contradiction to the assumption that elements

of P are ω1 preserving.

(2): Suppose that κ 6= ω2. By (1), we then have

(3.7) x-Lg-0κ > ω2.

Let P := Col(ω1, {ω2}), and let
∼
Q be a P-name with ‖–P“

∼
Q ∈ P ” such that

there is a (V,P ∗
∼
Q)-generic H with j, M ⊆ V[H] such that j : V

≺→κ M , and

H ∈ M . By (3.7), j(ω2
V) = ω2

V and M |= “ j(ω2
V) = ω2” by elementarity. On

the other hand, H codes a collapsing of ω2
V. Thus M |=“ |ω2

V | = ℵ1”. This is a

contradiction.

(3): Suppose that µ < κ and 〈aα : α < µ〉 is a sequence of reals. We show that

〈aα : α < µ〉 is not an enumeration of P(ω).

Let P ∈ P be a poset which adds a real, and let
∼
Q be a P-name of a poset such

that, for a (V,P ∗
∼
Q)-generic H there are j, M ⊆ V[H] such that j : V

≺→κ M and

H ∈M . By elementarity and since µ < κ, we have j(〈aα : α < µ〉) = 〈aα : α < µ〉.
Since there is a new reals coded in H,

M |=“ 〈aα : α < µ〉 is not an enumeration of P(ω)”.

By elementarity it follows that

V |=“ 〈aα : α < µ〉 is not an enumeration of P(ω)”.

( 4 ) : Suppose, toward a contradiction, that κ ≤ 2ℵ0 . Let λ > 2ℵ0 and let P ∈ P
be such that, for a (V,P)-generic G, there are j, M ⊆ V[G] such that j : V

≺→κ M ,

and j(κ) > λ. We have M |= 2ℵ0 ≥ j(κ) by elementarity. Thus (2ℵ0)M ≥ j(κ) >

λ > (2ℵ0)V. Since (2ℵ0)V = (2ℵ0)M by P ∈ P , this is a contradiction. (Lemma 3.7)

Theorem 3.8 (Theorem 5.8 in [16]) p-MP-2-0Suppose that each element of an iterable class

P of posets is µ-cc for some µ < κ and P contains a poset P which adds a real. If

κ is tightly P-Laver-gen. superhuge then κ = 2ℵ0.

Proof. Suppose that κ is tightly P-Laver-gen. superhuge for the class of posets

P as above. Then κ ≤ 2ℵ0 by Lemma 3.7, (3).

To prove 2ℵ0 ≤ κ, let λ ≥ κ, 2ℵ0 be large enough. By assumption there is a µ-cc

poset Q such that there are (V,Q)-generic H and j : V
≼→ M ⊆ V[H] with ( a )
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crit(j) = κ,

( b ) |Q | ≤ j(κ) > λ, ( c ) H ∈M and ( d ) j ′′j(κ) ∈M .

Since κ is regular (Lemma 3.6, (1)), and by elementarity, we have M |=
“ j(κ) is regular”. By the closedness ( d ) of M , it follows that j(κ) is regular

in V[H]. Hence it is also regular in V.

Thus, we have V |= “ j(κ)µ = j(κ)”, since SCH holds above κ by Proposition

2.8, (1) in [16]. Since Q has the µ-cc and µ, |Q | ≤ j(κ), it follows that V[H] |=
“2ℵ0 ≤ j(κ)”. Again by ( d ) (see Lemma 2.1 (4)), we have (j(κ)+)M = (j(κ)+)V =

(j(κ)+)V[H]. Thus M |=“2ℵ0 ≤ j(κ)”.

By elementarity, it follows that V |=“2ℵ0 ≤ κ”. (Theorem 3.8)

Proof of Theorem 3.5: (A): By Lemma 3.7, (2) and (4).

(B): By Lemma 3.7, (2) and (3). The last claim follows since MA(P) (and

actually much more) holds by Theorem 3.9 below.

(Γ): κ is “very large” by Lemma 3.6. κ ≤ 2ℵ0 follows from Lemma 3.7, (3). The

last statement follows from Theorem 3.8. (Theorem 3.5)

Laver-generic supercompactness also implies double plus versions of forcing ax-

ioms. For a class P of posets and cardinals κ, µ, let us denote with MA+µ(P , < κ)
and MA++<µ(P , < κ) the following versions of Martin’s Axiom:

MA+µ(P , < κ): For any P ∈ P , any family D of dense subsets of P with | D | < κ

and any family S of P-names such that | S | ≤ µ and ‖–P“ ∼S is a stationary

subset of ω1 ” for all ∼S ∈ S, there is a D-generic filter G over P such that

∼S[G] is a stationary subset of ω1 for all ∼S ∈ S.
MA++≤µ(P , < κ): For any P ∈ P , any family D of dense subsets of P with | D | < κ

and any family S of P-names such that | S | ≤ µ and ‖–P“ ∼S is a stationary

subset of PηS
∼
(θS

∼
) ” for some ω < ηS

∼
≤ θS

∼
≤ µ with ηS

∼
regular, for all

∼S ∈ S, there is a D-generic filter G over P such that ∼S[G] is stationary in

PηS
∼
(θS

∼
) for all ∼S ∈ S.

Clearly MA++≤ω1(P , < κ) is equivalent to MA+ω1(P , < κ).
MM++ is MA+ω1(stationary preserving posets, <ℵ2).

Theorem 3.9 p-laver-2Suppose P is an iterable class of posets such that

(3.8) x-laver-6the elements of P preserve stationarity of subsets of Pµ(θ) for all µ ≤ θ < κ.

If κ > ℵ1 is P-Laver generically supercompact then MA++≤µ(P , < κ) holds for all

µ < κ.

16



Proof. Suppose that P is an iterable class of posets, κ > ℵ1 is P-Laver generically

supercompact, and µ < κ. Let D and S be as in the definition of MA++≤µ(P , < κ).
Without loss of generality, we may assume that the underlying set of P is some

cardinal λ0 and elements of S are nice P-names.

Let λ > λ0 be sufficiently large, and let
∼
Q be a P-name such that ‖–P“

∼
Q ∈ P ”

and, for a (V,P∗
∼
Q)-generic filter H, there are transitive M ⊆ V[H] and j : V

≺→κ M

with

(3.9) laver-0j(κ) > λ,

(3.10) laver-0-0P, H ∈M and

(3.11) laver-1j ′′λ ∈M .

By the choice of λ, (3.11) and Lemma 2.1, (5), we have P, D, S ∈ M . Let

G = H ∩ P. Then G ∈M by (3.10). By (3.8), G witnesses

(3.12) laver-1-3M |=“ there is a D-generic filter G over P

such that ∼S[G] is a stationary subset of PηS
∼
(θS

∼
) for all ∼S ∈ S”.

Since j(D) = {j(D) : D ∈ D} and j(S) = {j(S) : S ∈ S} by | D |, | S | <
κ, j(D) ⊇ j ′′D for all D ∈ D, j(S) ⊇ j ′′S for all S ∈ S and j ′′G ∈ M by

Lemma 2.1, (6), j ′′G witnesses the following:

(3.13) laver-1-4M |=“ there is a j(D)-generic filter G over j(P)

such that ∼S(G) is a stationary subset of PηS
∼
(θS

∼
) for all ∼S ∈ j(S)”.

By elementarity, it follows that

(3.14) laver-1-5V |=“ there is a D-generic filter G over P

such that ∼S[G] is a stationary subset of PηS
∼
(θS

∼
) for all ∼S ∈ S”.

(Theorem 3.9)

Proposition 3.10 p-laver-3If ZFC + “there are two supercompact cardinals” is consistent,

then ZFC + FRP + “there is a tightly ccc-Laver-generically supercompact cardinal”

is consistent as well.

Proof. Let κ0 and κ1 with κ0 < κ1 be two supercompact cardinals. We can use

κ0 to force MA+(σ-closed) by a poset of size κ0. In the generic extension we have

FRP and κ2 is still supercompact. Now we use κ1 to force that κ1 is tightly ccc-

Laver-gen. supercompact in the generic extension as described in Theorem 3.3, (3).

FRP still holds in the second generic extension since FRP is preserved by ccc forcing

(Theorem 3.4 in [14]). (Proposition 3.10)

These results together with some other implications proved [16] as well as some

results that are going to be discussed bellow are integrated in Figure 1 to obtain

the following extended diagram:
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<latexit sha1_base64="t/IMR6jA1CV26gzDC05MDNaTKwI="></latexit>

2@0 carries an @1-saturated
normal ideal,
MA++<(ccc,<),
SDLSint(L@0

stat, <),
SDLSint+ (LPKL

stat , <)

! Suppose β < λ. Then Claim 4.13.2 and the definition of ∈U imply j(β) =

[iβ]U ∈ [id]U .

Suppose now [f ]U ∈ [id]U . Without loss of generality, we may assume that

f(u) ∈ u for all u ∈ Dκ,λ. But then, in V[G], there is a ξ < κ such that fξ = f . For

β = αξ, we have [f ]U = [iβ]U = j(β). # (Claim 4.13.7)

(Theorem 4.13)

5 Conclusion
summary

As we have seen in the previous sections, Strong Downward Löwenheim-Skolem

Theorems for stationary logic (in ℵ0 interpretation of the weak second-order vari-

ables) and its variations fit nicely in the web of implications of reflection axioms.

In case of statements with the reflection cardinal <ℵ2, this can be summarized in

the following diagram:

Fodor-type Reflection Principle (FRP)Semi-stationary Reflection (SSR)

Axiom R ⇔ RPIUℵ0

Rado Conjecture (RC(<ℵ2))

RPICℵ0

MA
+(σ-closed)

SDLS
−(Lℵ0

stat, <ℵ2) ⇔ DRP (ICℵ0
)

MA
+ω1(σ-closed) MM

MM
+ω1

SDLS (Lℵ0,II
stat , <ℵ2)

⇔ DRP (ICℵ0
) + CH

Game Reflection Principle (GRP<ω1(<ℵ2))

⇔ ω2 is generically supercompact

by σ-closed forcing

[15], see also 
Theorem 4.3

[4]

    [15],
see also 
Theorem 4.13 and
Lemma 4.2

Theorem 4.7, 
Lemma 4.1 and Lemma 4.2

Lemma 2.1,(2) and
Lemma 3.5,(1)

Lemma 2.1,(1) and
Lemma 3.5,(2)

[7]

[1]

[6]

[11]

Note that GRP<ω1(<ℵ2) implies CH while MM implies 2ℵ0 = ℵ2. In the sequel

[13] of the present paper, we shall show among other things that there is a natural

Löwenheim-Skolem theorem type statement with reflection cardinal < 2ℵ0 which

implies that the continuum is very large (e.g. weakly Mahlo and more).
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<latexit sha1_base64="Wf8xMhdR350I8xkhqrjDUcyVJ4c="></latexit>

�-closed-Laver generically
supercompact cardinal exists

<latexit sha1_base64="DxZhzaolr8jFqaotz8aR1InTNUY="></latexit>

semi-proper-Laver generically
supercompact cardinal exists

<latexit sha1_base64="Y7Ft9rFbM+xWHp8AfWpu/TK7Bwc="></latexit>

tightly ccc-Laver generically
superhuge cardinal exists

<latexit sha1_base64="/OWY+qhJSb49HDna8UQrPZIaLRI="></latexit>

tightly ccc-Laver generically
ultrahuge cardinal exists

<latexit sha1_base64="vUuLXGH8OeBH6+0R3ZysRPb9fYw="></latexit>

(tightly) semi-proper-Laver gen.
ultrahuge cardinal exists

<latexit sha1_base64="CYthp+Rz6Nls40J8vurP3JLpq4U="></latexit>

(tightly) �-closed-Laver gen.
ultrahuge cardinal exists

<latexit sha1_base64="OSS4p2BfheVaeQEtps4ZEjaIFIs="></latexit>

+ FRP

<latexit sha1_base64="OSS4p2BfheVaeQEtps4ZEjaIFIs="></latexit>

+ FRP

<latexit sha1_base64="OSS4p2BfheVaeQEtps4ZEjaIFIs="></latexit>

+ FRP

<latexit sha1_base64="OpoEU7PHZ0tj1mvDdyynnNX7UYk="></latexit>

The Unbouded Resurrection
Axiom for P
A local version of Maximality
Principle for P

<latexit sha1_base64="pVTO+Elt4hOTGdd+LJwWa8jBix4="></latexit>

[27]

<latexit sha1_base64="pVTO+Elt4hOTGdd+LJwWa8jBix4="></latexit>

[27]

<latexit sha1_base64="OEVUGxJRnMj1jVVy86nm5eWEQlE="></latexit>

[15]

<latexit sha1_base64="OEVUGxJRnMj1jVVy86nm5eWEQlE="></latexit>

[15]

<latexit sha1_base64="t+j7/WSVxk3SiQwVIWeLwsRhqBE="></latexit>

[ 1 ]

<latexit sha1_base64="yXdTKXMXySfuayhZgZrHIRmaLgw="></latexit>

[16]

<latexit sha1_base64="yXdTKXMXySfuayhZgZrHIRmaLgw="></latexit>

[16]

<latexit sha1_base64="yXdTKXMXySfuayhZgZrHIRmaLgw="></latexit>

[16]

⇔
many “mathematical” reflection theorems with reflection down to <ℵ2

[4], [5], [8], [14], [22], etc.

Theorem 7.2
Theorem 6.6

figure3Figure 3.

For some iterable classes P of posets, even though they look quite natural, we

can prove that there is no P-Laver generic large cardinal.

Proposition 3.11 p-Lg-RA-2Suppose that P is an iterable class of posets such that all P ∈ P
are ω1-preserving and P contains a poset P∗ whose generic filter destroys a station-

ary subset of ω1.
5) Then there is no P-Laver-gen. measurable cardinal.

Proof. Suppose, toward a contradiction, that P is as above and κ is P-Laver

generically measurable cardinal.

Let S ⊆ ω1 be stationary (and co-stationary), and let P∗ ∈ P be a poset

shooting a club in ω1 \ S. By assumption, there is a P∗-name
∼
Q of a poset such

that ‖–P∗ “
∼
Q ∈ P ” and, for (V,P∗ ∗

∼
Q)-generic H, there are j, M ⊆ V[H] such that

5) “P∗ destroys a stationary subset of ω1” means here that a P∗-generic set codes a club subset
of ω1 \ S in some absolute way.
Note that, for stationary and co-stationary subset S of ω1, various posets are known which

preserve ω1 while shooting a club in ω1 \ S (e.g. see [33]).
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(3.15) x-Lg-RA-0j : V
≺→κ M and

(3.16) x-Lg-RA-1P, H ∈M .

By the choice of P∗ (⩽◦ P∗∗
∼
Q) and (3.16),M |=“S is a non-stationary subset of ω1”.

Since crit(j) = κ > ω1 by Lemma 3.7, (1), we have S = j(S). By V |=“S is station-

ary subset of ω1”, this is a contradiction to the elementarity (3.15). (Proposition 3.11)

Corollary 3.12 Suppose that P = {P : P is a poset preserving cardinals} or

P = {P : P is an ω1-preserving poset }. Then there is no P-Laver-gen. measurable

cardinal.

Proposition 3.13 p-Lg-RA-3Suppose that P is an iterable class of posets such that, for a

regular cardinal δ > ℵ1,

(3.17) x-Lg-RA-2all P ∈ P are δ-cc, and

(3.18) x-Lg-RA-3Fn(ω, ω1, <ℵ0) ∈ P.6)

Then there is no P-Laver-gen. supercompact cardinal.

Proof. Suppose, toward a contradiction, that κ is a P-Laver-gen. supercompact

cardinal for P as above.

Claim 3.13.1 p-cl-Lg-RA-0κ = ω1.

` Suppose κ 6= ω1. Then, since κ = ω is impossible, we have κ > ω1. Let

P := Fn(ω, ω1, <ℵ0). Since P ∈ P by (3.18), there is a P-name
∼
Q of a poset

such that, for (V,P ∗
∼
Q)-generic H, there are j, M ⊆ V[H] such that H ∈ M and

j : V
≺→κ M . But then, by H ∈ M , we have M |=“ j(ω1) = ω1 is countable”. This

is a contradiction to the elementarity of j. a (Claim 3.13.1)

Let P ∈ P be such that, for (V,P)-generic G, there are j, M ⊆ V[G] such that

j : V
≺→ω1 M , and j(ω1) > δ. Since P is δ-cc by (3.17), V[G] |=“ δ is a cardinal”. It

follows that M |=“ δ is a cardinal and ω < δ < j(ω1)”. This is a contradiction to

the elementarity of j. (Proposition 3.13)

4 Maximality Principle

maxMaximality Principle (MP) in its non parameterized version as given in Joel Hamkins’

[25] was first formulated by Paul Larson following the ideas suggested by Christophe

Chalons.

6)Note that Fn(ω, ω1, <ℵ0) has ω2-cc (since its size is ℵ1). In particular It has the δ-cc.
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In the language L∈ of ZFC, the Maximality Principle can only be formulated

in an infinite set of L∈-sentences asserting for each L∈-sentence φ that if it is a

button then it is already pushed. That is, for all L∈-sentences φ, if, there is a

poset P such that

(4.1) x-max-0‖–Q“φ ” holds for all poset Q with P ⩽◦ Q,

then φ holds.

If (4.1) holds, then we shall say that φ is a button with the push P.7)

One of the easy consequences of MP is the following:

Proposition 4.1 (Hamkins [25]) p-max-0MP implies V 6= L.

Note that the statement “V 6= L” is apparently a button. For another conse-

quence of MP, see Lemma 5.8 below.

For an L∈-sentence φ let mpφ be the L∈-sentence:

(4.2) x-max-1∃P (P is a poset ∧ ∀Q(P ⩽◦ Q→ ‖–Q “φ ”)) → φ.

Formally we define MP to be the collection of all L∈-sentence of the form mpφ

for L∈-sentence φ.

For an L∈-sentence φ let mp+φ be the L∈-sentence:

(4.3) x-max-4∃P (P is a poset ∧ ∀Q(P ⩽◦ Q→ ‖–Q “φ ”))

→ ∀R(R is a poset → ‖–R “φ ”).

Let MP+ be the collection of L∈-sentences of the form mp+φ for all L∈-sentences φ.

Proposition 4.2 p-max-4-1( Hamkins [25]) MP and MP+ are equivalent over ZFC.

Proof. It is clear that MP+ implies MP.

To see that MP implies MP+, let φ be an arbitrary L∈-sentence. Let us write

□φ for ∀R(R is a poset → ‖–R “φ ”).

It is easy to see that we have □φ ↔ □□φ. Thus mp+φ is equivalent to mp□φ.

The latter sentence is a member of MP. (Lemma 4.2)

Lemma 4.3 p-max-4-1-0Suppose that mp+φ holds for an L∈-sentence φ. Then for any poset P,

‖–P“mp
+
φ ” holds.

7)This paper was written just when it was intensively discussed whether a dictator was going
to push the red button.
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Proof. This follows from the fact that the premise of mp+φ is forcing absolute

while the conclusion is forcing upward absolute. (Lemma 4.3)

Lemma 4.4 p-max-1Suppose that φ0,...,φn−1 are L∈-sentences. If ZFC is consistent, then

so is ZFC + mp+φ0
+ · · ·+ mp+φn−1

.

Proof. Suppose otherwise. Then for some L∈-sentences φ0,...,φn, ZFC + mp+φ0

+ · · ·+ mp+φn
is inconsistent. We can take φ0, ..., φn such that n is minimal possible

for such set of sentences. Then we have

(4.4) p-max-4-2ZFC + mp+φ0
+ · · ·+ mp+φn−1

is consistent and

(4.5) x-max-2ZFC+mp+φ0
+ · · ·+mp+φn−1

` ¬mp+φn
.

Note that

(4.6) x-max-3¬mp+φn
↔ ∃P (P is a poset ∧ ∀Q(P ⩽◦ Q→ ‖–Q “φn ”))

∧ ∃R (R is a poset ∧ /‖–R “φn ”).

In ZFC + mp+φ0
+ · · ·+ mp+φn−1

, let P be a poset whose existence is guaranteed

by the first half of the right side of (4.6).

Since all formulas of ZFC + mp+φ0
+ · · ·+ mp+φn−1

are forced by P by Lemma 4.3,

we have ‖–P“¬mp+φn
”. Hence ‖–P“ ∃R ( /‖–R “φn ”) ” by the second half of the right

side of (4.6).

On the other hand, by the choice of P we have ‖–P“ ∀R ( ‖–R “φn ”) ”.

Thus we have obtained a proof of contradiction from ZFC+mp+φ0
+ · · ·+mp+φn−1

.

This is a contradiction to the assumption (4.4). (Lemma 4.4)

Theorem 4.5 (Hamkins [25]) p-max-3If ZFC is consistent then so is ZFC + MP.

Proof. Assume that ZFC+MP is inconsistent. Then there are L∈-sentences φ0,...,

φn−1 such that ZFC + mp+φ0
+ · · ·+ mp+φn−1

is inconsistent (see Proposition 4.2).

This is a contradiction to Lemma 4.4. (Theorem 4.5)

By practically the same argument as above, we can prove also the following:

Theorem 4.6 p-max-4Suppose that “x-large cardinal” is a notion of a large cardinal for-

malizable in L∈ such that,

(4.7) x-max-4-0if κ is an x-large cardinal then the x-largeness of κ is preserved by any

set-forcing of size < κ.

If ZFC+ “there are class many x-large cardinals” is consistent, then so is ZFC +

MP + “there are class many x-large cardinals”.
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Proof. Working in the theory ZFC + “there are class many x-large cardinals” we

have that ‖–P“ there are class many x-large cardinals ” holds for any poset P since,

by (4.7), only set many x-large cardinals are destroyed by P. Thus Lemma 4.4 with

ZFC replaced by ZFC + “there are class many x-large cardinals” can be shown by

the same argument. (Theorem 4.6)

Theorem 4.7 (Hamkins [25]) p-max-4-0MP is preserved by any set-generic extension.

Proof. By Proposition 4.2 and Lemma 4.3. (Theorem 4.7)

A sort of inverse of Theorem 4.6 also holds:

Theorem 4.8 p-max-5( Hamkins [25]) Suppose that MP holds. If “x-large cardinal” is a

notion of large cardinal formalizable in L∈ such that

(4.8) x-max-5If κ is an x-large cardinal, then κ is (weakly, resp.) inaccessible; and

(4.9) x-max-7no new x-large cardinal is created by set-forcing.

If there is an x-large cardinal, then there are cofinally many x-large cardinals in V.

Proof. Suppose otherwise. Let κ be an x-large cardinal, and λ > κ be a cardinal

above which there are no x-large cardinals.

Let P be a poset which collapses λ to be, say, of cardinality ω1, and let G be a

(V,P)-generic filter. Then by (4.8) and (4.9), there is no x-large cardinal in V[G].

Also there is no x-large cardinal in any further generic extension by (4.9).

By MP it follows that there is no x-large cardinal in V. This is however a

contradiction to the assumption of the theorem. (Theorem 4.8)

If “x-large cardinal” implies (strong) inaccessibility, we can also prove Theo-

rem 4.8 by adding λ many reals instead of collapsing cardinals below λ. This

remark is going to be relevant in the proof of Proposition 6.3..

In the following corollary, I call a cardinal κ resurrectably x-large for a notion

“x-large” of large cardinal, if there is a poset P such that ‖–P“κ is x-large ”.

Corollary 4.9 p-max-6Suppose that MP holds.

( 1 ) If there is a (weakly, resp.) inaccessible cardinal then there are class many

(weakly, resp.) inaccessible cardinals.

( 2 ) If “x-large” is a large cardinal property satisfying (4.8) and there is a resur-

resctably x-large cardinal then there are class many resurrectably x-large cardinals.

Proof. (1): The (weakly rep.) inaccessible cardinals satisfy (4.8) and (4.9).

(2): The notion of resurrectably x-large cardinal as a large cardinal property

satisfies (4.8) and (4.9). (Corollary 4.9)

22



5 Independence of MP under a Laver-gen. large

cardinal

indepIn the following it is convenient to consider an abstract notion of large cardinal.

As a generic name for a notion of large cardinal, we shall use the fancy words “x-

large cardinal”, “y-large cardinal” etc. which are in association with the German

expression “x-beliebig” meaning “really arbitrary”. This way of narration has been

already used in the last section.

Suppose that “... is an x-large cardinal” is a notion of large cardinal. We say

this notion of large cardinal is normal if the following hold:

(5.1) x-max-7-0“κ is an x-large cardinal” is formalizable in an L∈-sentence over ZFC.

(5.2) x-max-8“κ is an x-large cardinal” implies that κ is inaccessible;

(5.3) x-max-9“κ is an x-large cardinal” cannot be destroyed by a forcing of size <κ;

(5.4) x-max-10No new x-large cardinal can be created by small forcing; and

(5.5) x-max-11ZFC + “there are stationarily many x-large cardinals” is consistent.8)

Note that most of the known notions of large cardinal are normal in the sense

above under the assumption of the consistency of the existence of a sufficiently

large cardinal.

Example 5.1 ex-indep-a-0The notion of ultrahuge cardinal is normal under the consistency of

ZFC + “there is a 2-almost-huge cardinal”.

Proof. By Theorem 3.4 in Tsaprounis [32], if κ is 2-almost-huge then there is

a normal ultrafilter U over κ such that {α < κ : Vκ |= “α is ultrahuge”} ∈ U .
Thus Vκ is a model of ZFC+ “there are stationarily many ultrahuge cardinals”.

(Example 5.1)

The notion of super C(n)-hyperhuge cardinal is normal under 2-huge. (Lemma

3.4 in recurrence-axioms.tex label: x-Lg-RcA-5)

Example 5.2 ex-indep-aThe notion of super almost-huge cardinal is normal under the con-

sistency of ZFC + “there is a huge cardinal”.

The example above follows from the next theorem which should be a folklore:

8) “there are stationarily many x-large cardinals” is the axiom scheme consisting of the state-
ments “if C = {α ∈ On : φ(α)} is a club in On then there is an x-large cardinal κ such that
φ(κ)” for all L∈-formulas φ = φ(x).
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Theorem 5.3 p-indep-0Suppose that κ is huge. Then, {α < κ : Vκ |=“α is super almost-

huge”} is a normal measure 1 subset of κ.

Note that Theorem 5.3 implies that Vκ for a huge cardinal κ models ZFC +

there is a super almost-huge cardinal + there are stationarily many inaccessible

cardinals (actually there are stationarily many super almost-huge cardinals). See

Theorems 5.10, 5.11.

Theorem 5.3 also tells that the existence of huge cardinal implies the consistency

of the theory ZFC + δ is super almost-huge + Vδ ≺ V, c.f. Theorem 6.1.

We use the following Theorem 5.4 and Lemma 5.5 for the proof of Theorem 5.3.

For cardinals κ ≤ λ and a sequence U⃗ = 〈Uγ : κ ≤ γ < λ〉 such that Uγ is

a normal ultrafilter over Pκ(γ) for all κ ≤ γ < λ, we say that U⃗ is coherent if

Uγ = Uδ|γ := {{a ∩ γ : a ∈ A} : A ∈ Uδ} for all κ ≤ γ ≤ δ < λ.

For a coherent sequence of normal ultrafilters U⃗ = 〈Uγ : κ ≤ γ < λ〉, We let

jγ : V
≺→ Mγ

∼= Ult(V, Uγ)κ be the standard embedding, and, for κ ≤ γ ≤ δ < λ,

we define kγ,δ :Mγ
≺→ Mδ by kγ,δ([f ]Uγ ) := [〈f(x ∩ γ) : x ∈ Pκ(δ)〉]Uδ

.

Then we have jδ = kγδ ◦ jγ.
The following Theorem 5.4 is a slight modification of Theorem 24.11 in [27].

Theorem 5.4 p-indep-0-0For a cardinal κ and inaccessible λ > κ the following are equivalent:

( a ) κ is an almost-huge cardinal with almost-huge elementary embedding j with

the target j(κ) = λ.

( b ) There is a coherent sequence 〈Uγ : κ ≤ γ < λ〉 of normal ultrafilters such

that

(5.6) x-indep-a-0for all κ ≤ γ < λ and α with γ ≤ α < jγ(κ), there is γ ≤ δ < λ such that

kγ,δ(α) = δ.
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Lemma 5.5 p-indep-0-1If κ is an (almost) huge cardinal and

(5.7) x-indep-a-1j : V
≺→κ M is a(n almost) huge elementary embedding.

Thus, in particular,

(5.8) x-indep-a-2
j(κ)>M ⊆M .

Then ( 1 ) j(κ) is inaccessible.

( 2 ) {α < κ : α is measurable} is normal measure 1 subset of κ.

( 3 ) M |=“ {α < j(κ) : α is measurable} is stationary in j(κ)”.

( 4 ) {α < j(κ) : α is measurable} is cofinal in j(κ).

Proof. (1): Since κ is inaccessible. M |= “ j(κ) is inaccessible” by elementarity

(5.7). By (5.8), it follows that j(κ) is really inaccessible.

(2): κ is measurable and an ultrafilter witnessing this is an element of M by

(5.8) and (1). ThusM |=“κ is measurable”. U := {A ⊆ κ : κ ∈ j(A)} is a normal

ultrafilter over κ and {α < κ : α is measurable} ∈ U .
(3): By (2), {α < κ : α is measurable} is a stationary subset of κ. By elemen-

tarity (5.7), it follows that M |=“ {α < j(κ) : α is measurable} a is a stationary

subset of j(κ)”.

(4): follows from (3) and (5.8). (Lemma 5.5)

Proof of Theorem 5.3: Let j : V
≺→κ M be a huge elementary embedding, so

that we have

(5.9) x-indep-a-3
j(κ)M ⊆M .

For κ ≤ γ < j(κ), let Uγ := {A ⊆ Pκ(γ) : j ′′γ ∈ j(A)}. Then U⃗ := 〈Uγ : κ ≤
γ < j(κ)〉 ∈M by (5.9), and U⃗ |=(5.6) (see the proof of [27], Theorem 24.11).

Since (5.6) is a closure property, M knows that there are club many α < j(κ)

such that 〈Uγ : κ ≤ γ < α〉 |= (5.6) .

By Lemma 5.5, (2), M thinks that there are stationarily many α < κ which are

inaccessible (actually even measurable!). Thus M |=“ there are stationarily many

inaccessible α < j(κ) such that 〈Uγ : κ ≤ γ < α〉 |= (5.6)”

By Theorem 5.4,

(5.10) x-indep-a-4M |=“Vj(κ) |= κ is super almost-huge”.

U := {A ⊆ κ : κ ∈ j(A)} is a normal ultrafilter over κ. By (5.10) {α < κ :

Vκ |=“α is super almost-huge”} ∈ U . (Theorem 5.3)
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For an L∈-formula ψ = ψ(x), we shall call a large cardinal κ ψ-absolute if the

formula ψ is absolute between Vκ and V (i.e. if for any a ∈ Vκ, we have Vκ |= ψ(a)

⇔ V |= ψ(a), or more formally, if the L∈-formula (∀x ∈ Vy)(ψ
Vy(x) ↔ ψ(x)) holds

for y = κ).

Lemma 5.6 p-indep-0-2For any concretely given n ∈ N, there is an L∈-formula ψ∗
n such that

for any inaccessible κ, κ is ψ∗
n-absolute if and only if

(5.11) x-indep-a-5for any M ⊆ V such that M is a set forcing ground of V with V = M[G]

where G is an (M,P)-generic filter for some poset P ∈ (Vκ)
M (including the

case of P = {1P} and M = V), we have that all ΣZFC
n -formulas are absolute

between (Vκ)
M and M.

Proof. By the analysis of set forcing ground in connection with Laver-Woodin

theorem on definability of grounds (see e.g. [36]). (Lemma 5.6)

Lemma 5.7 p-indep-0-3Suppose that ψ∗
n is as in Lemma 5.6. Then ψ∗

n-absolute inaccessible

cardinals are not resurrectable. I.e., if P is a posets and ‖–P“ λ̌ is ψ∗
n-absolute

inaccessible cardinal ”, then λ is really ψ∗
n-absolute inaccessible cardinal.

Proof. This is clear by the choice (5.11) of ψ∗
n. (Lemma 5.7)

Lemma 5.8 p-indep-0-4Assume that MP holds. Suppose that ψ∗
n for some n ∈ N is as in

Lemma 5.6. If there is a ψ∗
n-absolute inaccessible cardinal, then there are unbound-

edly may ψ∗
n-absolute inaccessible cardinal.

Proof. “ψ∗
n-absolute inaccessible cardinal” as an abstract notion of large cardinal

satisfies (4.8) and (4.9). Thus the Lemma follows from Theorem 4.8. (Lemma 5.8)

Lemma 5.9 p-indep-0-5Suppose that ψ is an arbitrary L∈-formula. If there are stationarily

many inaccessible cardinals, then there are cofinally many ψ-absolute inaccessible

cardinals.

Proof. Let λ be an arbitrary cardinal. By Montague-Lévy Reflection Lemma

(5.12) x-indep-a-6C := {κ ∈ Card : κ > λ, ψ is absolute between Vκ and V}

contains a (definable) club subclass of Card . By assumption there is an inaccessible

κ ∈ C. Then κ > λ is ψ-absolute. (Lemma 5.9)

The following theorem says that there is no reasonable notion of large cardinal

such that existence of that large cardinal implies MP.
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Theorem 5.10 p-indep-0-6Suppose that “x-large cardinal” is a normal notion of large cardinal.

Then ZFC + “ there is an x-large cardinal” + ¬MP is consistent.

Proof. Let n ∈ N be such that “κ is an x-large cardinal” is ΣZFC
n .

We work in ZFC + “there is an x-large cardinals” + “there are stationarily

many inaccessible cardinals”. Note that this theory is consistent by the normality

of the x-largeness.

Let κ be an x-large cardinal, and let κ0 and κ1 be the first two ψ∗
n-absolute

inaccessible cardinals above κ (they exist by Lemma 5.9).

By ψ∗
n-absoluteness of κ1 and the choice of n, we have Vκ1 |=“κ is an x-large

cardinal”. Since κ0 is the unique ψ∗
n-absolute inaccessible cardinal in Vκ1 , we have

Vκ1 6|= MP by Lemma 5.8. (Theorem 5.10)

Similar theorem also holds for Laver-generic versions of normal notions of large

cardinal.

Theorem 5.11 p-indep-0-7Suppose that “x-large cardinal” is a normal notion of large cardinal

with Laver function and that its tight Laver-gen. version can be forced similarly to

Theorem 3.3 for an iterable class P of posets given Theorem 3.3. Then ZFC +

“there is a tightly Laver generidally x-large cardinal for P” + ¬MP is consistent.

Proof. Let n ∈ N be such that the statement “κ is an x-large cardinal” is ΣZFC
n .

Let κ be an x-large cardinal, and let κ0 and κ1 be the first two ψ
∗
n-absolute inac-

cessible cardinals above the x-large cardinal κ (as before they exist by Lemma 5.9).

By the choice of n, Vκ1 |=“κ is an x-large cardinal”. Thus by the assumption

on the property “x-large cardinal”, there is P ∈ Vκ1 such that, for (Vκ1 ,P)-generic

G, we have

(5.13) Vκ1 [G] |=“κ is tightly P-Laver-gen. x-large cardinal”.

In Vκ1 [G], κ0 is still the unique ψ∗
n-absolute inaccessible cardinal above κ by

Lemma 5.7. Thus Vκ1 [G] 6|= MP by Lemma 5.9. (Theorem 5.11)

6 Boldface Maximality Principle for an iterable

class P of posets and Laver-genericity

para-maxFor an iterable class P of posets and (a definition of) a set Σ, the Maximality

Principle for P with parameters from Σ (MP(P ,Σ)) is the following principle:
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MP(P ,Σ) : For any L∈-formula φ = φ(x0, ...) and a0, ... ∈ Σ, if there is P ∈
P such that for any P-name

∼
Q of a poset with ‖–P“

∼
Q ∈ P ”, we have

‖–P∗Q
∼
“φ(ǎ0, ...) ”, then we actually have ‖–R“φ(ǎ0, ...) ” for all R ∈ P .9)

Similarly to (4.1), we shall call φ(a0, ...) as above a P-button, and P a push of

the P-button.

Theorem 6.1 p-para-max-0Suppose that “x-large cardinal” is a normal notion of large cardinal

with a Laver function such that the tight Laver-gen. version of x-large cardinal can

be forced similarly to Theorem 3.3 for one of the iterable classes P of posets given

in Theorem 3.3. Working in V |= “ZFC + κ is an x-large cardinal + Vκ ≺ V”,

there is a poset P such that for (V,P)-generic G, we have

V[G] |=“ZFC + κ is P-Laver gen. x-large cardinal + MP(P ,H(κ))”.

The following rather trivial lemma is used in the proof of Theorem 6.1.

Lemma 6.2 p-para-max-1If f : κ → Vκ is a Laver function for an x-large cardinal κ, then it is

a book-keeping of elements of Vκ. I,e., for any a ∈ Vκ and α < κ, there is β ∈ κ \ α
such that f(β) = a.

Proof. Suppose that a ∈ Vκ and α < κ. Since f is a Laver function for x-largeness

of κ, there is j : V
≺→κ M with the closure property of M corresponding to the

x-largeness of κ such that j(f)(κ) = a = j(a). Note that we have j(α) = α < κ <

j(κ). By elementarity of j, it follows that there is β ∈ κ \ α such that f(β) = a.

(Lemma 6.2)

Proof of Theorem 6.1: We shall only consider the case that P is the class of all

proper posets. The other cases can be treated similarly.

Let f : κ → Vκ be a Laver function for x-largeness of κ. Let 〈Pα,
∼
Qβ : α ≤

κ, β < κ〉 be the CS-iteration of proper posets defined by

(6.1) x-para-max-0
∼
Qβ =



f(β), if f(β) is a Pβ-name and ‖–Pβ
“ f(β) is a proper poset ”;

(∗)
a Pβ-name of a push of the P-button φ(∼a0, ...) in Vκ,

if f(β) is the L∈-formula with Pβ-names ∼a0, ... ∈ Vκ, and

Vκ |=“ ‖–Pβ
“φ(∼a0, ...) is a P-button ””; (∗∗)

Pβ-name of the trivial poset, otherwise

9) In particular, since {1} ∈ P , φ(a0, ...) holds.
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for β < κ.

Let P = Pκ. Note that P ∈ P . Let G be (V,P)-generic. Then V[G] |=“κ is P-

Laver gen. x-large” by (*) in (6.1) (see the proof of Theorem 3.3).

To show that V[G] satisfies MP(P ,H(κ)), let a0, ... ∈ H(κ)V[G] and L∈-formula

φ = φ(x0, ...) be such that

V[G] |= φ(a0, ...) is a P-button.

Without loss of generality, we may assume that ∼a0, ... are P-names of a0, ... respec-

tively and

(6.2) x-para-max-1‖–P“φ(∼a0, ...) is a P-button ”.10)

Let α < κ be such that ∼a0, ... are Pα names.

For all α ≤ β < κ, since Pκ ∼ Pβ ∗ ∼R where ‖–Pβ
“ ∼R is proper ”, (6.2) implies

that we have

(6.3) x-para-max-2‖–Pβ
“φ(∼a0, ...) is a P-button ”.

By Lemma 6.2, there is α ≤ β∗ < κ such that f(β∗) = φ(∼a0, ...). By (6.3), and

since Vκ ≺ V, there is a push of the P-button φ(∼a0, ...) in Vκ. Thus, by (∗∗) in

(6.1),
∼
Qβ is such a push. Since P ∼ Pβ∗ ∗

∼
Qβ∗ ∗ ∼R where ‖–Pβ∗∗Q∼β∗ “ ∼R is proper ”, it

follows that ‖–P“ ∀Q (Q ∈ P → ‖–Q “φ(∼̌a0, ...) ”) ”. Thus V[G] |= ∀Q (Q ∈ P →
‖–Q “φ(a0, ...) ”). (Theorem 6.1)

The following proposition is a variation of Theorem 4.8

Proposition 6.3 p-para-max-1-0Suppose that MP(P ,Σ) holds for an iterable class P of posets

which contains either all posets of the form Col(ω1, λ) or posets adding arbitrary

number of reals. Suppose further that “x-large cardinal” is a notion of large cardinals

formalizable in L∈ such that

(6.4) x-para-max-3If κ is an x-large cardinal, then κ is (weakly, resp.) inaccessible; and

(6.5) x-para-max-4no new x-large cardinal is created by forcing by any P ∈ P.

If there is an x-large cardinal, then there are cofinally many x-large cardinals in V.

Proof. Similarly to the proof of Theorem 4.8. See also the remark after the proof

of Theorem 4.8. (Proposition 6.3)

10)E.g., by replacing φ with ((φ(x0, ...) ∧ y ≡ 0) ∨ y ≡ 1), and ∼a0, ... with ∼a0, ...,∼b. where ∼b
is defined as follows: Let A be a maximal antichain ⊆ {p ∈ P : p ‖P “φ(∼a0, ...) is a button ”}
(here, φ is the original φ before the replacement), and ∼b := {〈0̌,p〉 : p ∈ A, p ‖–P “φ(∼a0, ...) is a
button ”} ∪ {〈1̌,p〉 : p ∈ A, p ‖–P “φ(∼a0, ...) is not a button ”}.
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For n ∈ N, let ψ∗
n be the L∈-formula introduced in Lemma 5.6. Since it is clear

that “ψ∗
n-absolute inaccessible cardinal” a notion of large cardinal satisfying the

conditions in Proposition 6.3, we obtain the following:

Corollary 6.4 p-para-max-1-1Suppose that MP(P ,Σ) holds for an iterable class P of posets which

contains either all posets of the form Col(ω1, λ) or posets adding arbitrary number

of reals. Then for any n ∈ N, if there is a ψ∗
n-absolute inaccessible cardinal. Then

there are cofinally many ψ∗
n-absolute inaccessible cardinals.

Theorem 6.5 p-para-max-2Suppose that “x-large cardinal” is a normal notion of large cardinal

with Laver function such that the tight Laver-gen. version of x-large cardinal can be

forced similarly to Theorem 3.3 for one of the iterable classes P of posets given in

Theorem 3.3. Working in V |=“ZFC + κ is an x-large cardinal + Vκ ≺ V + there

are ψ∗
n-absolute inaccessible cardinals above κ” for sufficiently large n, and letting

κ1 the second ψ∗
n-absolute inaccessible cardinal above κ, there is a poset P such that

for (Vκ1 ,P)-generic G, we have

Vκ1 [G] |=“ZFC + κ is P-Laver gen. x-large cardinal

+ ¬MP + ¬MP(P ,H(κ))”.

Proof. The proof of Theorem 5.10 works also here by Corollary 6.4. (Theorem 6.5)

In spite of Theorem 6.5, the existence of a P-Laver generically ultrahuge car-

dinal implies a local version of maximality principle.

To define the local version of maximality principle we are going to talk about

below, let us call an L∈-formula φ = φ(x, a) with a parameter a a local property

of cardinals if, for any limit ordinal δ with a ∈ Vδ and a cardinal µ < δ, we have(
Vδ |= φ(µ, a)

)
↔ φ(µ, a) and that this fact is provable in ZFC (+ some formulas

with the parameter a which depict features of the set a). Being an inaccessible

cardinal is a local property of cardinals, as well as being a Mahlo cardinal or being

a measurable cardinal. In contrast, being a supercompact cardinal is not necessarily

a local property of cardinals.

A local property of cardinals φ = φ(x, a) is a local definition of a cardinal if

there is provably at most one cardinal which satisfies the formula.

“The first inaccessible cardinal above a given cardinal µ” is a local definition of a

cardinal as well as “the first measurable above µ” but not “the least supercompact

cardinal above µ”.

If φ(x, a) is a local definition of a cardinal, we denote the cardinal defined

by φ(x, a) with κ•φ(x,a), µ
•
φ(x,a), etc. or just with κ•, µ•, etc. if we want to drop
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the explicit mention of the formula φ(x, a) which defines the term. In the latter

notation we identify the term κ• with its definition φ(x, a) and say also that κ• is

a local definition of the cardinal.

ℶα(ωβ) for any concretely given finite or countable ordinal α, β is another

example of a local definition of a cardinal.

Using this notation, we can show now that the existence of a P-Laver gen.

ultrahuge cardinal implies the following local version of Maximality Principle for

P . The following theorem is in line with the results in [29]:

Theorem 6.6 p-UR-4Suppose that P is an iterable class of posets and κ is tightly P-Laver

gen. ultrahuge. Then, for any L∈-formula φ(x0, ..., xn−1), a0,..., an−1 ∈ H(κ), and

a local definition µ• of a cardinal, if there is P ∈ P such that,

(6.6) x-UR-6for any P-name
∼
Q with ‖–P“

∼
Q ∈ P ”, we have ‖–P∗Q

∼
“Vµ• |= φ(ǎ0, ...,

ǎn−1) ”,

then we have (Vµ•)V |= φ(a0, ..., an−1).

Proof. Let κ, φ, a0,..., an−1, µ
•, P as above. Let λ > (µ•)V be a limit ordinal.

Then there is a P-name
∼
Q with ‖–P“

∼
Q ∈ P ” such that, for (V,P ∗

∼
Q)-generic H,

there are j, M ⊆ V[H] such that

(6.7) x-UR-7j : V
≺→κ M ,

(6.8) x-UR-8j(κ) > λ,

(6.9) x-UR-9P, H, (Vj(λ))V[H] ∈M , and

(6.10) x-UR-10P ∗
∼
Q is forcing equivalent to a poset of size j(κ).

By the choice of λ and (6.7), we have j(λ) > (µ•)M . By (6.9) and (6.10), we have

(Vj(λ))
M = (Vj(λ))

V[H]. Since µ• is a local definition, it follows that (µ•)M = (µ•)V[H],

and (Vµ•)M = (Vµ•)V[H]. Thus, by the choice of P, we have M |= “Vµ• |= φ(a0,

..., an−1)”. Since ai = j(ai) for i < n by (6.7), it follows by the elementarity that

(Vµ•)V |= φ(a0, ..., an−1). (Theorem 6.6)

7 Resurrection Axioms

resurrThe following variants of Resurrection Axioms are introduced and studied by J.

Hamkins and T. Johnstone ([34], [35]).

For a class P of posets and a definition µ• of a cardinal (e.g. as ℵ1, ℵ2, 2
ℵ0 ,

(2ℵ0)+. etc.) the Resurrection Axiom for P and H(µ•) is defined by:
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RAP
H(µ•) : For any P ∈ P , there is a P-name

∼
Q of poset such that ‖–P“

∼
Q ∈ P ”

and, for any (V,P ∗
∼
Q)-generic H, we have H(µ•)V ≺ H(µ•)V[H].

Here, µ•’s in the left and right side of the last formula are actually meant (µ•)V

and (µ•)V[H] respectively.

The following boldface version of the Resurrection Axioms is also considered in

[35]: For a class P of posets and a definition µ• of a cardinal (e.g. as ℵ1, ℵ2, 2
ℵ0 ,

(2ℵ0)+. etc.) the Resurrection Axiom in Boldface for P and H(µ•) is defined by:

RAP
H(µ•) : For any A ⊆ H(µ•) and any P ∈ P , there is a P-name

∼
Q of poset such

that ‖–P“
∼
Q ∈ P ” and, for any (V,P∗

∼
Q)-generic H, there is A∗ ⊆ H(µ•)V[H]

such that (H(µ•)V, A,∈) ≺ (H(µ•)V[H], A∗,∈).

Clearly RAP
H(µ•) implies RAP

H(µ•).

In the following we write κrefl := max{ℵ2, 2
ℵ0}. Note that this cardinal is

the reflection point of the reflection properties we obtain in all scenarios of the

trichotomy in Theorem 3.3 or Theorem 3.5.

Theorem 7.1 T-Lg-RA-0For an iterable class of posets P, if κrefl is tightly P-Laver-gen.

superhuge, then RAP
H(κrefl )

holds.

Proof. The following proof is based on the idea suggested by Gunter Fuchs during

a talk I gave at the New York Set Theory Seminar on October 7, 2022.

Suppose A ⊆ H(κrefl ) and P ∈ P . By the tightly P-Laver-gen. superhugeness

of κrefl , there is a P-name
∼
Q of a poset with ‖–P“

∼
Q ∈ P ” such that, for (V,P ∗

∼
Q)-

generic H, there are j, M ⊆ V[H] with

(7.1) was-aj : V
≺→κrefl

M ,

(7.2) was-bj(κrefl ) = |P ∗
∼
Q |,

(7.3) was-cP, H ∈M , and

(7.4) was-dj ′′j(κrefl ) ∈M .

Without loss of generality, we may assume that the underlying set of P ∗
∼
Q is

j(κrefl ).

Since crit(j) = κrefl , j(a) = a for all a ∈ (H(κrefl ))
V.

Claim 7.1.1 Cl-Lg-RA-0H(j(κrefl ))
V[H] ⊆M and hence

j(H(j(κrefl ))) = H(j(κrefl ))
M = H(j(κrefl ))

V[H] .
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` Suppose that b ∈ H(j(κrefl ))
V[H] and let c ⊆ j(κrefl ) be a code of b. Let ∼c be a

nice P ∗
∼
Q-name of c. By (7.2), |∼c | ≤ j(κrefl ). By (7.4), it follows that ∼c ∈ M (see

Lemma 2.1, (5)). Thus c ∈M by (7.3) , and hence b ∈M . a (Claim 7.1.1)

Thus, we have

idH(κrefl )V = j ↾ H(κrefl )
V : (H(κrefl )

V, A,∈) ≺→ (H(j(κrefl ))
V[H], j(A),∈).

(Theorem 7.1)

The following strengthening of the Resurrection Axiom is introduced by Tsaprou-

nis [31]:

For an iterable class P of posets, the Unbounded Resurrection Axiom for P is

the following assertion.

UR(P) : For any λ > κrefl , and P ∈ P , there exists a P-name
∼
Q with ‖–P“

∼
Q ∈ P ”

such that, for (V,P ∗
∼
Q)-gen. H, there are λ∗ ∈ On and j0 ∈ V[H] such that

j0 : H(λ)V
≺→κrefl

H(λ∗)V[H], and j0(κrefl ) > λ.

The “tight” version of the Unbounded Resurrection Axiom for P will be also con-

sidered.

TUR(P) : For any λ > κrefl , and P ∈ P , there exists a P-name
∼
Q with ‖–P“

∼
Q ∈

P ” such that, for (V,P ∗
∼
Q)-gen. H, there are λ∗ ∈ On, and j0 ∈ V[H]

such that j0 : H(λ)V
≺→κrefl

H(λ∗)V[H], j0(κrefl ) > λ, and P ∗
∼
Q is forcing

equivalent to a poset of size j0(κrefl ).

Both of the principles can be yet extended to boldface versions similarly to the

boldface version RAP
H(µ•) of RA

P
H(µ•). However, UR(P) and TUR(P) can be easily

proved to be equivalent to their respective boldface (apparent) extensions.

Theorem 7.2 p-resurr-0For an iterable class P, if κrefl is tightly P-Laver gen. ultrahuge,

then TUR(P) holds.

Proof. Suppose that κrefl is tightly P-Laver gen. ultrahuge. Assume λ > κrefl ,

and P ∈ P .

Let
∼
Q be a P-name such that ‖–P“

∼
Q ∈ P ” and, for (V,P ∗

∼
Q)-gen. filter H,

there are j,M ⊆ V[H] such that

(7.5) x-resurr-0j : V
≺→κrefl

M ,

(7.6) x-resurr-1j(κrefl ) > λ,

(7.7) x-resurr-2P,H, Vj(λ) ∈M and
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(7.8) x-resurr-3P ∗
∼
Q is forcing equivalent to a poset of cardinality j(κrefl ).

Without loss of generality, let us assume that

(7.9) x-resurr-4|P ∗
∼
Q | = j(κrefl ), and P ∗

∼
Q ⊆ Vj(κrefl ).

Then H(j(λ))V[H] ⊆ M , since the code ⊆ j(λ) of each element of H(j(λ))V[H] has

a P ∗
∼
Q-name in Vj(λ) ⊆ M by (7.8), (7.9) and (7.7). Thus the H interpretation of

the P-name of the code is in M by (7.7). Hence the coded element of H(j(λ))V[H]

is also in M .

It follows that H(j(λ))M = H(j(λ))V[H].

Thus, letting j0 := j ↾ H(λ)V, and λ∗ := j(λ), we have

j0 : H(λ)V
≺→κrefl

H(λ∗)V[H] and j0(κrefl ) = j(κrefl ) > λ by (7.6).

This shows that TUR(P) holds. (Theorem 7.2)

References

ref

[1] Sean Cox, The diagonal reflection principle, Proceedings of the American

Mathematical Society, Vol.140, No.8 (2012), 2893–2902.

[2] Alan Dow, Franklin D. Tall and W.A.R. Weiss, New proofs of the consistency

of the normal Moore space conjecture I, II, Topology and its Applications, 37

(1990) 33–51, 115-129.
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Kôkyûroku, No.1988, 1–16, (2016).

34

https://fuchino.ddo.jp/notes/RCimpliesFRP2.pdf


[8] , Pre-Hilbert spaces without orthonormal bases, preprint. 6

[9] , A reflection principle as a reverse-mathematical fixed point

over the base theory ZFC, Annals of the Japan Association for the Philosophy

of Science, Vol.25, (2017), 67–77.

[10] , digital images of a presentation of a seminar talk given at

Nagoya Set Theory Seminar on May 31, 2019,

https://fuchino.ddo.jp/talks/talk-nagoya-2019-05-31.pdf 13, 14

[11] , Resurrection and Maximality under a/the tightly Laver-

generically ultrahuge cardinal, slides of a series zoom talks given at May 29,

and June 5, 2023 at Kobe Set Theory Seminar.

https://fuchino.ddo.jp/slides/kobe2023-05-29-pf.pdf

[12] , Resurrection and Maximality under a/the tightly Laver-

generically ultrahuge cardinal — additional slides, additional slides of the zoom

talks given at June 5, 2023 at Kobe Set Theory Seminar.

https://fuchino.ddo.jp/slides/kobe2023-06-05a-pf.pdf 10

[13] , Resurrection and Maximality in light of Laver-generic large

cardinal, in preparation. 2
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[20] Fuchino, Sakaé, and Sakai, Hiroshi, The first-order definability of generic large

cardinals, submitted. Extended version of the paper:

https://fuchino.ddo.jp/papers/definability-of-glc-x.pdf 1, 2, 4, 10
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