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1 Introduction

In the following, we assume that our axiomatic framework is that of ZFC. In particular,
we assume that all classes are definable, and that they are just reformulations of
the meta-mathematical (i.e. concretely given) formulas defining the classes. This is in
particular the case, when we talk about a class P of posets: when we write “P ∈ P”
this is treated as an abbreviation of “ϕ(P)” where ϕ(x) is a formula which defines
the class P. Later when we write ‖– P “Q

∼
∈ P ”, this should be also understood as

“ ‖– P “ϕ(Q
∼

) ””.

Even in such a ZFC setting as declared above, it is also a quite common practice
that one treats elementary embeddings or generic elementary embeddings j of the uni-
verse V as well as their target models M in connection with large cardinals and generic
large cardinals, as if they were given in some set-theoretic framework in a second-order
setting like that of von Neumann-Bernays-Gödel or evern of Morse-Kelley set the-
ory. Usually this sort of double standard is tolerated under the assumption that such
second-order narration will be eventually resolved by a first order (i.e. ZFC) charac-
terization of the condition involved (this means that the property which characterizes
the condition is formalizable in ZFC.

In the present paper, we show that this eventual first-order characterization is
actually what happens to the notion of Laver-generic large cardinal introduced in [3].

2 Generic and Laver-generically supercompact
cardinals

For a class P of posets, a cardinal κ is said to be generically supercompact by P if, for
any regular λ ≥ κ, there is a poset P ∈ P such that, for a (V,P)-generic G, there are
M , j ⊆ V[G] such that

(2.1) j : V
4
→ M ⊆ V[G], 1

(2.2) crit(j) = κ, j(κ) > λ,

(2.3) j ′′λ ∈ M .

We shall call the class mapping j as above a λ-generically supercompact embedding
for κ (in V[G]).

It is easy to see that a generically supercompact cardinal κ for any class P of posets
is regular. Even so, a generically supercompact cardinal can be a successor cardinal:
If we collapse all cardinals below a supercompact cardinal κ by Col(ω1, κ),2 in the
generic extension, κ = ℵ2 and ℵ2 is generically supercompact by σ-closed posets.

A generically supercompact cardinal κ may be also weakly inaccessible. Actually κ
can be even really supercompact for any P as far as this P contains the trivial poset.
However, a generically supercompact κ can also be weakly inaccessible (and much
more) while it is not strongly inaccessible: If κ is supercompact and κ many Cohen
reals are added, then κ is still a regular inaccessible cardinal (and actually much more)

1When we write j : V
4
→ M ⊆ V[G], we assume that M is a transitive class in V[G].

2We use here Kanamori’s notation in [6] of Lévy collapse.
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and it remains generically supercompact by ccc posets, while it is the continuum in
the generic extension.

Similarly to the genuine supercompactness, it is not immediately clear if the notion
of generic supercompactness is definable in the language of ZFC. In most of the cases,
this does not bother. This is because the generic supercompactness may be used in
many applications merely as a schematic framework in which arguments in different
settings are put together to obtain a better perspective.

However, the circumstances become different if we would like to think of generic
supercompactness as a set-theoretic axiom.

In [7], Bernhard König gave a characterization of the statement “ω2 is generically
supercompact by σ-closed posets” in terms of the reflection of the non-existence of
winning strategy of the second player in certain type of two player games. Since this
reflection principle which König called “Strong Game Reflection Principle” is first-
order definable, the statement mentioned above is also first-order formalizable (though
historically this first-order formalizability should have been known before [7] with the
argument by Solovay and Reinhardt which is also used in Theorem 1 and Theorem 4
below).

In [2], König’s characterization is generalized to a characterization of the state-
ment “κ+ is generically supercompact for <κ-closed forcing” for arbitrary regular
uncountable κ. By the same argument as above, we conclude from this result that the
statement is also first-order formalizable.

Based on the main idea in the proof of these results, we show in Section 3 that
the generic supercompactness of a cardinal for any reasonable class P of posets is
characterized by the existence of steep V-normal ultrafilter in P-generic extensions
and hence first-order definable (see Theorem 4).

We say that a class P of posets iterable, if P is closed with respect to restriction
(i.e., if P ∈ P and p ∈ P, then P ↾ p ∈ P),3 and, for any P ∈ P and P-name Q

∼
, we have

if ‖– P “Q
∼

ε P ” then P ∗Q
∼
∈ P.

For a cardinal κ and an iterable class P of posets, we call κ a Laver-generically
supercompact for P (or L-g supercompact, for short) if, for any λ ≥ κ and any P ∈ P,
there is a P-name of a poset Q

∼
with ‖– P “Q

∼
ε P ” such that, for any (V,P∗Q

∼
)-generic

filter H, there are M , j ⊆ V[H] such that

(2.4) j : V
4
→ M ,

(2.5) crit(j) = κ, j(κ) > λ,

(2.6) P, H ∈ M and

(2.7) j ′′λ ∈ M .

We shall call j as above a λ L-g supercompact embedding (with the critical point
κ, associated with H over V).

3Here P ↾ p denotes the poset consisting of the subordering of P with the underlying set {q ∈ P : q ≤P p}
with 1P↾p := p. For the use of this condition, see the argument around (3.13).
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If P is the class of all σ-closed posets, the supercompact κ in the ground model
collapsed to be ℵ2 by Col(ω1, κ) is L-g supercompact for P in the generic extension.
For the class P of all proper posets (semi-proper posets, resp.), a known construction
of a model with a P-L g supercompact cardinal is similar to that of the construction
of a model of MM in [1] with a subtle additional detail: we have to start from a
model with a super almost-huge κ with a Laver diamond and iterate κ times with
proper (semi-proper, resp.) posets in countable support (reverse countable support,
resp.) along with the Laver diamond to force that κ in the generic extension is P-L g
supercompact — actually we can show that κ in such a generic extension is even P-L
g super almost-huge ([3], Theorem 5.2, (1) and (2)).

In these two models the L-g supercompact cardinal is ℵ2. This is not a coincidence:
If all elements of P preserves ω1 and Col(ω1, {ω1}) ∈ P then κ being L-g supercompact
for P implies κ = ℵ2 ([3], Lemma 5.4).

For P being all ccc posets, we can start from a model with a supercompact κ
to obtain a generic extension with a L-g supercompact cardinal for P is obtained by
κ-times iteration of ccc posets with finite support along with a Laver diamond ([3],
Theorem 5.2, (3)). That κ remains “very large” in this model has also an explanation
in terms of Laver genericity: if κ is P-L g supercompact for an iterable class P of ccc
posets, then, as easily seen, κ (actually each Pκ(λ) for λ ≥ κ) carries a ℵ1-saturated
normal ideal ([3], Lemma 2.7).

The method in Section 3 cannot be applied (at least not in a straightforward way)
to show the definability of Laver-generic large cardinals since apparently it cannot
cover the condition (2.6).

In Section 4, we show that the existence of generic elementary embedding can
be recovered from a large enough initial segment of a generic elementary embed-
ding (Proposition 7). Using this, we can establish the definability of Laver-generic
supercompactness for any iterable class of posets (Theorem 8).

The results discussed in the following two sections can be easily modified to
be applied to other notions of generic and Laver-generic large cardinals like those
corresponding to super almost huge or super-huge cardinals discussed in [3].

3 V-normal ultrafilters

For a class P of posets such that no P ∈ P adds any new ω-sequence of ground model
sets, the first-order definability of the generic supercompactness by P can be seen in
the following Theorem. The Theorem can be shown by a direct imitation of the proof
of the characterization of supercompactness by Solovay and Reinhardt in terms of the
existence of normal ultrafilters (see e.g. Theorem 22.7 in [6]).

Theorem 1. Suppose that P is a class of posets such that no P ∈ P adds any new ω-
sequence of ground model sets, and P is closed with respect to restriction (i.e, if P ∈ P
and p ∈ P, then P ↾ p ∈ P).
An uncountable cardinal κ is generically supercompact by P if and only if, for any
λ ≥ κ, there is a P ∈ P such that

‖– P “ there is a V-normal ultrafilter on PV(Pκ(λ)V) ”.
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Here, the notion of V-normal ultrafilter is defined as follows: Suppose that we are
living in a universe W and V is an inner model in W. Let λ be an ordinal in V, I ∈ V,
I ⊆ PV(λ) a σ-ideal with {ξ} ∈ I for all ξ < λ, and B ∈ V the sub-Boolean algebra
B = PV(I) of PW(I).

In W, U ⊆ B is a V-normal ultrafilter if

(3.1) U is a ultrafilter on the Boolean algebra B. I.e.,

( i ) ∅ 6∈ U ;

( ii ) A ∩A′ ∈ U for any A, A′ ∈ U ;

(iii) if A ∈ U , A ⊆ A′ ∈ B, then A′ ∈ U ; and

(iv) for any A ∈ B, either A ∈ U or I \A ∈ U ;

(3.2) For any x0 ∈ I, we have {x ∈ I : x0 ⊆ x} ∈ U ;

(3.3) For any 〈Aξ : ξ ∈ λ〉 ∈ V, if {Aξ : ξ < λ} ⊆ U , we have
△ξ∈λAξ ∈ U . Here, △ξ∈λAξ is the diagonal intersection of Aξ’s defined by

(3.4) △ξ∈λAξ := {x ∈ I : x ∈ Aξ for all ξ ∈ x}.

Lemma 2. Suppose that U ⊆ B is a V-normal ultrafilter.

( 1 ) For δ < λ such that δ ∈ I, and 〈Aξ : ξ ∈ δ〉 ∈ V with Aξ ∈ U for all ξ ∈ δ, we
have

⋂

ξ∈δ Aξ ∈ U .

( 2 ) (Pressing Down Lemma) For any f ∈ V with f : I → V, if {x ∈ I : f(x) ∈
x} ∈ U , then there is ξ < λ such that {x ∈ I : f(x) = ξ} ∈ U .

Proof. ( 1 ): Let Aξ := I for all ξ ∈ λ \ δ. Then

(3.5)

∈ U by (3.3)
︷ ︸︸ ︷

△ξ∈λAξ ∩{x ∈ I : δ ⊆ x}
︸ ︷︷ ︸

∈ U by (3.2)
︸ ︷︷ ︸

∈ U by (3.1), ( ii )

⊆
⋂

ξ∈δ Aξ.

Hence,
⋂

ξ∈δ Aξ ∈ U by (3.1), (iii).

( 2 ): Suppose that f is a counter-example to the assertion. That is,

(3.6) A := {x ∈ I : f(x) ∈ x} ∈ U , but

(3.7) Aξ := {x ∈ I : f(x) 6= ξ} ∈ U for all ξ ∈ λ.

Then △ξ<λAξ ∩ A ∈ U by (3.3) and (3.1), ( ii ). By (3.1), ( i ), there is an element x∗

of this set. f(x∗) ∈ x∗ by (3.6) but f(x∗) 6= ξ for all ξ ∈ x∗ by (3.7) and the definition
(3.4) of diagonal intersection. This is a contradiction. (Lemma 2)

Proof of Theorem 1: “⇒”: Let λ ≥ κ and let P be a <µ-closed poset with

(V,P)-generic G and classes j, M ⊆ V[G] such that j : V
4
→ M is a λ-generically

supercompact embedding for κ. In particular, we have j ′′λ ∈ M . Note that

(3.8) M |= j ′′λ ∈ Pj(κ)(j(λ)) = j(Pκ(λ)V).

5



In V[G], let

(3.9) Uj := {A ∈ V : A ⊆ Pκ(λ)V, j ′′λ ∈ j(A)}.

The following is easy to check:

Claim 1.1. Uj is a V-normal ultrafilter on PV(Pκ(λ)V).

⊢ Uj |= (3.1), ( i ): j(∅) = ∅ by elementarity (and transitivity of M). Thus ∅ 6∈ Uj

by definition.

( ii ): Suppose A, A′ ∈ Uj . By definition this means that j ′′λ ∈ j(A) and j ′′λ ∈
j(A′). It follows that j ′′λ ∈ j(A)∩j(A′) and j(A)∩j(A′) = j(A∩A′) by elementarity.
This shows that A ∩A′ ∈ Uj .

(iii): Suppose that A ∈ Uj and A′ ∈ V is such that A ⊆ A′ ⊆ Pκ(λ)V. Then by
elementarity we have M |= j(A) ⊆ j(A′). Hence j ′′λ ∈ j(A) ⊆ j(A′), and A′ ∈ Uj .

(iv): If A ∈ PV(Pκ(λ)V)\Uj , then by (3.8), j ′′λ ∈ j(Pκ(λ)V)\j(A) = j(Pκ(λ)V\A).
Thus Pκ(λ)V \A ∈ Uj .

Uj |= (3.2): Suppose x0 ∈ Pκ(λ)V and let A := {x ∈ Pκ(λ)V : x0 ⊆ x}. Clearly
A ∈ PV(Pκ(λ)V). By elementarity, and noting that j(x0) = j ′′x0 since |x0 | < κ, we
have

M |= j(A) = {x ∈ Pj(κ)(j(λ)) : j(x0) (= j ′′x0) ⊆ x}.

Thus M |= j ′′λ ∈ j(A). Hence A ∈ Uj .

Uj |= (3.3): Suppose that ~A := 〈Aξ : ξ ∈ λ〉 ∈ V is such that Aξ ∈ Uj , i.e.

(3.10) j ′′λ ∈ j(Aξ)

for all ξ < λ.
By elementarity, we have

(3.11) j(△ξ∈λAξ) = {x ∈ Pj(κ)(j(λ))M : ∀η ∈ x (x ∈ j( ~A(η)))}

For η ∈ j ′′λ, there is η0 ∈ λ such that η = j(η0). Thus

(3.12) j( ~A)(η) = j( ~A)(j(η0))

by elementarity
︷︸︸︷

= j( ~A(η0))
︸ ︷︷ ︸

= j(Aη0
)

(3.10)
︷︸︸︷

∋ j ′′λ.

By (3.11) and (3.12), it follows that j ′′λ ∈ j(△ξ∈λAξ), and thus △ξ∈λAξ ∈ Uj by
(3.9).

⊣ (Claim 1.1)

It follows that there is p ∈ G such that

(3.13) p ‖– P “ there is a V-normal ultrafilter on PV(Pκ(λ)V) ”.

Since P ↾ p ∈ P by the assumption on P, we obtain the desired situation for λ by
replacing P with P ↾ p.

“⇐”: Let λ ≥ κ and let P be a <µ-closed poset with a (V,P)-generic G and
V-normal ultrafilter U ∈ V[G] on PV(Pκ(λ)V).

In V[G], let
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(3.14) W := {f ∈ V : f : Pκ(λ)V → V}, and

(3.15) for f , g ∈ W, f ∼U g :⇔ {x ∈ Pκ(λ)V : f(x) = g(x)} ∈ U ;

f ∈U g :⇔ {x ∈ Pκ(λ)V : f(x) ∈ g(x)} ∈ U .

∼U is a congruence relation to ∈U . Thus we may consider ∈U as a binary relation
on W/∼U and simply write

(3.16) f/∼U ∈U g/∼U :⇔ f ∈U g. 4

Let iU : V → W/∼U be defined by

(3.17) iU (a) := consta/∼U

for a ∈ V where consta denotes the function on Pκ(λ)V whose value is constantly a.
 Loś’s Theorem holds:

Claim 1.2. For any formula ϕ = ϕ(x0, ..., xn−1) in L ε (the language of ZF), and f0,
..., fn−1 ∈ W, we have 〈W/∼U ,∈U 〉 |= ϕ(f0/∼U , ..., fn−1/∼U ), if and only if
{x ∈ Pκ(λ)V : V |= ϕ(f0(x), ..., fn−1(x))} ∈ U .

⊢ By induction on ϕ. ⊣ (Claim 1.2)

By Claim 1.2, the class mapping iU above is an elementary embedding of V into
〈W/∼U ,∈U 〉.

Claim 1.3. ∈U is ( i ) an extensional, ( ii ) well-founded, and (iii) set-like relation on
W/∼U .

⊢ ( i ): The extensionality of ∈U follows from the elementarity of iU .
( ii ): Assume, toward a contradiction, that there is a sequence 〈fn : n ∈ ω〉 in

W such that fn+1 ∈U fn for all n ∈ ω. By the definition of ∈U , this means that
An := {x ∈ Pκ(λ)V : fn+1(x) ∈ fn(x)} ∈ U for all n ∈ ω. Since P does not add any
new ω-sequence, 〈fn : n ∈ ω〉 ∈ V. Thus, we also have 〈An : n ∈ ω〉 ∈ V. By Lemma
2, ( 1 ), it follows that

⋂

n∈ω An ∈ U . For an element x of this intersection, we have

f0(x) ∋ f1(x) ∋ f2(x) ∋ f3(x) ∋ · · ·

by definition of An’s. This is a contradiction.

(iii): Let f ∈ W be arbitrary, and let S :=
⋃

x∈Pκ(λ)V
f(x). Then, by  Loś’s

Theorem, we have

{g/∼U : g/∼U ∈U f/∼U} ⊆ {g/∼U : g : Pκ(λ)V → S}

The right side of the inclusion is clearly a set. ⊣ (Claim 1.3)

Let µU : 〈W/∼U ,∈U 〉 → 〈M,∈〉 be the Mostowski-collapse, and let [·]U : W → M ;
f 7→ [f ]U := µU (f/∼U ).

 Loś’s Theorem (Claim 1.2) translates to the following:

4Here we apply the common trick to handle the equivalence classes by defining

f/∼U := {g ∈ W : g ∼U f and g is of minimal ∈-rank
among elements of W with this property}

to make each equivalence class f/∼U a set.
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Claim 1.4. For any formula ϕ = ϕ(x0, ..., xn−1) in L ε (the language of ZF), and f0,
..., fn−1 ∈ W, we have M |= ϕ([f0]U , ..., [fn−1]U ), if and only if

{x ∈ Pκ(λ)V : V |= ϕ(f0(x), ..., fn−1(x))} ∈ U . ⊣
Let

jU : V
4
→ M ; a 7→ [a]U := µU (iU (a)) = [consta]U .

We show that jU : V
4
→ M is a λ-generically supercompact embedding for κ.

Claim 1.5. ( 1 ) jU (ξ) = ξ for all ξ ∈ κ.

( 2 ) jU
′′λ ∈ M .

( 3 ) jU (κ) > λ.

⊢ ( 1 ): Note that jU (ξ) = µU (iU (ξ)) = [constξ]U . Thus, for ξ < κ and f ∈ W,

[f ]U ∈ jU (ξ) ⇔ [f ]U ∈ [constξ]U

⇔
︸︷︷︸

Claim 1.4

{x ∈ Pκ(λ)V : f(x) ∈ ξ
︸︷︷︸

= constξ(x)

} ∈ U

⇔
︸︷︷︸

by Lemma 2,( 2 ) and (3.2)

{x ∈ Pκ(λ)V : f(x) = η∗
︸︷︷︸

= constη∗ (x)

} ∈ U for some η∗ ∈ ξ

⇔
︸︷︷︸

Claim 1.4

[f ]U = jU (η∗) for some η∗ ∈ ξ.

Thus, by induction on ξ < κ, we obtain jU (ξ) = ξ for all ξ < κ.

( 2 ): We show that [idPκ(λ)V ]U = jU
′′λ.

For an arbitrary f ∈ W

[f ]U ∈ [idPκ(λ)V ]U ⇔
︸︷︷︸

by Claim 1.4

{x ∈ Pκ(λ)V : f(x) ∈ x
︸︷︷︸

= id
Pκ(λ)V

(x)

} ∈ U

⇔
︸︷︷︸

by Lemma 2,( 2 )

{x ∈ Pκ(λ)V : f(x) = ξ∗
︸︷︷︸

= constξ∗ (x)

} ∈ U for some ξ∗ < λ

⇔
︸︷︷︸

by Claim 1.4

[f ]U = jU (ξ∗) for some ξ∗ < λ.

( 3 ): We have

M |=“ otp([idPκ(λ)V ]U ) < j(κ)”

by  Loś’s Theorem (Claim 1.4) since {z ∈ Pκ(λ)V : otp(x) < κ
︸︷︷︸

= constκ(x)

} = Pκ(λ)V ∈ U .

On the other hand:

M |=“ otp([idPκ(λ)V ]U ) = λ ”

by ( 2 ). ⊣ (Claim 1.5)

(Theorem 1)
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Note that the proof of Claim 1.3 relies on the condition on P that no P ∈ P adds
any new ω-sequence ground model sets. Note also that the argument using the fact
that the well-foundedness of a relation is ∆1 is irrelevant here since the relation ∈U is
not in the ground model.

Thus, the proof of Theorem 1 cannot simply be applied to the generic supercom-
pactness by a class of posets P whose elements might add new ω-sequences of ground
model sets.

By Theorem 1 we obtain another characterization of generic supercompactness by
a P as in Theorem 1:

Corollary 3. Suppose that P is a class of posets such that no P ∈ P adds any new
ω-sequence of ground model sets, and P is closed with respect to restriction. Then, the
following are equivalent:

( a ) κ is generically supercompact by P.

( b ) For any λ ≥ κ, there is a P ∈ P such that

‖– P “ there is a V-normal ultrafilter on PV(Pκ(λ)V) ”.

( c ) For any λ ≥ κ, there is a P ∈ P such that for any (V,P)-generic G, there

are classes j, M ⊆ V[G] such that j : V
4
→ M ⊆ V[G]; crit(j) = κ; j(κ) > λ and

j ′′λ ∈ M .

For a class P of posets which may contain posets adding a new ω sequence of
ground model sets, we have to modify the argument above to obtain the following
theorem which also implies the definability of generic supercompactness by P.

We shall call a V-normal ultrafilter U on PV(Pκ(λ)V) steep if ∈U defined as in
(3.15) is well-founded.

Theorem 4. Suppose that P is a class of posets such that P is closed with respect to
restriction. Then, the following are equivalent:

( a ) κ is generically supercompact by P.

( b ) For any regular λ ≥ κ, there is a P ∈ P such that

‖– P “ there is a steep V-normal ultrafilter on PV(Pκ(λ)V) ”.

( c ) For any λ ≥ κ, there is a P ∈ P such that for any (V,P)-generic G, there

are classes j, M ⊆ V[G] such that j : V
4
→ M ⊆ V[G], crit(j) = κ, j(κ) > λ, and

j ′′λ ∈ M .

Proof of Theorem 4: A slight modification the proof of Theorem 1 will do: it is
enough to show that, for Uj in the proof of “⇒” of Theorem 1, the relation ∈Uj

defined
in (3.15) is well-founded. This follows from the next Claim:

Claim 4.1. In V[G], the class mapping

(3.18) ι : W/∼Uj
→ V[G]; f/∼Uj

7→ j(f(j ′′λ))

is well-defined, and it is an embedding of 〈W/∼Uj
, ∈Uj

〉 into 〈V[G],∈〉.

⊢ For f , g ∈ W, we have
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f/∼Uj
∼Uj

g/∼Uj
⇔
︸︷︷︸

by the definition (3.15) of ∼Uj

{x ∈ Pκ(λ)V : f(x) = g(x)} ∈ Uj ⇔
︸︷︷︸

by the definition (3.9) of Uj

j({x ∈ Pκ(λ)V : f(x) = g(x)}) ∋ j ′′λ ⇔ j(f)(j ′′λ)
︸ ︷︷ ︸

= ι(f/∼Uj
)

= j(g)(j ′′λ)
︸ ︷︷ ︸

= ι(g/∼Uj
)

.

This shows the well-definedness and the injectivity of ι.
Similarly we can show

f/∼Uj
∈Uj

g/∼Uj
⇔ j(f)(j ′′λ)

︸ ︷︷ ︸

= ι(f/∼Uj
)

∈ j(g)( ′′λ)
︸ ︷︷ ︸

= ι(g/∼Uj
)

.

⊣ (Claim 4.1)

(Theorem 4)

4 Sufficiently large initial segment of elementary
embeddings

In this section, we prove a characterization of Laver-generic supercompactness from
which the first-order definability of this notion follows.

Lemma 5. Suppose that P is a poset (in V), and G a (V,P)-generic set. Suppose that

j, M ⊆ V[G] are such that j : V
4
→ M ⊆ V[G].

Then, for a cardinal θ (in V), have: j ↾ H(θ)V : H(θ)V
4
→ H(j(θ))M .

Proof. For any L ε -formula ϕ = ϕ(x0, ..., xk−1) and u0, ..., uk−1 ∈ H(θ)V, we have

H(θ)V |= ϕ(u0, ..., uk−1) ⇔ V |=“H(θ)V |= ϕ(u0, ..., uk−1)”

⇔
︸︷︷︸

by elementarity of j

M |=“H(j(θ))M |= ϕ(j(u0), ..., j(uk−1))”

⇔ H(j(θ))M |= ϕ(j(u0), ..., j(uk−1)). (Lemma 5)

Note that, in the Lemma above, H(j(θ))M is transitive since M is transitive.

Lemma 6. Suppose that P is a poset (in V), and G a (V,P)-generic filter. Suppose
further that θ is a cardinal in V, and j0, N ∈ V[G] be such that N is transitive and

j0 : H(θ)V
4
→ N .

Let N0 =
⋃

j0
′′H(θ)V. Then, we have:

( 1 ) N0 is transitive.

( 2 ) ( i ) N0 ≺ N , ( ii ) j0
′′H(θ)V ⊆ N0, and (iii) j0 : H(θ)V

4
→ N0.

( 3 ) For any b ∈ N0, there is a ∈ H(θ)V such that b ∈ j0(a).

( 4 ) If θ0 < θ is such that H(θ0)V ∈ H(θ)V then H(j0(θ0))N ⊆ N0.

Proof. ( 1 ): Suppose that b ∈ N0 and c ∈ b. We have to show that c ∈ N0.
Let a ∈ H(θ)V be such that b ∈ j0(a). Let a∗ = trcl(a). Then a∗ ∈ H(θ)V. Since

H(θ)V |= a∗ is transitive and a ⊆ a∗, we have
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N |= j0(a∗) is transitive and j0(a) ⊆ j0(a∗)

by elementarity. Since N is transitive, j0(a∗) is really transitive. Since c ∈ b ∈ j0(a∗),
it follows that c ∈ j0(a∗) ⊆

⋃
j0

′′H(θ)V = N0.

( 2 ), ( i ): We check that N0 satisfies Vaught’s criterion.
Suppose that b1, ..., bn ∈ N0 and ϕ(x0, ..., xn) is an L ε -formula such that

(4.1) N |= ∃xϕ(x, b1, ..., bn).

We have to show that there is b ∈ N0 such that N |= ϕ(b, b1, ..., bn).
Let ai ∈ H(θ)V for i ∈ n + 1 \ 1 be such that bi ∈ j0(ai) for all i ∈ n + 1 \ 1. Then

we have

(4.2) H(θ)V |= ∃x∀y1 ∈ a1 · · · ∀yn ∈ an

(

∃yϕ(y, y1, ..., , yn)

→ ∃y ∈ xϕ(y, y1, ..., yn)
)

.

Let a ∈ H(θ)V be a witness of (4.2). That is,

H(θ)V |= ∀y1 ∈ a1 · · · ∀yn ∈ an

(

∃yϕ(y, y1, ..., , yn)

→ ∃y ∈ aϕ(y, y1, ..., yn)
)

.

By elementarity, it follows that

(4.3) N |= ∀y1 ∈ j0(a1) · · · ∀yn ∈ j0(an)
(

∃yϕ(y, y1, ..., , yn)

→ ∃y ∈ j0(a)ϕ(y, y1, ..., yn)
)

.

By (4.3) and (4.1), there is b ∈ j0(a) ⊆
⋃

j0
′′H(θ)V = N0 such that

N |= ϕ(b, b1, ..., bn).

( 2 ), ( ii ): Suppose that a ∈ H(θ)V. Then {a} ∈ H(θ)V and j0(a) ∈ {j0(a)} =

j0({a}) ⊆
⋃

j0
′′H(θ)V = N0.

( 2 ), (iii): This follows from ( 2 ), ( i ), ( ii ).

( 3 ): This is clear by definition of N0.

( 4 ): Suppose that θ0 < θ is such that H(θ0)V ∈ H(θ)V. Let a = H(θ0)V. By
elementarity, N |= j0(a) is H(j(θ0)). Thus j0(a) = H(j(θ0))N and j0(a) ∈ N0 by ( 2 ),
( ii ). By ( 1 ), it follows that H(j(θ0))N ⊆ N0. (Lemma 6)

Proposition 7. Suppose that P is a poset (in V) and G a (V,P)-generic filter. Suppose

further that θ is a regular cardinal and j0 : H(θ)V
4
→ N for a transitive set N ∈ V[G]

such that,

(4.4) P ∈ H(θ)V; and,

(4.5) for any b ∈ N , there is a ∈ H(θ)V such that b ∈ j0(a).

Then there are j, M ⊆ V[G] such that

(4.6) j : V
4
→ M ⊆ V[G],

(4.7) N ⊆ M and j ↾ H(θ)V = j0.

11



Proof. We mainly work in V[G]. Let

(4.8) F := {f ∈ V : f : dom(f) → V, dom(f) ∈ H(θ)V}, and

(4.9) Π := {〈f, a〉 : f ∈ F , a ∈ j0(dom(f))}.

For 〈f, a〉, 〈g, b〉 ∈ Π, let

(4.10) 〈f, a〉 ∼ 〈g, b〉 :⇔ 〈a, b〉 ∈ j0(Sf(x)=g(y)),

where Sf(x)=g(y) := {〈x, y〉 : x ∈ dom(f), y ∈ dom(g), f(x) = g(x)}; and

(4.11) 〈f, a〉 E 〈g, b〉 :⇔ 〈a, b〉 ∈ j0(Sf(x) ε g(y)),

where Sf(x) ε g(y) := {〈x, y〉 : x ∈ dom(f), y ∈ dom(g), f(x) ∈ g(x)}.

Claim 7.1. ( 1 ) ∼ is an equivalence relation on Π.

( 2 ) ∼ is a congruence relation to E.

⊢ ( 1 ): Clearly ∼ is reflective and symmetric. We show that ∼ is transitive. Suppose
that 〈f, a〉, 〈g, b〉, 〈h, c〉 ∈ Π, 〈f, a〉 ∼ 〈g, b〉 and 〈g, b〉 ∼ 〈h, c〉. By the definition (4.10),
we have 〈a, b〉 ∈ j0(Sf(x)=g(y)) and 〈b, c〉 ∈ j0(Sg(y)=h(z)). Thus

〈a, c〉 ∈ j0(Sf(x)=g(y)) ◦ j0(Sg(y)=h(z)) =
︸︷︷︸

by elementarity of j0

j0(Sf(x)=g(y) ◦ Sg(y)=h(z))

⊆
︸︷︷︸

by Sf(x)=g(y) ◦ Sg(y)=h(z) ⊆ Sf(x)=h(z) and elementarity

j0(Sf(y)=h(z)).

This shows that 〈f, a〉 ∼ 〈h, c〉.

( 2 ): Suppose 〈f0, a0〉, 〈f1, a1〉, 〈g, b〉 ∈ Π, 〈f0, a0〉 ∼ 〈f1, a1〉, and
〈f0, a0〉 E 〈g, b〉. Then

〈a1, b〉 ∈ j0(Sf1(x1)=f0(x0)) ◦ j0(Sf0(x0) ε g(y)) = j0(Sf1(x1)=f0(x0) ◦Sf0(x0) ε g(y))

⊆ j0(Sf1(x1) ε g(y)).

Thus 〈f1, a1〉 E 〈g, b〉.
Similarly, we can show that, for 〈f, a〉, 〈g0, b0〉, 〈g1, b1〉 ∈ Π, 〈g0, b0〉 ∼ 〈g1, b1〉 and

〈f, a〉 E 〈g0, b0〉 implies 〈f, a〉 E 〈g1, b1〉. Since ∼ is a equivalence relation by ( 1 ), it

follows that ∼ is a congruence relation to E. ⊣ (Claim 7.1)

Let Π/∼ be the class of the equivalence classes (in the sense of footnote 4) of ∼.
We denote the equivalence class of 〈f, a〉 ∈ Π modulo ∼ by 〈f, a〉/∼. For simplicity,
we denote the binary relation on Π/∼ corresponding to E also by E. Thus, 〈f, a〉/∼ E
〈g, b〉/∼ :⇔ 〈f, a〉 E 〈g, b〉.

Generalizing the notation we already used in (4.10) and (4.11), we let

Sϕ(f0(x0),..., fn−1(xn−1))

:= {〈u0, ..., un−1〉 ∈ V : u0 ∈ dom(f0), ..., un−1 ∈ dom(fn−1),
V |= ϕ(f0(u0), ..., fn−1(un−1)) }

for each L ε -formula ϕ = ϕ(x0, ..., xn−1).
We have the following “  Loś’s Theorem ” for 〈Π/∼, E〉.
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Claim 7.2. For any L ε -formula ϕ = ϕ(x0, ..., xn−1) and 〈f0, a0〉, ..., 〈fn−1, an−1〉 ∈
Π, we have

〈Π/∼, E〉 |= ϕ(〈f0, a0〉/∼, ..., 〈fn−1, an−1〉/∼)

⇔ 〈a0, ..., an−1〉 ∈ j0(Sϕ(f0(x0),..., fn−1(xn−1))).

⊢ By induction on ϕ. If ϕ is atomic, the claim follows from the definitions (4.10)
and (4.11) of ∼ and E.

The induction step for “ϕ = ¬ϕ0” is trivial.
Suppose ϕ = ϕ(x0, ..., xn−1), ϕ = ϕ0 ∨ ϕ1, and 〈f0, a0〉, ..., 〈fn−1, an−1〉 ∈ Π. Note

that

(4.12) Sϕ(f0(x0),..., fn−1(xn−1)) = Sϕ0(f0(x0),..., fn−1(xn−1)) ∪ Sϕ1(f0(x0),..., fn−1(xn−1)).

We have

〈Π/∼, E〉 |= ϕ(〈f0, a0〉/∼, ..., 〈fn−1, an−1〉/∼)

⇔ 〈Π/∼, E〉 |= ϕ0(〈f0, a0〉/∼, ..., 〈fn−1, an−1〉/∼)
or 〈Π/∼, E〉 |= ϕ1(〈f0, a0〉/∼, ..., 〈fn−1, an−1〉/∼)

by induction hypothesis
︷︸︸︷

⇔ 〈a0, ..., an−1〉 ∈ j0(Sϕ0(f0(x0),..., fn−1(xn−1)))
or 〈a0, ..., an−1〉 ∈ j0(Sϕ1(f0(x0),..., fn−1(xn−1)))

⇔ 〈a0, ..., an−1〉 ∈ j0(Sϕ0(f0(x0),..., fn−1(xn−1)))∪ j0(Sϕ1(f0(x0),..., fn−1(xn−1)))

by elementarity of j and (4.12)
︷︸︸︷

⇔ 〈a0, ..., an−1〉 ∈ j0(Sϕ(f0(x0),..., fn−1(xn−1))).

Finally, suppose ϕ = ∃xϕ0(x, x1, ..., xn−1) and 〈f1, a1〉, ..., 〈fn−1, an−1〉 ∈ Π.
If 〈Π/∼, E〉 |= ϕ(〈f1, a1〉/∼, ..., 〈fn−1, an−1〉/∼), then there is 〈f, a〉 ∈ Π such that

〈Π/∼, E〉 |= ϕ0(〈a, f〉/∼, 〈f1, a1〉/∼, ..., 〈fn−1, an−1〉/∼). By induction hypothesis, it
follows that 〈a, a1, ..., an−1〉 ∈ j0(Sϕ0(f(x0),f1(x1),...)). Thus, by elementarity and by
the definition of Sϕ(··· ), 〈a1, ..., an−1〉 ∈ j0(Sϕ(f1(x1),..., fn−1(xn−1))).

Conversely, assume that 〈a1, ..., an−1〉 ∈ j0(Sϕ(f1(x1),..., fn−1(xn−1))). Let d =

dom(f1) × · · · × dom(fn−1). Note that d ∈ H(θ)V.
Let f ∈ V with f : d → V be defined by

f(〈u0, ..., un−1〉) =







some u ∈ V such that H(θ)V |= ϕ0(u, u0, ..., un−1),
if there is such u ∈ V ;

∅, otherwise.

We have

H(θ)V |= ∀x1 · · · ∀xn−1

(

〈x1, ..., xn−1〉 ∈ Sϕ(f1(x1),...)

→ ∃x (〈x, x1, ..., xn−1〉 ∈ Sϕ0(f(x),f1(x1),...)

)

.

By elementarity, it follows that

N |= ∀x1 · · · ∀xn−1

(

〈x1, ..., xn−1〉 ∈ j0(Sϕ(f1(x1),...))

→ ∃x (〈x, x1, ..., xn−1〉 ∈ j0(Sϕ0(f(x),f1(x1),...))
)

.
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Hence, there is a ∈ N such that 〈a, a1, ..., an−1〉 ∈ j0(Sϕ0(f(x),f1(x1),...)). By
induction hypothesis, it follows that

〈Π/∼, E〉 |= ϕ0(〈a, f〉/∼, 〈f1, a1〉/∼, ..., 〈fn−1, an−1〉/∼).

Thus 〈Π/∼, E〉 |= ϕ(〈f1, a1〉/∼, ..., 〈fn−1, an−1〉/∼). ⊣ (Claim 7.2)

For u ∈ V, let fu : 1 → V be defined by fu(∅) = u. Let i : V → Π/∼ be defined by
i(u) = 〈fu, ∅〉/∼.

Claim 7.3. i is an elementary embedding of 〈V,∈〉 into 〈Π/∼, E〉.

⊢ Suppose that ϕ = ϕ(x0, ..., xn−1) is an L ε -formula and u0, ..., un−1 ∈ V. Then
we have

〈Π/∼, E〉 |= ϕ(i(u0), ..., i(un−1))

⇔
︸︷︷︸

by Claim 7.2

〈∅, ∅, ..., ∅〉 ∈ j0(Sϕ(fu0
(x0),..., fun−1

(xn−1)))

by definition of Sϕ(··· )

︷︸︸︷

= j0({〈x0, ..., xn−1〉 : V |= ϕ(fu0
(x0), ..., fun−1

(xn−1))})

=

{

∅, if V 6|= ϕ(u0, ..., un−1);

{〈∅, ..., ∅〉}, if V |= ϕ(u0, ..., un−1).

⇔ V |= ϕ(u0, ..., un−1).

⊣ (Claim 7.3)

Claim 7.4. ( 1 ) E is well-founded.

( 2 ) E is set like.

⊢ ( 1 ): Suppose not and let 〈fn, bn〉 ∈ Π, n ∈ ω (in V [G]) be such that

(4.13) 〈f0, b0〉 E〈f1, b1〉 E〈f2, b2〉 E· · · .

Let f
∼
n, n ∈ ω be P-names of fn, n ∈ ω (note that we can choose f

∼
n, n ∈ ω such

that 〈f
∼
n : n ∈ ω〉 ∈ V), and let

(4.14) Q := {〈p, n, u〉 : p ∈ P, n ∈ ω, u ∈ H(θ)V,

p decides f
∼
n, and p ‖– P “u ε dom(f

∼
n) ” }.

By (4.4) and since θ is regular, we have Q ∈ H(θ)V.
For 〈p0, n0, u0〉, 〈p1, n1, u1〉 ∈ Q, let

〈p0, n0, u0〉 ⊏ 〈p1, n1, u1〉 :⇔ p0 ≤P p1, n0 = n1 + 1,
and p0 ‖– P “ f

∼
n0

(u0) ε f
∼
n1

(u1) ”.

In V[G], let 〈pn : n ∈ ω〉 be a descending sequence in G with respect to ≤P such
that each pn decides f

∼
n to be fn.

Subclaim 7.4.1. 〈〈j0(pn), n, bn〉 : n ∈ ω〉 is a descending sequence in j0(〈Q,⊏〉)
with respect to j0(⊏).

⊢ For n ∈ ω, we have to show that
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〈j0(pn+1), n + 1, bn+1〉 j0(⊏) 〈j0(p0), n, bn〉

holds. By the choice of pn’s, we have pn+1 ≤P pn, pn+1 ‖– P “ f
∼
n+1 = fn+1 ”, and

pn ‖– P “ f
∼
n = fn ”. Thus we have

(4.15) pn+1 ‖– P “ f
∼
n+1 = fn+1 ∧ f

∼
n = fn ”.

It follows that

⊏ ⊇ {〈〈pn+1, n + 1, u〉, 〈pn, n, v〉〉 : pn+1 ‖– P “ f
∼
n+1(u) ε f

∼
n(v) ”}

=
︸︷︷︸

by (4.15)

{〈〈pn+1, n + 1, u〉, 〈pn, n, v〉〉 : fn+1(u) ∈ fn(v)}

=
︸︷︷︸

by the definition of S··· ε ··· in (4.11)

{〈〈pn+1, n + 1, u〉, 〈pn, n, v〉〉 : 〈u, v〉 ∈ Sfn+1(x0) ε fn(x1)}.

Thus

j0(⊏) ⊇ {(〈〈j0(pn+1), n + 1, u〉, 〈j0(pn), n, v〉〉) : 〈u, v〉 ∈ j0(Sfn+1(x0) ε fn(x1))}

∋ 〈〈j0(pn+1), n + 1, bn+1〉, 〈j0(p0), n, bn〉〉. ⊣ (Subclaim 7.4.1)

Since being well-founded is ∆1, it follows that N |= “ j0(〈Q,⊏〉) is not well-
founded”. By elementarity, it follows that H(θ)V |= “ 〈Q,⊏〉 is not well-founded”.
However, if 〈〈qn, kn, un〉 : n ∈ ω〉 is a descending sequence in 〈Q,⊏〉, then we would
have

gk0
(u0) ∋ gk1

(u1) ∋ gk2
(u2) ∋ · · ·

where gkn
, for each n ∈ ω, is the element of F which is decided to be f

∼
kn

by pn. This
is a contradiction.

( 2 ): Suppose that 〈f, a〉, 〈g, b〉 ∈ Π and

(4.16) 〈f, a〉 E 〈g, b〉.

Let f0 : dom(f) →
⋃

g ′′dom(g) ∪ {∞}, where ∞ is a set such that ∞ 6∈ g ′′dom(g),
be defined by

f0(u) =

{

f(u), if f(u) ∈
⋃

g ′′dom(g);

∞, otherwise

for all u ∈ dom(f). By the definition of f0, we have Sf(x0) ε g(x1) = Sf0(x0) ε g(x1). Thus
we have

(4.17) 〈f, a〉 ∼ 〈f0, a〉.

This implies that

{π ∈ Φ/∼ : π E 〈g, b/∼〉}

⊆ {〈f, a〉/∼ : dom(f) ∈ H(θ)V,

f : dom(f) →
⋃

g ′′dom(g) ∪ {∞}, a ∈ j0(dom(f))}.
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The right side of the inclusion is clearly a set. ⊣ (Claim 7.4)

〈Π/∼, E〉 is extensional by Claim 7.3. Hence, by Claim 7.4, there is the Mostowski
collapse

m : 〈Π/∼, E〉 → 〈V[G],∈〉.

Let M := m ′′Π/∼ and j := m ◦ i. By Claim 7.3, we have

j : V
4
→ M ⊆ V[G].

Note that, for a ∈ H(θ)V,

(4.18) j(a) = m ◦ i(a) = m(〈fa, ∅〉/∼).

For each b ∈ N , let db ∈ H(θ)V be such that b ∈ j0(db). We can always find such
db by (4.5). Let

ι : N → Π/∼; b 7→ 〈iddb
, b〉/∼.

Claim 7.5. ι is an embedding of 〈N,∈〉 into 〈Π/∼, E〉, and ι ′′N is a full initial
segment of Π/∼ with respect to E. In particular, for any b ∈ N , we have m(ι(b)) =
m(〈iddb

, b〉/∼) = b.

⊢ Note that

(4.19) j0(iddb
) = idj0(db)

by elementarity.
For b, c ∈ N

ι(b) E ι(c) ⇔
︸︷︷︸

by definition of ι

〈iddb
, b〉 E 〈iddc

, c〉

by the definition (4.11) of E
︷︸︸︷

⇔ j0(iddb
)(b)

︸ ︷︷ ︸

= b, by (4.19)

∈

= c, by (4.19)
︷ ︸︸ ︷

j0(iddc
)(c) .

Suppose that 〈f, a〉/∼ E 〈iddb
, b〉 = ι(b) for 〈f, a〉 ∈ Π. This means that

j0(f)(a) ∈ j0(iddb
)(b) =

︸︷︷︸

by (4.19)

b.

Let c := j0(f)(a). Then we have c ∈ b ∈ N . Since N is transitive it follows that c ∈ N .
By the definition (4.10) of ∼, we have

ι(c) = 〈iddc
, c〉/∼ = 〈f, a〉/ ∼. ⊣ (Claim 7.5)

Together with the previous Claim, the following Claim shows that our j and M
are as desired:

Claim 7.6. j ↾ H(θ)V = j0.

⊢ Suppose that a ∈ H(θ)V. We show that j(a) = j0(a).
Note that j(a) = m(〈fa, ∅〉/∼). For b := j0(a), we have 〈fa, ∅〉 ∼ 〈iddb

, b〉 by (4.10).

It follows that j(a) = m(〈iddb
, b〉/∼) =

︸︷︷︸

by Claim 7.5

b = j0(a). ⊣ (Claim 7.6)

(Proposition 7)
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Theorem 8. Suppose that P is an iterable class of posets. Then the following are
equivalent:

( a ) κ is L-g supercompact for P.

( b ) For any λ ≥ κ, and for any P ∈ P, there is a P-name Q
∼

with ‖– P “Q
∼

ε P ”

such that

‖– P∗Q
∼

“ there are a regular cardinal θ, a transitive set N , and a mapping j0
such that

( 1 ) j0 : H(θ)V
4
→ N ,

( 2 ) crit(j) = κ, θ, j(κ) > λ,

( 3 ) for any b ε N , there is a ε H(θ)V such that b ε j0(a)

( 4 ) P ∗Q
∼
, H

∼
∈ N , and

( 5 ) j ′′λ ∈ N ”.

Proof. “( a ) ⇒ ( b )”: By Lemma 5 and Lemma 6.
“( b ) ⇒ ( a )”: By Proposition 7. (Theorem 8)

Note that Theorem 8 implies that the notion of L-g supercompact cardinal is first-
order definable (i.e. really formulatable in the language of ZFC). Theorem 8 can be
modified to show the definability of other notions of L-g large cardinal corresponding
to super almost-hugeness, hugeness, etc.
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