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1 Introduction

In the following, we assume that our axiomatic framework is that of ZFC. In particular,
we assume that all classes are definable, and that they are just reformulations of
the meta-mathematical (i.e. concretely given) formulas defining the classes. This is in
particular the case, when we talk about a class P of posets: when we write “P € P”
this is treated as an abbreviation of “p(P)” where (z) is a formula which defines
the class P. Later when we write |Fp“Q € P”, this should be also understood as

“ H—]P) 43 (p(@) 7 .

Even in such a ZFC setting as declared above, it is also a quite common practice
that one treats elementary embeddings or generic elementary embeddings j of the uni-
verse V as well as their target models M in connection with large cardinals and generic
large cardinals, as if they were given in some set-theoretic framework in a second-order
setting like that of von Neumann-Bernays-Godel or evern of Morse-Kelley set the-
ory. Usually this sort of double standard is tolerated under the assumption that such
second-order narration will be eventually resolved by a first order (i.e. ZFC) charac-
terization of the condition involved (this means that the property which characterizes
the condition is formalizable in ZFC.

In the present paper, we show that this eventual first-order characterization is
actually what happens to the notion of Laver-generic large cardinal introduced in [3].

2 Generic and Laver-generically supercompact
cardinals

For a class P of posets, a cardinal k is said to be generically supercompact by P if, for
any regular A > k, there is a poset P € P such that, for a (V,P)-generic G, there are
M, j C V[G] such that

(2.1)  j:VSMCV[G),!
(2.2)  crit(y) = R, j(K) > A,
(23)  j"Ae M.

We shall call the class mapping j as above a A-generically supercompact embedding
for  (in V[G]).

It is easy to see that a generically supercompact cardinal k for any class P of posets
is regular. Even so, a generically supercompact cardinal can be a successor cardinal:
If we collapse all cardinals below a supercompact cardinal x by Col(wy,k),% in the
generic extension, K = Ny and Ny is generically supercompact by o-closed posets.

A generically supercompact cardinal K may be also weakly inaccessible. Actually s
can be even really supercompact for any P as far as this P contains the trivial poset.
However, a generically supercompact « can also be weakly inaccessible (and much
more) while it is not strongly inaccessible: If £ is supercompact and x many Cohen
reals are added, then « is still a regular inaccessible cardinal (and actually much more)

< . . .
LWhen we write j : V2> M C V[G], we assume that M is a transitive class in V[G].
2We use here Kanamori’s notation in [6] of Lévy collapse.



and it remains generically supercompact by ccc posets, while it is the continuum in
the generic extension.

Similarly to the genuine supercompactness, it is not immediately clear if the notion
of generic supercompactness is definable in the language of ZFC. In most of the cases,
this does not bother. This is because the generic supercompactness may be used in
many applications merely as a schematic framework in which arguments in different
settings are put together to obtain a better perspective.

However, the circumstances become different if we would like to think of generic
supercompactness as a set-theoretic axiom.

In [7], Bernhard Koénig gave a characterization of the statement “ws is generically
supercompact by o-closed posets” in terms of the reflection of the non-existence of
winning strategy of the second player in certain type of two player games. Since this
reflection principle which Konig called “Strong Game Reflection Principle” is first-
order definable, the statement mentioned above is also first-order formalizable (though
historically this first-order formalizability should have been known before [7] with the
argument by Solovay and Reinhardt which is also used in Theorem 1 and Theorem 4
below).

In [2], Kénig’s characterization is generalized to a characterization of the state-
ment “k7 is generically supercompact for < s-closed forcing” for arbitrary regular
uncountable k. By the same argument as above, we conclude from this result that the
statement is also first-order formalizable.

Based on the main idea in the proof of these results, we show in Section 3 that
the generic supercompactness of a cardinal for any reasonable class P of posets is
characterized by the existence of steep V-normal ultrafilter in P-generic extensions
and hence first-order definable (see Theorem 4).

We say that a class P of posets iterable, if P is closed with respect to restriction
(i.e.,if PE Pand p € P, then P | p € P),? and, for any P € P and P-name Q, we have

if Fp“Q e P” then PxQ € P.

For a cardinal x and an iterable class P of posets, we call k a Laver-generically
supercompact for P (or L-g supercompact, for short) if, for any A > x and any P € P,
there is a P-name of a poset Q with |Fp “Q & P” such that, for any (V,PxQ)-generic

filter HI, there are M, j C V[H] such that

(24)  j:VSM,

(2.5)  crit(y) = R, j(K) > A,
(26) P, He M and

(2.7)  j"Ae M.

We shall call j as above a A L-g supercompact embedding (with the critical point
K, associated with H over V).

3Here P | p denotes the poset consisting of the subordering of P with the underlying set {gq € P : q <p p}
with 1pjp := p. For the use of this condition, see the argument around (3.13).



If P is the class of all o-closed posets, the supercompact « in the ground model
collapsed to be Ny by Col(wy, ) is L-g supercompact for P in the generic extension.
For the class P of all proper posets (semi-proper posets, resp.), a known construction
of a model with a P-L g supercompact cardinal is similar to that of the construction
of a model of MM in [1] with a subtle additional detail: we have to start from a
model with a super almost-huge v with a Laver diamond and iterate s times with
proper (semi-proper, resp.) posets in countable support (reverse countable support,
resp.) along with the Laver diamond to force that x in the generic extension is P-L g
supercompact — actually we can show that s in such a generic extension is even P-L
g super almost-huge ([3], Theorem 5.2, (1) and (2)).

In these two models the L-g supercompact cardinal is Ns. This is not a coincidence:
If all elements of P preserves wy and Col(wy, {w1}) € P then k being L-g supercompact
for P implies k = Ng ([3], Lemma 5.4).

For P being all ccc posets, we can start from a model with a supercompact
to obtain a generic extension with a L-g supercompact cardinal for P is obtained by
k-times iteration of ccc posets with finite support along with a Laver diamond ([3],
Theorem 5.2, (3)). That x remains “very large” in this model has also an explanation
in terms of Laver genericity: if x is P-L g supercompact for an iterable class P of ccc
posets, then, as easily seen, x (actually each P, (\) for A > k) carries a N;-saturated
normal ideal ([3], Lemma 2.7).

The method in Section 3 cannot be applied (at least not in a straightforward way)
to show the definability of Laver-generic large cardinals since apparently it cannot
cover the condition (2.6).

In Section 4, we show that the existence of generic elementary embedding can
be recovered from a large enough initial segment of a generic elementary embed-
ding (Proposition 7). Using this, we can establish the definability of Laver-generic
supercompactness for any iterable class of posets (Theorem 8).

The results discussed in the following two sections can be easily modified to
be applied to other notions of generic and Laver-generic large cardinals like those
corresponding to super almost huge or super-huge cardinals discussed in [3].

3 V-normal ultrafilters

For a class P of posets such that no P € P adds any new w-sequence of ground model
sets, the first-order definability of the generic supercompactness by P can be seen in
the following Theorem. The Theorem can be shown by a direct imitation of the proof
of the characterization of supercompactness by Solovay and Reinhardt in terms of the
existence of normal ultrafilters (see e.g. Theorem 22.7 in [6]).

Theorem 1. Suppose that P is a class of posets such that no P € P adds any new w-
sequence of ground model sets, and P is closed with respect to restriction (i.e, if P € P
and p €P, thenP [ p e P).

An uncountable cardinal k is generically supercompact by P if and only if, for any
A >k, there is a P € P such that

e “there is a V-normal ultrafilter on PV (P, (A)V)".



Here, the notion of V-normal ultrafilter is defined as follows: Suppose that we are
living in a universe W and V is an inner model in W. Let X\ be an ordinal in V, Z € V,
T C PVY()\) a o-ideal with {¢} € T for all £ < A\, and B € V the sub-Boolean algebra
B ="PY(T) of PV(Z).

In W, U C B is a V-normal ultrafilter if

(3.1) U is a ultrafilter on the Boolean algebra B. Le.,

(1) 0¢U;

(ii) ANA €U forany A, A’ € U;
(ii)

(iv)

1

iii) fAeU, AC A" € B, then A’ € U; and
for any A € B, either Aec U orZ\ A €U,

v

(3.2)  For any xg € Z, we have {x € T : 9 C z} € U;

(3.3) TForany (A : £€ ) eV, if {A: : £ <A} CU, we have
ANeexAe € U. Here, A¢erAg is the diagonal intersection of A¢’s defined by
(34) QDeerAg:={r el :zecAforall ez}

Lemma 2. Suppose that U C B is a V-normal ultrafilter.

(1) Ford < X such that § € Z, and (Ag : £ € ) € V with A¢ € U for all § € §, we
have (\ees Ac € U.

(2) (Pressing Down Lemma) For any f € V with f : T =V, if {xr €T : f(x) €
x} € U, then there is § < X such that {x €T : f(z) =&} € U.

Proof. (1): Let A¢:=7 for all { € A\ 6. Then
€U by (3.3)
——
(35) AEG)\Agm{(E €l :6C SU} - m&eé A&.
—_——

€ U by (3.2)

€ U by (3.1),(ii)
Hence, (N¢es5 Ae € U by (3.1), (iii).
(2): Suppose that f is a counter-example to the assertion. That is,
(36) A={zxeZ: f(x)ea}eU,but
(3.7 Ag:={zeZ: fx)#&eUforall £ e

Then AecyAe NA €U by (3.3) and (3.1),(ii). By (3.1), (1), there is an element z*
of this set. f(z*) € z* by (3.6) but f(z*) # & for all £ € z* by (3.7) and the definition
(3.4) of diagonal intersection. This is a contradiction. [ (Lemma 2)
Proof of Theorem 1: “=7: Let A > k and let P be a < p-closed poset with
(V,P)-generic G and classes j, M C V[G] such that j : V 5 Mis a A-generically
supercompact embedding for . In particular, we have j”\ € M. Note that

(3.8) M Ej"X€ P (i(N) = j(Pe(N)Y).



In VIG], let
(39) U;:={AeV:ACP.\N,ji" e j(A)}.
The following is easy to check:

Claim 1.1. U; is a V-normal ultrafilter on PV (P,(A\)V).
- U = (3.1),(i): j(0) =0 by elementarity (and transitivity of M). Thus 0 ¢ U,
by definition.

(ii): Suppose A, A" € U;. By definition this means that j”\ € j(A) and j"\ €
J(A"). Tt follows that "X € j(A)Nj(A") and j(A)Nj(A") = j(ANA') by elementarity.
This shows that AN A" € U;.

(iii): Suppose that A € U; and A’ € V is such that A C A’ C P,(\)V. Then by
elementarity we have M = j(A) C j(A’). Hence j"X € j(A) C j(A’), and A" € U;.

(iv): If A € PY(P(A)V)\Uj, then by (3.8), 1”A € j(Pc(AV)\j(A) = j(P(\)V\A).
Thus P, (A\)V \ A € U;.

U; = (3.2): Suppose zg € P.(\)Y and let A := {z € P.(\)V : xg C x}. Clearly
A € PY(P.(A\)V). By elementarity, and noting that j(z¢) = j "z since |zo | < K, we
have

M = j(A) = {z € Pj)(i(N) = j(xo) (= j"z0) €z}
Thus M = j"X € j(A). Hence A € U;.

U; |= (3.3): Suppose that A := (A : € € \) € V is such that A¢ € Uj, i.e.

(3.10) j"A e j(Ae)

for all £ < .
By elementarity, we have

(3.11)  j(AeerAe) = {z € Py GANM : ¥ € 2 (x € j(A(n))}
For n € 7", there is ng € A such that n = j(no). Thus

by elementarity (3.10)
o AN L~
(3.12)  j(A)mn) =j(A)G(m)) = j(Amo)) > 7"
———
:j(Ano)
By (3.11) and (3.12), it follows that j”\ € j(Ag¢erAe), and thus AgenAe € U; by

(3.9).
_I (Claim 1.1)
It follows that there is p € G such that
(3.13) p|Fp “there is a V-normal ultrafilter on PV (P, (\)V)?.

Since P | p € P by the assumption on P, we obtain the desired situation for A by
replacing P with P [ p.

“<”: Let A > k and let P be a < p-closed poset with a (V,P)-generic G and
V-normal ultrafilter U € V[G] on PV (P.(A\)VY).
In V[G], let



(3.14) W:={feV: f:P.(\)V =V}, and
(3.15) for f,geW, f~y g & {xcP.N)V : f(z)=g(x)} € Us;
fevg e {zeP.N: f(x)eglx)}el.

~y is a congruence relation to €. Thus we may consider € as a binary relation
on W/~ and simply write
(3.16) f/~v €v g/~v & fev g.?

Let iy : V. — W/~y be defined by
(3.17) iy(a) := consty,/~u
for a € V where const, denotes the function on P, ()Y whose value is constantly a.

L0$’s Theorem holds:

Claim 1.2. For any formula p = @(xq, ..., xpn—1) in L. (the language of ZF ), and fo,
ey fno1 €W, we have W /~y, €u) = o(fo/~u, ..., fn=1/~v), if and only if
}

{r e PO : VE o(fo(@), .., fai(2))} € U.
By induction on . —| (Claim 1.2)

By Claim 1.2, the class mapping iy above is an elementary embedding of V into
W/~u, €v).
Claim 1.3. €y is (1) an extensional, (ii) well-founded, and (iii) set-like relation on
W/~
|— (1): The extensionality of € follows from the elementarity of iy.

(ii): Assume, toward a contradiction, that there is a sequence (f, : n € w) in
W such that f,+1 €y fn for all n € w. By the definition of €y, this means that
Ay i={z € Pu(\)Y ¢ fur1(z) € fu(x)} € U for all n € w. Since P does not add any
new w-sequence, (f, : n € w) € V. Thus, we also have (4, : n € w) € V. By Lemma
2,(1), it follows that (,,c,, An € U. For an element x of this intersection, we have

fo(z) 3 f1(x) 3 fax) 5 fs(x) 5 -+

by definition of A,’s. This is a contradiction.

The(;le)r.n7 VLV(éth{;VQE W be arbitrary, and let S := J,cp, (nyv f(2). Then, by Lo$’s
{9/~v : g/~v €v f/~v} S{g/~v : g:P.(\)¥ = S}

The right side of the inclusion is clearly a set. —| (Claim 1.3)

Let puy : W/~u, €u) — (M, €) be the Mostowski-collapse, and let [-]y : W — M,
f= 1flo = po(f/~v).

Lo$’s Theorem (Claim 1.2) translates to the following:

4Here we apply the common trick to handle the equivalence classes by defining

f/~u:={9g €W : g~y f and g is of minimal €-rank
among elements of W with this property}

to make each equivalence class f/~y a set.



Claim 1.4. For any formula p = ¢(xq, ..., xp—1) in L. (the language of ZF), and fy,

oSt €W, we have M E ([folur, oo, [failv).  if and only if

{x €PN : VEo(fo(x),..., fa_1(z)} €U.
Let

ju:V 5 M; a [aly = pu(iv(a)) = [const,]u.

We show that ji; : V S Misa A-generically supercompact embedding for x.

Claim 1.5. (1) jy(&) =€ for all £ € k.
(2) jU”AEM,
(3) Ju(k)> A

(1): Note that juy(§) = pu(iv(§)) = [conste]y. Thus, for { <k and f € W,

[flv €ju(€) & [flu € [conste]u
s {zeP.N: f(x)e € }eU
~— ~—

Claim 1.4 = conste(x)
s {zeP.N)V : f(z)= n* } €U for some n* € £
~— ~—
by Lemma 2,(2) and (3.2) = const,x(x)

< [flu = ju(n*) for some n* € &.
~—
Claim 1.4
Thus, by induction on £ < k, we obtain jy(§) = ¢ for all £ < &.

(2): We show that [idp, (yv]u = ju "\
For an arbitrary f € W

[flu € lidp, oyvlu & {z €PN : fz)e 2z }eU

—

~—~
by Claim 1.4 =idp (v (T)

s {zeP.A\)V : f(z)= ¢ } €U for some £* < \
— =~

by Lemma 2,(2) = constex ()
& [flu = ju(€¥) for some £ < A.
~~~
by Claim 1.4
(3): We have

M = otp([idp, (\v]v) < j(K)"

by Lo$’s Theorem (Claim 1.4) since {z € P.(\)V : otp(z) < & }=P.(\)V €U.
—~—

= const, (x)

On the other hand:
M = otp([idp, pyv]o) = A7

_|

by ( 2 ) _| (Claim 1.5)

[d (Theorem 1)



Note that the proof of Claim 1.3 relies on the condition on P that no P € P adds
any new w-sequence ground model sets. Note also that the argument using the fact
that the well-foundedness of a relation is A is irrelevant here since the relation € is
not in the ground model.

Thus, the proof of Theorem 1 cannot simply be applied to the generic supercom-
pactness by a class of posets P whose elements might add new w-sequences of ground
model sets.

By Theorem 1 we obtain another characterization of generic supercompactness by
a P as in Theorem 1:

Corollary 3. Suppose that P is a class of posets such that no P € P adds any new
w-sequence of ground model sets, and P is closed with respect to restriction. Then, the
following are equivalent:

(a) & is generically supercompact by P.
(b) For any A\ > k, there is a P € P such that

e “there is a V-normal ultrafilter on PV (P.(\)V)?.

(c¢) For any A > k, there is a P € P such that for any (V,P)-generic G, there
are classes j, M C V[G] such that j : V 5 MC V[G]; crit(j) = k; j(k) > X\ and
j"xe M. O

For a class P of posets which may contain posets adding a new w sequence of
ground model sets, we have to modify the argument above to obtain the following
theorem which also implies the definability of generic supercompactness by P.

We shall call a V-normal ultrafilter U on PV(P,(A\)V) steep if €y defined as in
(3.15) is well-founded.

Theorem 4. Suppose that P is a class of posets such that P is closed with respect to
restriction. Then, the following are equivalent:

(a) k is generically supercompact by P.
(b) For any regular A > k, there is a P € P such that

l-p “there is a steep V-normal ultrafilter on PV (P.(\)V)”.

)
(¢) For any A > k, there is a P € P such that for any (V,P)-generic G, there
are classes j, M C V[G] such that j : V 5 M C V[G], crit(j) = &, j(k) > A, and
j'"A e M.

Proof of Theorem 4: A slight modification the proof of Theorem 1 will do: it is
enough to show that, for U; in the proof of “=" of Theorem 1, the relation €y, defined
in (3.15) is well-founded. This follows from the next Claim:

Claim 4.1. In V[G], the class mapping

(3.18) v W/~y, = VGl f/~u, = G(F(G7A)

is well-defined, and it is an embedding of (\W/~u,, €u,) into (V[G], €).
|— For f, g € W, we have



fl~uy ~up g/~ e {zePaV)Y : flo) =g(2)} €U &
~— ~—
by the definition (3.15) of ~uy by the definition (3.9) of U;
iz €PN« f@)=g@)}) 25"x & J(HGE"N) =i9)["N).
—_————  ——
—f/~uy) = la/~oy)

This shows the well-definedness and the injectivity of «.
Similarly we can show

fl~u, €uy g/~u, < J(HGE"A) €d(g)("N).
—_——— N——
=ity = /) .

[d (Theorem 4)

4 Sufficiently large initial segment of elementary
embeddings

In this section, we prove a characterization of Laver-generic supercompactness from

which the first-order definability of this notion follows.

Lemma 5. Suppose that P is a poset (inV), and G a (V,P)-generic set. Suppose that

Jj, M CVI[G] are such that j : V HMC V[G].

Then, for a cardinal 6 (in V), have: j | H(0)V : H(6)Y 3, H(j(0)M.

Proof. For any L. -formula ¢ = ¢(zq, ..., zx_1) and ug, ..., ux_1 € H ()", we have

HO)Y = o(ug, o up—1) = VEHO = o(ug, oy tup1)”
f; M E=“HGO)M E o(i(uo), -mr j(up—1))”

by elementarity of j

& HEO)M Ee(i(uo), .., j(ur-1))- 0 (wemma 5)
Note that, in the Lemma above, H(j(#))™ is transitive since M is transitive.

Lemma 6. Suppose that P is a poset (in V), and G a (V,P)-generic filter. Suppose
further that 0 is a cardinal in V, and jo, N € V|G| be such that N is transitive and
jo: H(6)Y 5 N.

Let No = U jo"H(0)V. Then, we have:

(1) Ny is transitive.

(2) (i) No<N, (ii)jo"H(0) C Ny, and (iii) jo : H(O)V S No.

(3) For any b € Ny, there is a € H(0)V such that b € jo(a).

(4) If Oy < 0 is such that H(6p)V € H(0)V then H(jo(6o))™ C No.

Proof. (1): Suppose that b € Ny and ¢ € b. We have to show that ¢ € Np.

Let a € H(0)V be such that b € jo(a). Let a* = trcl(a). Then a* € H(0)V. Since
H(0)V k= a* is transitive and a C a*, we have

10



N [ jo(a*) is transitive and jo(a) C jo(a*)

by elementarity. Since N is transitive, jo(a*) is really transitive. Since ¢ € b € jg(a*),
it follows that ¢ € jo(a*) C Jjo"H(0)Y = No.

(2), (1i): We check that Ny satisfies Vaught’s criterion.

Suppose that by, ..., b, € Ny and ¢(zq, ..., 2, ) is an L. -formula such that

(4.1) N E Jzp(z, by, ..., by).

We have to show that there is b € Ny such that N |= (b, b1, ..., b,).

Let a; € H(0)V for i € n+ 1\ 1 be such that b; € jo(a;) for all i € n+ 1\ 1. Then
we have

(42)  H(O) = FaVy, €ar Yy, € a, (Elygo(y,yl, sy Yn)
— Jy € xo(y,y1, ,yn))
Let a € H()V be a witness of (4.2). That is,
H(O)Y =Yy € a1 Vyy € an (ﬂyw(y,yl, sy Yn)
— Jy € ap(y, vy, yn))
By elementarity, it follows that
(43) NV € golar) Yo € Jo(an) (e vr. v 1)
— Jy € jo(a) p(y, y1, yn))
By (4.3) and (4.1), there is b € jo(a) € Jjo "H(0)V = Ny such that
N E (b, by, ..., b,).

(ii): Suppose that a € H(0)V. Then {a} € H(0)V and jo(a) € {jo(a)} =
jo({a}) € Ujo"H(0)" = No.

(2),
)

(2), (iil): This follows from (2), (i), (ii).
):

(3): This is clear by definition of Nj.

(4): Suppose that 6y < 6 is such that H(6)V € H(0)Y a = H ) By
elementarity, N = jo(a) is H(j(60). Thus jo(a) = H(j(6))" an ( ) € No by (2),
(ii). By (1), it follows that H(j(6p))" C Np. [ (temma 6)

Proposition 7. Suppose that P is a poset (inV) and G a (V,P)-generic filter. Suppose

further that 0 is a reqular cardinal and jo : H ()Y SN for a transitive set N € V[G]
such that,

(4.4)  PeH(); and,

(4.5)  for any b € N, there is a € H ()" such that b € jo(a).
Then there are j, M C V[G] such that

(4.6) j:VMCV[G],
(4.7) NCMandj|H(O) =jo.

11



Proof. We mainly work in V[G]. Let
(4.8)  F:={feV: f:dom(f)— V,dom(f) € H(H)V}, and
(4.9) II:={(f,a): feF, acjo(dom(f))}.

For (f,a), {g,b) € I, let

(4.10)  (fia) ~{9,0) = {a,b) € jo(S(x)=g(w)):

where St)—g(y) = {{2,9) : © € dom(f), y € dom(g), f(x) = g(=)}; and
(411)  (f,a) E{g,b) = {a,b) € jo(Ss(w)cq(n));

where Sty g(y) = {{z,y) : @ € dom(f), y € dom(g), f(z) € g(x)}.
Claim 7.1. (1) ~ is an equivalence relation on II.

(2) ~ is a congruence relation to E.

|— (1): Clearly ~ is reflective and symmetric. We show that ~ is transitive. Suppose
that (f,a), (g,b), (h,c) €I, (f,a) ~ {(g,b) and {(g,b) ~ (h,c). By the definition (4.10),
we have (a,b) € jo(Sf(z)=g(y)) and (b, c) € jo(Sg(y)=h(z)). Thus

(a,c) € jO(Sf(x):g(y)) o jO(Sg(y):h(Z)> = jO(Sf(m):g(y) © Sg(y)=h(2))
by elementarity of jo
C Jo(St@)=h(2))-
—~

by S¢(x)=g(y) © Sg(v)=h(z) € Sf(x)=n(z) and elementarity
This shows that (f,a) ~ (h,c).

(2): Suppose (fo,ao), (fi,a1), (g,0) € I, (fo,a0) ~ (f1,a1), and
(fo,a0) E (g,b). Then

{a1,6) € Jo(Sp(21)=fo(0)) © J0(Sfo(wo) e 9w)) = J0(Sa(ar)=fo(20) © o (o) = 9())
C Jo(Ss1 (@) e g())-
Thus <f17a1> E <g7b>
Similarly, we can show that, for (f,a), (go, bo), (g1,b1) € IT, {go, bo) ~ (g1, b1) and
(f,a) E (go,bo) implies (f,a) FE (g1,b1). Since ~ is a equivalence relation by (1), it
follows that ~ is a congruence relation to F. —| (Claim 7.1)

Let I/~ be the class of the equivalence classes (in the sense of footnote 4) of ~.
We denote the equivalence class of (f,a) € II modulo ~ by (f,a)/~. For simplicity,
we denote the binary relation on II/~ corresponding to E also by E. Thus, (f,a)/~ E
<g’ b)/N = <f7 CL> E <97 b>

Generalizing the notation we already used in (4.10) and (4.11), we let

Sﬂo(fo(wo)»"')fnfl(ajnfl))
= {{ug, .o, un—1) €V : ug € dom(fp), ..., up—1 € dom(frn_1),

V= @(fo(uo)s s fr1(un-1)) }

for each L. -formula ¢ = o(xg, ..., Tp—1).
We have the following “Lo§’s Theorem” for (II/~, E).
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Claim 7.2. For any L. -formula ¢ = p(xo, ..., Tn—1) and {fo,a0), ...; {fn_1,an-1) €
II, we have
<H/N7 E> ): (P(<f0a a0>/N7 EEE) <f71—1’ an_1>/~)
< (ag,...,an-1) € j0(5¢(fo($o),~~-, fn—l(xnfl)))'
|— By induction on ¢. If ¢ is atomic, the claim follows from the definitions (4.10)
and (4.11) of ~ and E.
The induction step for “@ = —py” is trivial.
Suppose ¢ = @(zg, -y Tn-1), © = po V ¢1, and (fo,a0), ..., (fn-1,an—1) € II. Note
that
(412)  So(fo@0).omer fami@a-1)) = Sp0(fo(@0)rers faor(@n1)) Y So1 (fo(@o)uers faor (wn))-
We have
<H/N7E> ': %0(<f0>a0>/N7 ceey <fn71a an71>/N)

& (I/~, E) = vo({fo,a0)/~, s (fa-1,an-1)/~)
or <H/Na E> ': 301(<an a0>/N’ ) <fn—17an—1>/N)

by induction hypothesis
=~ .
(a0, e @n1) € Jo(Seo(fo(x0). o, far(wnr))
or (o, -+, n-1) € Jo(Sp,(fo(z0)s . fror (@n_1)))
g <a07 ) an—1> € jO(SSOO(fO(IO)wH,f'n,fl(iljnfl))) UjO(SSDI(fO(wO)rH:f'n,fl(a:n—l)))
by elementarity of j and (4.12)
& (a0, 5 @n-1) € Jo(Sp(fo(wo).r... fai(@n-r))):

Finauy7 Suppose @ = Elx(pO(xaxla (S ] xn—l) and <f1; a1>7 ] <fn—la an—l) e IL

I (Il/~, E) E o({f1,a1)/~ ..., (fn—1,an-1)/~), then there is (f, a) € II such that
(Il/~, E) E wol{a, f)/~,{f1,a1)/~ ..., {fn—1,an-1)/~). By induction hypothesis, it
follows that (a,a1,...,an—1) € Jjo(Seo(f(xo).fi(21),...))- Thus, by elementarity and by
the definition of S,(...), (a1, ...;an—1) € Jo(Sp(f1 (1), fu1(zn_)))-

Conversely, assume that (a1, ...,an—1) € Jo(Sp(fi (@), froi(n_)))- Let d =
dom(f) x -+ x dom(f,_1). Note that d € H(0).

Let f € V with f:d — V be defined by

some u € V such that H(0)V | po(u, ug, ..., Un_1),
Fugy ey in_1)) = if there is such u € V;

0, otherwise.
We have
HO) = Var Va1 (@1, 201) € Spp,
— Jz ((z,21,...,Tp—1) € Swg(f(gc)7f1(ac1),...))'
By elementarity, it follows that
N EVzy -V, (<CL‘1, oy 1) € Jo(Sp(fi(@1),..))
— Jz ((z,21, ..., Tp_1) € jo(Sspo(f(z)?fl(m),._))).
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Hence, there is a € N such that (a,a1,...,an—1) € Jo(Spo(f(@).f1(21),...)) BY
induction hypothesis, it follows that

(I/~, E) = wol{a, f) [~ (f1,01) [~ ooy (fnm1; an-1) /~).

Thus (I/~, B) = @({f1,a1)/~, e, (fa-1,@n-1)/~). I Ctaim 7y

For uw € V, let f, : 1 = V be defined by f,(0) = u. Let i : V — II/~ be defined by
i(u) = (fu,0)/~.
Claim 7.3. i is an elementary embedding of (V, €) into (II/~, E).
- Suppose that © = p(xg, .-, Tn—1) 18 an L. -formula and ug, ..., up—1 € V. Then
we have

(IL/~, E) |= ¢(i(uo), .., i(tn-1))
< (0, 0,.. 0) € JO( ©(fug(0),--) fun71(z"—1)))

~~~
by Claim 7.2 by definition of Sw(---)
=
= JO({<$07 "'7xn71> 0V ': So(fuo(xO); "~7fun_1(mn*1))})
- 0, if V= o(ug, ooy n—1);
T OV = (g, st ).

& V@, e tint).

% (Claim 7.3)

Claim 7.4. (1) E is well-founded.
(2) E is set like.

- (1): Suppose not and let (f,,b,) € II, n € w (in V[G]) be such that
(4.13)  (fo,b0) @ (f1,01) @ (f2,02) &
Let fn, n € w be P-names of f,, n € w (note that we can choose fn, n € w such

that (fn i n Ew) €V), and let

(4.14) Q:={(p,n,u) : pEP, n€w, uecH®),
p decides f,, and p|Fp “u e dom(f,)” }.
By (4.4) and since  is regular, we have Q € H(6)V.
For <]p0,’I’LO,’LLO>, <p17n17u1> € Qa let
(Po, no, uo) T (P1,n1,u1) & Po <pP1, 7ng=n1+1,
and  po e * fno (u0) € fny (u1)”

In V[G], let (p, : n € w) be a descending sequence in G with respect to <p such
that each p,, decides f,, to be f,.

Subclaim 7.4.1. ((jo(pn),n,bn) : n € w) is a descending sequence in jo({Q,C))

with respect to jo(C).
For n € w, we have to show that
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<j0(]pn+1)v n+1, bn+1> jO(E) <j0(]p0)7 n, bn>

holds. By the choice of p;,’s, we have Prn+1 <P Pn; Pntl ”_]P’ “frrr = fn-&-l”a and
PrlFe “ fn = fn”. Thus we have
(4.15)  patilFe farr = fasr A fo=Ffa7
It follows that
© 2 ({1, Do) ¢ Do e fua () € )7}
= {{{Prt1:n+ L), (Pn:1,0)) ¢ fay1(u) € fu(v)}
~—
by (4.15)
= {<<]pn+1, n+ 1,U>, <]pn,’/l, U>> : <u,v> € an+1(a:o)€fn(w1)}'
by the deﬁmtlon of S....... in (4.11)
Thus
3o(E) 2 {(((o(Pn+1),n + L u), (Go(Pn), 1, v))) : {u,v) € Jo(S, 1 (w0) e fu(a1))}
= <<j0(]pn+1)7 n+ la bn+1>a <j0(]p0)7 n, bn>> % (Subclaim 7.4.1)
Since being well-founded is Aj, it follows that N = “j((Q,C)) is not well-
founded”. By elementarity, it follows that H(0)V | “(Q,C) is not well-founded”.

However, if ({0, kn,un) : n € w) is a descending sequence in (Q, C), then we would
have

Gro (U0) 2 gk, (U1) 3 gry(uz) > -+

where g, , for each n € w, is the element of F which is decided to be f k, DY Pp. This
is a contradiction.

(2): Suppose that (f,a), (g,b) € II and
(4.16)  (f,a) E (g,b).

Let fo : dom(f) — Jg"dom(g) U {oo}, where oo is a set such that co & g”dom(g),
be defined by

fola) = {f(u), if f(u) € Ug"dom(g);

o0, otherwise

for all u € dom(f). By the definition of fo, we have St(,0)z g(z1) = So (o) e g(a1)- Thus
we have

(4.17)  (f,a) ~ (fo,a).
This implies that
{red/~: 7 E (g,b/~)}
c {{f.a)/~ : dom(f) € H(0),
[ dom(f) = Jg"dom(g) U {oo}, a € jo(dom(f))}.
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The right side of the inclusion is clearly a set. —| (Claim 7.4)

(II/~, E) is extensional by Claim 7.3. Hence, by Claim 7.4, there is the Mostowski
collapse

m: (II/~, E) = (V[G], €).
Let M := m"Il/~ and j := moi. By Claim 7.3, we have

j:V 3 M CV[G]
Note that, for a € H(6)V,
(4.18)  j(a) =moi(a) = m({fa,0)/~).
For each b € N, let d, € H(0)V be such that b € jo(dp). We can always find such
dy by (4.5). Let
t: N =T/~ b+ (idg,,b)/~.
Claim 7.5. ¢ is an embedding of (N, €) into (II/~,E), and "N is a full initial
segment of II/~ with respect to E. In particular, for any b € N, we have m(u(b)) =
m((idg,,b)/~) = 0.
Note that
(4.19)  jo(ida,) = idjy(ay)

by elementarity.

For b,ce N
by the definition (4.11) of E = ¢, by (4.19)
—_——

~~
Ub) Eulc) & (iday,b) E (ida,,c) & jo(ida,)() € jo(ida,)(c).
~~ S——
by definition of ¢ =10, by (4.19)
Suppose that (f,a)/~ E (idg,,b) = ¢(b) for (f,a) € II. This means that

Jo(f)(a) € jo(idg,)(d) = b.
~—
by (4.19)

Let ¢ := jo(f)(a). Then we have ¢ € b € N. Since N is transitive it follows that ¢ € N.
By the definition (4.10) of ~, we have
U(c) = {ida,, c)/~ = (f,a)/ ~. | cmimrs)

Together with the previous Claim, the following Claim shows that our j and M
are as desired:
Claim 7.6. j [ H(0)V = jo.

Suppose that a € H(#)V. We show that j(a) = jo(a).

Note that j(a) = m({f,,0)/~). For b := jo(a), we have (fa,0) ~ (idg,,b) by (4.10).

It follows that j(a) = m((idg,,b)/~) = b= jo(a). — (Gloim 709
~

by Claim 7.5 a (Proposition 7)
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Theorem 8. Suppose that P is an iterable class of posets. Then the following are
equivalent:

(a) ks L-g supercompact for P.
(b) For any A > k, and for any P € P, there is a P-name Q with |Fp“Q ¢ P”
such that
IFeaq “there are a regular cardinal 0, a transitive set N, and a mapping jo
such that

) do:H(O)Y SN,

crit(§) =k, 0, j(k) > A,

for any b e N, there is a € H(0)V such that b & jo(a)

(1
(2)

(3)

(4) P*@,]I;}IGN, and
(5)

(b

j//A E N ”'
Proof. “(a)= (b)”: By Lemma 5 and Lemma 6.
“(b) = (a)”: By Proposition 7. [ (Theorem )

Note that Theorem 8 implies that the notion of L-g supercompact cardinal is first-
order definable (i.e. really formulatable in the language of ZFC). Theorem 8 can be
modified to show the definability of other notions of L-g large cardinal corresponding
to super almost-hugeness, hugeness, etc.
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