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Abstract

The present paper is concerned with the relation between recurrence ax-
ioms and Laver-generic large cardinal axioms in light of principles of generic
absoluteness and the Ground Axiom.

M. Viale proved that Martin’s Maximum ™ together with the assumption
that there are class many Woodin cardinals implies H(Rg)V <5, H(X)VIC
for a generic G on any stationary preserving P which also preserves Bounded
Martin’s Maximum. We show that a similar but more general conclusion
follows from each of (P, H(k))s,-RcAT (which is a fragment of a reformula-
tion of the Maximality Principle for P and H(x)), and the existence of the
tightly P-Laver-generically huge cardinal.”

While under “P = all stationary preserving posets”, our results are not
very much more than Viale’s Theorem, for other classes of posets, “P = all
proper posets” or “P = all ccc posets”, for example, our theorems are not
at all covered by his theorem.

The assumptions (and hence also the conclusion) of Viale’s Theorem
are compatible with the Ground Axiom. In contrast, we show that the
assumptions of our theorems (for most of the common settings of P and with
a modification of the large cardinal property involved) imply the negation of
the Ground Axiom. This fact is used to show that fragments of Recurrence
Axiom (P, H(r))r-RcAT can be different from the corresponding fragments
of Maximality Principle MP(P, H(k))r for I' = Ils.
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1 Introduction and preliminaries

In the following, we tried very hard to make the present paper as self-contained tncinio
as possible. For notions and notation which remain unexplained, the reader may

refer to [28], [29], or [30]. Set-theoretic forcing is treated here just as in [30] with

the exception that P-names for a poset P are reresented with an under-tilde, e.g. as

Q or §. We adopt the (fake but consistently interpretable) narration that generic
fNilters “exist” though otherwise we remain in the ZFC narrative so that all classes
mentioned here are (meta-mathematically) definable classes.

The main theorem of Viale [39] states:

if it exists, is the unique cardinal ke (= max({Rg,2%})) for (almost?) all reasonable non-trivial
instances of P and notions of large cardinal, see [15].
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Theorem 1.1 (M. Viale, Theorem 1.4 in [39]) Assume that MM holds, and there ., .o
are class many Woodin cardinals. Then, for any stationary preserving poset P with
IFp “BMM?” we have

H(Ry)Y <z, HR)VIP for (V, P)-generic G. 0
Here MM™ is the following strengthening of the Martin’s Axiom (MM):

(MM**):  For any stationary preserving P, any family D of dense subsets of P
with |D| < Wy, and any family S of P-names of stationary subsets of
wy with | S| < Wy, there is a D-generic filter G on P such that S[G] is a
stationary subset of w; for all § € S.

BMM is the Bounded Martin’s Maximum, a weakening of MM which is an
instance of Bounded Forcing Axioms: for a class P of posets closed under forcing
equivalence and a cardinal k, the Bounded Forcing Aziom for P and <k is the

axiom stating:

(BFA_.(P)): For any complete Boolean) P € P, and a family D of maximal
antichains in P such that |D| < k and || < & for all I € D, there is a
D-generic filter G on P.

The Bounded Martin’s Mazimum (BMM) is BFA_y,(stationary pres. posets).
Bounded Forcing Axioms were introduced by Goldstern and Shelah [22] answering
a problem asked by the first author of the present paper in [11].

In Theorem 1.1, the condition “|Fp “BMM”” cannot be simply dropped. For
example, the formula saying that there is a set which is the power set of w is .
Since =CH holds in V under MM, if P forces CH then H(Ry)V As, H(R2)VIP for
(V, P)-generic G.

We show that a conclusion similar to and more general than that of Theo-
rem 1.1 follows from each of (P, H(k))s,-RcAT which is a fragment of Recurrence
Axiom (a reformulation of Maximality Principle introduced in [20]) for P and H(k),
see Section 2 below, and the existence of the tightly P-Laver-gen. large cardinal
(Theorem 4.1, Theorem 5.7).

The notion of Laver-generic large cardinal is introduced in Fuchino, Ottenbreit
Maschio Rodrigues, and Sakai [15]. The definition we give here is the slightly

modified version in later papers such as in Fuchino [13]:

1) We say that a poset P is complete Boolean if P = B\{0g} for a complete Boolean algebra. Note
that the definition of BFA. ,,(P) makes sense only when P is complete Boolean (since otherwise
it can be the case that P does not have any maximal antichains of size < k).



For an iterable class P of posets (i.e. class P of posets satisfying (1.2) and (1.3)
below) a cardinal x is said to be (tightly, resp.) P-Laver-gen. supercompact if, for
any A > x and P € P, there is a P-name Q with [-p“Q € P7, such that for
(V,P % Q)-generic H, there are j, M C V[H] such that j:V =5, M2 j(k) > A\
P, [H,j”;\ € M (and P x Q is of size < j(k), resp.).

This definition can b; adopted to many other large cardinal notions other than
supercompactness. The reader may refer to [13] for definitions of other variants of
Laver-generic large cardinal. Defined as above, it is not obvious at first glance that
the Laver-genericity is formalizable in the language L of ZFC. That it is actually
the case, is shown in Fuchino and Sakai [18].

A tightly P-Laver-generic large cardinal, if it exists, is unique and decided to
be K = max({Ry, 2% }) for all known reasonable non-trivial instances of P with
a strong enough large cardinal notion (see [15], or [13], [12]). This is the reason
why we often simply talk about the tightly P-Laver-generic large cardinal.

While under “P = all semi-proper posets”, our results are not much more
than slight variants of Viale’s (but without relying on the stationary tower forcing
technique), for other classes of posets, for example “P = all proper posets” or “P =
all ccc posets”, they are not at all covered by Viale’s result in [39] nor by its proof.

In the following we shall always assume that the classes P of posets we consider

are normal, that is,
(1.1) P is closed with respect to forcing equivalence, and {1} € P.

In particular, we assume that for any Py € P there is a complete Boolean? P € P
which is forcing equivalent to Py. In some cases like the case “P = all o-closed
posets” where the original class of posets is not normal we just replace P with its
closure with respect to forcing equivalence without mention.

In some cases (like in the definition of Laver-genericity above) it is natural
to consider (normal) classes of posets which are closed with respect to two-step

iteration. A class P of posets is called iterable if

(1.2) P is closed with respect to restriction. That is, for P € P and p € P, we
always have P | p € P, and

(1.3)  For any P € P, and any P-name Q of a poset with [-p “Q € P7, we have
P+QeP.

Viale’s Absoluteness Theorem 1.1 is a result built upon the following Theo-

rem 1.2. We shall use the following notation for the formulation of the Theorem:

2) «j .V =, M” denotes the condition that j is an elementary embedding of V into a transitive
M with the critical point k.
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For an ordinal a, let o™ := sup({| 3|7 : B < a}). Note that a!™) = a if a is a
cardinal. Otherwise, we have o™ = |a/|".

In Bagaria [1] the following theorem contains the extra assumption that, trans-
lated into the context of the following formulation, x is a successor of a cardinal
of uncountable cofinality. However we can eliminate this assumption by slightly

modifying the proof in [4].

Theorem 1.2 (Bagaria’s Absoluteness Theorem, Theorem 5 in [1]) For an un-
countable cardinal k and a class P of posets closed under forcing equivalence, and
restriction (in the sense of (1.2)) the following are equivalent: — (a) BFA_.(P).
(b) For any P € P, X1-formula ¢ in Le and a € H(k), |Fp“e(a)” & p(a).
(c) For any P € P and (V,P)-generic G, we have H(k)V <x, H((xH)VIEHVIC],

Proof. Note that (b) < (c) is trivial since ZFC proves that
(1.4)  H(p) <x, V for any uncountable cardinal u

(Lévy [32]). [ For a € H(u), let v = |trcl™(a)| < p (here, trel™(a) denotes
the variant of transitive closure which satisfies a € trel*(a)). Then v < p. If
H(p) = ¢(a) for a ¥y-formula ¢ then it follows V = ¢(a).

Suppose that ¢(x) = Jy(z,y) where ¥(x,y) is a Lg-formula, and assume that
V | p(a). Let b be such that V = 9(a,b). Let 0 be large enough such that a,
b € V5. Let M < Vs be such that trel™(a) € M, b € M, and | M| = v. Let
m : M = My be the Mostowski-collapse. Note that m | trel*(a) = id trel” (a)
Thus My | ¢(a,m(b)), and hence My = ¢(a). Since My C H(u), it follows that
) = pla). ]

Note also that if x = 2% we also have the equivalence of (a), (b), (¢) with
(¢’) ForanyP € P and (V,P)-generic G, we have H(280)V <5, H((2%)VIC)VIE,

By the remark above, it is enough to prove (a) < (b).
(a) = (b): Let P € P. Without loss of generality, P is completely Boolean with
P =B\ {0g}. Suppose a € H(x) and ¢ is a X;-formula in Le. If p(a) holds in V,

then clearly we also have |Fp “p(a)”.

p-theintro-0
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Suppose now that ¢ = Jy 1 (z, y) for a bounded formula ¢ in L, and |Fp “p(a)”.

Without loss of generality, we may assume that a C p for some cardinal p < &
(this is because a can be reconstructed from trel™ (a), and trel™ (a) can be coded by

a subset a* of | trcl™ (a) |. The formula ¢(a) can be replaced by the formula saying:

Jz (z is the set “a” reconstructed from the transitive set coded by a*
and ¢(x) holds).



Note that this formula is ¥; with the parameter a* if ¢ is ¥1). We may also assume
that a is not an ordinal (if necessary, we can replace a with a subset of © with some
redundant complexity to make a ¢ On).

Let b be a P-name such that |p “1(a,b)”. Let G be a (V, P)-generic filter and
we work in V[G]. Letting b = b[G|, we have 1 (a, b).

Working further in V[G], let A be large enough such that V) satisfies large enough
fragment of ZFC, a, b € V), and V) |= ¢ (a,b). Let M < V) be such that u C M, a,
be M,and | M| = pu. Let m: M =5 M, be the Mostowski collapse of M and let
v = On N M,. Note that we have m | pU {a} = id (-

Let M := (v+ p, E, f) be the structure in the language £ := { £, i} such that

there is an isomorphism

(R1.1) i: (Mo, €,rank) = (v + pu, B, f)
such that i [ v =id,, i(a) = v, and i(m(b)) = v +1

where rank is the rank function restricted to M. Clearly we have (v + u, F) =
Y*(v,v + 1)), where ¢* is the formula obtained from 1) by replacing the symbol &
by E.

Let O, E, I € V be P-names of 9, F and f respectively. By replacing P with

P | p for some p € P if necessary, we may assume that

(N1.2) all the properties of (v + p, E, f) used below are forced (as a statement
on (v +pu, E, f)) by Lp.

In V, let D be the family of maximal antichains (each of size < p < k) in P

consisting of the following;

(RL.3) {f( Blg : B <v}i\{0g}, for all @ € v + p.

a) =
(N14) {[[Sgt ): 0((107 sy ak—l) ]][Bv [[S)gt ): _'Q(GOv sy ak—l) ]][B} \ {(D[B}7
for all ¥p-formulas ¢ in £ and aqg, ...,a,_1 € v + .
(RL.5) {[ME=nAblao, ..., ar-1) |
[[i)gt IZ —|77(6L0, "'7ak’—1)]][B7 [[92T ): _'H(GO’ "'7ak—1)]][B} \ {(D[B}a

for all ¥-formulas n, 6 in £ and ag, ..., ax_1 € v + p.

(R1.6) ({[~(3z E c)n(z,ag, ...,ax-1)]g} U
{ld EcAn(d, ag,...,ap-1)]g : dev+ ,u}) \ {0g},

for all ¥-formulas n = n(z, zg, ..., vx—1) in £ and ¢, ag, ..., ax_1 € Vv + p.
To see that each of the sets in (X1.3) is a maximal antichain in P of size < p < k&,

suppose that o € v+ p and p € P. Then there is g <p p which decides f ().
Since |Fp“ f(a) € v” by (R1.2), if follows that q|p “ f(«) = 87 for some § € v.

x-theintro-0-0-a
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It is clear that elements of each of the sets in (N1.3) are pairwise incompatible and
these sets are of size < pu < k.

It is also proved similarly that sets in (X1.6) are maximal antichains in P of size
< p < K.

Now, in V, let G be D-generic filter. G exists by BFA_ .(P), and since D is a
family of maximal antichains of size <k with |D| < k.

Let

M[C] := (v + u, E[C], f[C]).
where

(NL7) B[O = {(€m) : E,n€ v+ ple*(En) € B forsome p € 6}, and <sinmooso
(R18) f10] = {(E:) - En€v+p ple*(€n) € [ for some p € G},
Claim 1.2.1 (1) 9M[C] is an L-structure.

(2) For each ¥;-formula 0 = 6(xy, ...,x5—1) in L and ag, ...,ax_1 € V + L,

(R1.9) [M = 0O(ao, ..., ax—1) g € G if and only if M[C] = §(ao, ..., ar—1). w-theintro-0-4-a

(3) FEI[C] is extensional and well-founded. E[G] on v + p coincides with the

canonical ordering on v + L.

= (1): Since the maximal antichains in (R1.3) are in D, we have f[C] : v+pu —

(2): By induction on the construction of the formula 6 using (X1.4), (X1.5), and
(N1.6).
Suppose that ag, a1 € v+ p. Then

[il)?lzaogal]]BEG ~ [[a()ECLlH[BG@ <~ El}pG@lpH—[p“aoEal”

& a E[Glay & MO a0k ar.
——
by (R1.7)

The proof for “ag = f(a1)” can be done similarly.

The induction stgps for = and V go through since G is D-generic and the an-
tichains in (R1.4) are in D.

Suppose now that the equivalence (X1.9) holds for a 3;-formula 0 = 0(x, xo, ...,
x_1) and all other 3;-formulas with the quantifier rank (with respect to bounded
existential quantification) less than or equal to that of 6.

If [M = (FzED)0(x,a0,...,ar-1) g € G, then, by (R1.6), there is [ =
d € v, NO(d,ao,...,ar_1)]g € G. By the induction hypothesis, it follows that
M[C] =d EbAO(, ag, ..., ak—1). Thus M[C] = (Fz £ ) 0(d, ap, ..., ar—1).



If MC] = (Fx Eb)0(d, ag, ..., a,—1), then M[C] = d EbAO(d, ay,...,ar_1) for
some d € v + p. By induction hypothesis, it follows that [d E b A 6(d, ao, ...,
ai-1)]g € G. Since [d EbA0(d, ag,...,ax-1) |g < [ (Fz Eb)O(z, ap, ..., arp—1) |5,
we have [ (3z Eb)0(z, ao, ..., arp—1) |5 € G since G is a filter.

(3): By (X1.2), we have |Fp “IM | Axiom of Extensionality ”, and

(RL10) g “00 = Vady (2By — f(2) < f(4))".
By (2), it follows that E[G] is extensional and the statement on the structure 9t[C]

corresponding to (X1.10) holds. A similar argument shows that the canonical or-

dering on v coincides with E[C] | 2. This and the property of 9G] corresponding
to (X1.10) implies that E[C] is well-founded. — (Claim 1.21)

By Claim 1.2.1, (3), we can take the Mostowski collapse of the structure 9t[C]
m* (v + p, B[G]) = (M, €). Since (v + p, B[G]) |= “¢*(v,v +1)7 by (RL1),
(N1.2) and Claim 1.2.1,(2), we have m*(v) = a, and My = ¥ (a,m*(u + 1)). Thus
M, = p(a). Since ¢ is Xy, it follows that V' = ¢(a).

(b) = (a): Suppose that P € P is complete Boolean and D is a set of antichains
each of size < k with |D| < k.

Let X = |JD then | X| < k. Say, p:= | X |. Let A be sufficiently large with
Vi <y, V for sufficiently large n. Let M < V) be such that |M | = u, P, D,
XeM,and pu+1C M. Note that D C M and I C M for each I € D.

Let m : M =» My be the Mostowski collapse and (Pg, <p,) := m((P, <p)).

Since (V, P)-generic filter G generates an (M, Py)-generic filter, we have
IFp “H(xk™) = there is a (M, Pg)-generic filter”.

By assumption it follows that H (k) = “ there is a (Mo, Py)-generic filter” in
VI[C]. Let Gy be such a filter. Then m~'"Gy generates a D-generic filter on P.

D (Theorem 1.2)

The following is one of many nice applications of Theorem 1.2:
Corollary 1.3 If P contains a poset adding a new real then BFAL .(P) for k > Ny
implies —~CH.
Proof. Assume that BFA_ ,(P) holds for £ > ¥, but also CH holds in V. Let
a = P(w). We have a € H(x)¥ by CH and H(x) = “a is P(w)”. The statement
can be formulated as a II;-formula with the parameter a. But if P € P adds
a real, H(x)VI® = “q is not P(w)”. This is a contradiction to Theorem 1.2, (c).

D (Corollary 1.3)

Suppose that R is a definable class (proper or set). We shall say that a class
P of posets is provably correct for R if the following is provable in ZFC:

x-theintro-0-5



(1.5) fOI' aIly [P E ,P al’ld a (e V>7 a E R @ H_[P “a/ E R”. p-theintro-2

Thus if P is provably correct for R and G is a (V,P)-generic for a P € P then
(V,€,RY) is a (class) substructure of (V[G], €, RVI%).
Let Ins denote the non stationary ideal over w;. Thus

Ins := {X Cw; : X is non stationary}.

Lemma 1.4 If (we can prove that) all P € P are stationary preserving then P is oo

provably correct for Iys.

Proof. If s € Iys then there is a club ¢ C w; such that s Nec = (. Since
IFp“cis aclubin w; and sNe =07, we have |Fp“s € Ins”.

If s & Ins then |Fp “s & Ins” since P is stationary preserving. 0 (Lemma 1.9)

Let R be (the Lc-definition of) a class. Let £_ o be the language which
extends L¢ with a new unary predicate symbol R where M |= R (a) is interpreted
as a € R™ in an €-structure M. In the following, we shall often identify the
(definition) of the class R with the symbol R of R, and simply write R and Lc»
instead of R and Ee,R‘ This also applies when we are talking about Iys and

Lec Iys-
The following Lemma 1.5 can be proved in the same way as with the corre-

sponding lemma for L. formulas:

Lemma 1.5 For transitive (sets or classes) M, N with M C N and a class R (i.€. s incinos

an Lc-formula with one single free variable) such that RM = RN N M, we have:
(1) (M, e,RM) | ¢(@) & (N,e,RY) | (@) for all Xo-formula ¢ = ¢(T) in
Ler anda e M.

(2) (M, e,RM) E ¢(@) = (N,e,RY) E ¢(@) for all Xi-formula ¢ = ¢(T) in
Ler anda € M. a

Lemma 1.6 For a Xi-formula ¢ in Lc 1, we can find a Xg-formula in L with the oo

parameter wy equivalent to .

Proof. “z € Ins” can be expressed by a X;-formula in Le:
JyyCw A2 Cw Ayisaclubinw; A zNy=0)

Thus “x & Ins” can be expressed by a Il;-formula in L. 0 (Lemma 1.6)



Lemma 1.7 (A special case of Lemma 6.3 in Venturi and Viale [38]) For a cardinal oo s
A > 2% we have (H(N), €, Ins) <5, (V, €, Ins).

Proof. If (H(\), €, Ins) = ¢(a) for a ¥;-formula in Lc¢ j., and a € H(N), then
(V, €, Ins) E p(a) by Lemma 1.5, (2).
Suppose now that (V, €, Ins) = ¢(a) for ¢ and a as above. Suppose that ¢ =
Jy ¢ (z,y) for a Xp-formula ¢ in L 1. and let b be such that (V, €, Ins) = ¥(a,b).
Let € On be sufficiently large such that (V,, €, Ins) <y, (V, €, Iys) for
sufficiently large n € w.

Let p := sup{|trcl™(a)|, 2%} and® (M, € Iys) < (V, €, Iys) be such that
M| = p, trel™(a), p+1, Ins € M, and b € M. Then we have (M, €, Iys) =
Y(a,b).

Let m : M = My be the Mostowski collapse. Then we have m | trel™(a) =
id trel* (@) and m [ P(wi) = idp(,,). It follows that (Mo, €, Ins) = 1 (a, m(b)) and
hence (Mo, €, Ins) = ¢(a). By Lemma 1.5,(2), it follows that (H()\), €, Ins) =
Q,Q(a). [d (Lemma 1.7)

The following Theorem 1.8 is an extension of Bagaria’s Absoluteness Theo-
rem 1.2. A special case of this theorem (the case where P = the stationary pre-
serving posets) is also attributed to Bagaria in [40]. Though Theorem 1.8 in its
generality must have been known, we included it here since we could not find any
proof in the literature.

We consider the following “plus”-version of Bounded Forcing Axioms: For a
(normal) class of posets P,

(BFAZ:"(P)): For any complete Boolean P € P, a family D of maximal an-
tichains in P such that |D| < k and || < & for all I € D, and for a set
S of P-names of cardinality < s such that each S € § is a P-name of a
stationary subset of wy, there is a D-generic filter G on P such that S[G]
for all S € S are stationary subsets of wy.

Theorem 1.8 Suppose that P is a class of posets closed under forcing equivalence, i s
and restriction (in the sense of (1.2)) such that all elements of P are stationary

preserving and k = 2% = 2% Then the following are equivalent:
(a) BFALZN(P).
(b) For any 3y-formula ¢ = ¢(x) in Le 1, a € H(k), and P € P, we have

IFe“e(a)” < ¢(a).

3) We denote with trcl*(a) the variant of transitive closure which is the minimal transitive set
T withaU{a} CT.
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(¢) For any (V,P)-generic G, we have
V(G V(G
(H(2)Y, €, INs) <m, (H((2%)")V0, €, Ie?).

Proof. The equivalence of (b) and (c) follows from Lemma 1.7. (a) = (b): Let
P € P. Without loss of generality, P is completely Boolean with P = B\ {0g}.
Suppose a € H(k) and ¢ is a ¥;-formula in Le ;.. If ¢(a) holds in V, then we also
have |Fp “¢(a)” by Lemma 1.5.

Suppose now that ¢ = Jyy(z,y) for a bounded formula ¢ in L., and
IFp “@(a)”. Without loss of generality, we may assume that a C p for some
cardinal ;1 < s (this is because a can be reconstructed from trel™ (a), and trel™(a)
can be coded by a subset a* of | trel(a)|). The formula ¢(a) can be replaced by

the formula saying:

Jdz (x is the set “a” reconstructed from the transitive set coded by a*
and ¢(x) holds ).

Note that this formula is ¥; in L¢ j, with the parameter a* if ¢ is ¥ in Le .
We may also assume that @ is not an ordinal (if necessary, we can replace a with a
subset of x4 with some redundant complexity to make a ¢ On).

Let b be a P-name such that |p “1(a,b)”. Let G be a (V, P)-generic filter and
we work in V[G]. Letting b = b[G|, we have 1(a, b).

Working further in V[G], let A be large enough such that V) satisfies a large
enough fragment of ZFC, a, b € V), and V) |= ¢(a,b). Let M < V) be such that
uwC M,a,be M,and | M| = u. Note that we have (M, €, Ins N M) < (Vy, €, Iys)
since Iys is definable in (V), €). Let m : M = My be the Mostowski collapse of M
and let v = OnN My. Note that we have m [ pU{a}U (Ins N M) = id yigayuiinsnnn)
and hence Ins N M = Ins N M.

Let M := (v + p, E, I, f, g) be the structure in the language £ := {E, I, i, g}

—

such that there is an isomorphism

(16) v <M0767[NSQMO>rankagO> i <I/+M7E7[7fag>
such that i | v =id,, i(a) = v, and i(m(b)) = v + 1

where rank is the rank function restricted to My and gy : My — M, is a mapping
such that f [ p is an enumeration of (P(wy) N M)\ Ins (= (the set of all stationary
subsets of wy)M0) and g”(My \ ) = {0}.

Clearly, (v + u, E, I} E ¥*(v,v + 1)) where ¢* is the formula obtained from
by replacing symbols € and Ins in ¢ by £ and [.

Note that we have

11



(L.7)  (wv+wE L fg) EVYe Cw (I(z)VIa<k(gla)=m1)). ax-theintro-1-0

Let M, E, I, f g € V be P-names of M, E, I, f and g respectively. By replacing

P with P | p for some p € P if necessary, we may assume that

(1.8)  all the properties of (v+pu, E, I, f, g) used below are forced (as a statement .. cinioo000
on (v +u, £, 1, f, g)) by Lp.

In V, let D be the family of maximal antichains (each of size < p < k) in P

consisting of the following;

(1.9)  {[f(e) = Blg : B < v} \{0s}, and {[g(a) = Blp = B < v} \ {0}, i

for all @ € v + p.

(110) {[[f)gt IZ 6‘(&0, ceey ak_l) ]][B’ [[92/{ ): —|9(a0, ceey ak_l) ]][B} \ {@[B}, a:x-theintro-0-2
for all ¥p-formulas ¢ in £ and aq, ...,a,_1 € v + .
(1.11) {[[92? IZ n A 9(&0, ey ak_l) ]][B’ a:x-theintro-0-3

[ = —nao, -, ax—1) Jg, [P = —0(ao, ..., ax-1) [g} \ {08},
for all ¥y-formulas n, 8 in £ and ag, ...,ax_1 € v + p.

(1.12)  ({[~3z E ¢)n(z, ag, ...,ax-1)]g} U arx-theintro-0-4
{ldEchAn(d,ag,.., ax—1)]g : d €V + u}) \ {0g},

for all ¥-formulas n = n(x, zg, ..., zx_1) in £ and ¢, ag, ..., ax_1 € Vv + p.

To see that each of the sets in (1.9) is a maximal antichain in P of size < p,
suppose that « € v 4+ p and p € P. Then there is ¢ <p p which decides f(«).
Since |Fp“ f(a) € v” by (1.8), if follows that q|Fp “ f(a) = 87 for some 6NE v.
It is clear that elements of each of the sets in (1.9) are pairwise incompatible and
these sets are of size < pu < k.

It is also proved similarly that sets in (1.12) are maximal antichains in P of size
< p < K.

By (1.8), we have that

(1.13)  |Fp“{é €ws : EEg(a)} is a stationary subset of w;”. arx-theintro-0-4-a
Now, in V, let G be D-generic filter such that

(1.14) g(a)[C] :={§ € w : plFp“{ELg(a)” for some p € G} is a stationary w.cuciuooseo

subset of wy for all o < p.

G exists by BFATS"(P), by (1.13), and since D is a family of maximal antichains
of size <k with |D| < k.
Let

12



M[C] := (v + p, E[C], I[C], f[C], g[C]).

~ ~

where

&

(Ol :=={{&m : &Emev+u plre“(€,n) € £ for some p € G},

I0:={{: ev+pu ple“{ € for some p € O},
JIC={&mn : &Emevtp, pl-e* (€ n) € f7 for some p € G}, and
glO:={&m) : &Emev+p ple (€ n) € g7 for some p € G}

Claim 1.8.1 (1) M[C] is an L-structure.
(2) For each ¥y-formula 0 = 0(xy, ...,Tx—1) in L and ay, ...,ax_1 € Vv + p,

(1.15)  [M k= 6(ao, ..., ax—1) |g € G if and only if M[C] = 8(ao, ..., ax—1)- asz-theintro-0-4-0

(3) E|C] is extensional and well-founded. E[G] on v + u coincides with the

canonical ordering on v + L.

- (1): Since the maximal antichains in (1.9) are in D, we have f[C] : v+pu — v
and g[0] : v+ p — v+ p. )

(2): By induction on the construction of the formula # using (1.10), (1.11), and
(1.12).

(3): By (1.8), we have |Fp “9 = Axiom of Extensionality ”, and

(N].l].) H_[P « i)gt |: vxvy (:EEy — f(m) < I(y)) 7 . a:x-theintro-0-5

By (2), it follows that E[G] is extensional and the statement on the structure 9t[C]
corresponding to (N1.11) holds. A similar argument shows that the canonical or-
dering on v coincides with E[C] | v2. This and the property of 9G] corresponding
to (N1.11) implies that E[C] is well-founded. — (Claim 181

By Claim 1.8.1, (3), we can take the Mostowski collapse of the structure 9t[C]
m* : (v + u, E[6], I[6]) = (My, €,1). Since (v + u, E[6, I[6]) | “¢*(v,v + 1)”
by (1.6), (1.8) and Claim 1.8.1,(2), we have m*(v) = a and hence (Ms, €,1) =
(a, m*(v+1)) where the predicate Iys is interpreted as I. Thus (Ms, €,1) = ¢(a).
By (1.7), (1.8), (1.14) and Claim 1.8.1,(2), we have I = Ins N M.

Since ¢ is Yy, it follows that V |= ¢(a) by Lemma 1.5, (2).
(b) = (a): Suppose that P € P is complete Boolean, D is a set of antichains

each of size < k with |D| < k, and S is a set of P-names of stationary subsets of
wy with | S| < k.

By replacing elements of & by equivalent P-names which are sufficiently nice,
we may assume that each element of S is nice P-name of size X; (this is possible

since we assumed that P is completely Boolean).
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Let X = JD then | X | < k. Let p:= max{| X |,|S|}. Let A\ be sufficiently
large with V) <y V for sufficiently large n. Let M < V) be such that | M| = p,
(1.16): P, D, X, S € M, and p+ 1 C M. Note that (1.16) implies D,S C M and
I,S§C M foreach I € Dand § €S.

Let m : M = My be the Mostowski collapse and (Pg, <p,) := m({P, <p)). Let
So:={m(S) : S €S}

Since (V, P)-generic filter G generates an (M, Py)-generic filter, we have

IFp « there is a (Mo, Py)-generic filter which realizes each element of Sy

to be a stationary subset of w; ”.

By the assumption (b), it follows that

V = “ there is a (M, Py)-generic filter which realizes each element of S

to be a stationary subset of w;”.

Let Gy be such a filter. Then m~!"Gy generates a D-generic filter G; on P which

realizes each element of S to be a stationary subset of w;. [ (Theorem 1.8)

2 Recurrence Axioms and the Ground Axiom

2.1 Hierarchies of Recurrence and Maximality

The term “Recurrence Axiom” was coined in Fuchino and Usuba [20] (see also
Fuchino [13]). The Recurrence Axiom for a (normal) class P of posets, a set A of
parameters, and a set I' of Lc-formulas ( (P, A)p-RcA, for short) is the statement
(2.1) below.

A ground of a (transitive set or class) model W (of some set theory) is an inner
model Wy of W such that there is a poset P € Wy such that W is a P-generic
extension of Wy. For a class P of posets, a ground Wy of W is a P-ground of W if
there is a poset P € Wy such that Wy |=“P € P ” and W is a P-generic extension
of Wo.

The Recurrence Axiom (P, A)r-RcA is the following statement formulated in
an axiom scheme in L¢ (that this axiom is not formalizable in a single formula is
discussed in [12]):

(2.1)  Forany p(Z) €anda € A, if |Fp“p(@’)”, then there is a ground W of «inciiro

V such that @ € W and W = ¢(a).
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The definition of a stronger variant (P, A)p-RcA™ of (P, A)r-RcA is obtained when
we replace “ground” in (2.1) by “P-ground”. If I' = L, we simply drop ' and
talk about (P, A)-RcA(™).

In the following, we often identify check names of sets with the sets themselves

“7  Also we shall often replace tuples @ of parameters by a

and drop the symbol
single parameter a for simplicity (actually without loss of generality in most of the
cases).

Recurrence Axioms are almost identical with Maximality Principles introduced
in [25] with the same parameters. For P, A as above, the Maximality Principle for
P and A (MP(P, A) for short) is defined as below.

For a class P of posets, an Le-formula (@) with parameters @ (€ V) is said
to be a P-button if there is P € P such that for any P-name Q of poset with
IFp“Q € P”, we have |Fp.q “p(a’)”.

Ifwgo(d) is a P-button then we call P as above a push of the P-button o(@).

For a class P of posets and a set A (of parameters), the Mazimality Principle
for P and A (MP(P, A), for short) is the following assertion which is formulated

as an axiom scheme in L¢:

MP(P,A): For any Lc-formula ¢(Z) and @ € A, if p(a@) is a P-button then p(a)
holds.

Similarly to the restricted versions of Recurrence Axiom, we define, for a set '

of Lc-formulas:
MP(P,A)r:  For any p(Z) € I'and @ € A, if p(a) is a P-button then ¢(a) holds.

Proposition 2.1 (Barton et al. [7], see also Proposition 2.2 in [20]) Suppose that o
P is a class of posets and A a set (of parameters).

(1) (P,A)-RcAT is equivalent to MP(P, A).

(2) (P, A)-RcA is equivalent to the following assertion:

(2.2)  For any Lc-formula o(T) anda € A, if (@) is a P-button then p(a) holds .o s
in a ground of V. u|

See Lemma 3.4 in Section 3 below and its proof.

Recurrence Axiom (< Maximality Principle) can be also characterized as the
ZFC version of Sy-David Friedman’s Inner Model Hypothesis [10] (see Barton et al
[7], see also Fuchino, and Usuba [20] or Fuchino [13]).

In contrast to the proposition above, (P, A)p-RcA™ is not necessarily equivalent

to MP(P, A)r for some set I' of formulas. In the next section, we prove that
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(under the consistency of certain large cardinal axioms) MP(P, A)yx, does not imply

(P, A)g,-RcA and MP(P, A)p, does not imply (P, A)p,-RcA (see Corollary 3.12).

Later we shall also consider a restricted form of (2.2) which we will call MP™ (P, A)r:

MP™ (P, A)r:  For any ¢(T) € I and @ € A, if p(a) is a P-button then (@) holds

in a ground of V.

Writing MP™ (P, A) for MP™ (P, A)._, the assertion of Proposition 2.1, (2) is
reformulated as (P, A)-RcA < MP™ (P, A).

While Recurrence Axioms are assertions about the richness of the grounds of
the universe V, their characterizations as Maximality Principles may be seen as a
variation of generic absoluteness. This is best seen in their further characterization
as the principle MP*(P, A) defined around (3.21), see also Subsection 6.3.

The following is an immediate consequence of Bagaria’s Absoluteness Theo-
rem 1.2:

Theorem 2.2 (Tkegami-Trang (reformulated for our hierarchy of restricted Recur-
rence Axioms) [27]) For a (normal) class P of posets and a cardinal k, the following
are equivalent:

(a) (P,H(k))s,-RcAT.

(b) (P, H(k))s,ReA.

(c) BFAL.(P).

Proof. (a) = (b): is trivial.

(b) = (c): Assume that (P, H(k))s,-RcA holds, and suppose that P € P, ¢ is
a Yi-formula in £¢ and a € H(k). By Bagaria’s Absoluteness Theorem 1.2, it is
enough to show that |Fp “¢(a)” < ¢(a) holds.

IFp“p(a)” < @(a): is clear since ¢ is X;.

IFp“w(a)” = @(a): Assume that |Fp“p(a)”. By (P, H(k))s,-RcA, there is
a ground W of V such that a € W and W = p(a). Since ¢ is ¥ it follows that
V= ¢(a).

(¢) = (a): Assume that BFA_.(P) holds. Suppose that |p“¢(a)” for P,
¢, a as above. Then, by Bagaria’s Absoluteness Theorem 1.2, we have p(a). In

particular, since {1} € P (remember the convention set at (1.1)), ¢(a) holds in a

P-ground of V (namely V itself). [ (Theorem 2.2)

According to Joel Hamkins [25] it is an observation of his former PhD student
George Leibman that MA follows from Maximality Principle for P = ccc posets,
and the set of parameters H(2%). This observation is now a part of Theorem 2.2,
since MA is equivalent to BFA_ oz, (P) for this P.
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Strictly speaking, Theorem 2.2 is different from the original theorem in Ikegami-
Trang [27] (Theorem 1.13 there) in that Ikegami and Trang are talking about the
Y, Il,-hierarchy MP(- - )p for I' = %,,, I, etc., which is shown to be different from
(- )r-RcA* hierarchy (see Corollary 3.12 and the remark before the corollary).
The proof above together with the proof of Theorem 1.13 in [27] actually shows that
for a normal class of posets, (P, H(Rz))s,-RcAT coincides with MP (P, H(Rz))yx, (see
Theorem 3.1 and Corollary 3.2).

(P, H(X3))r-RcAT and MP(P,H(Rs))r in general can be different principles.
We will address to this subtle difference in the next Section 3, and show that these

two hierarchies can split up drastically on the I and 35 levels (see Corollary 3.12).

2.2 (In)compatibility of Recurrence and Maximality with

Ground Axiom

The Ground Aziom (abbreviation: GA) is the axiom asserting that there is N0 woundaion
proper ground of the universe V. The axiom is introduced by Joel Hamkins and
Jonas Reitz. Its basic properties including the formalizability of the axiom in L,
are proved in Reitz [33].

The relative consistency of GA with PFA is proved in [33] (see also the proof of
Theorem 3.8 below; actually GA is even consistent with MM™*", see Theorem 6.3).

In particular, this and Ikegami-Trang Theorem 2.2 imply:
Theorem 2.3 GA is relatively consistent with (P, H(Rz))s,-RcAt for a class of ,.cccao

posets P whose elements are proper. a

Since the Recurrence Axiom implies that there are “many” different grounds, it
is clear that Proposition 2.3 cannot be generalized for (---)p-RcA for arbitrary I
In particular, since Ground Axiom itself is formalizable in a II3-sentence in L¢ (see
the remark after Lemma 3.4), and it is not true in any non-trivial generic extension

of the ground model, we obtain:

Theorem 2.4 Suppose (P, 0)s,-RcA holds for a non-trivial class P of posets. Then o
GA does not hold.
MP~(P,0)s, for a non-trivial P also implies —=GA.

Proof. Assume toward a contradiction that (P, 0)s,-RcA holds for a non-trivial
class P of posets, and GA also holds. Let 1 be the Ils-sentence expressing that
the universe does not have a non-trivial ground. Let P € P be non-trivial forcing.
Then |Fp“—t”. Since =) is a X3-sentence, (P, )s,-RcA implies that there is a
ground W of V such that W |= —1). Since we also assumed GA, W must be identical
with V. Thus V |= —). This is a contradiction.
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Since ¢ above is a P-button, the same proof leads to a contradiction under

M P_ (73, @)23 . D (Proposition 2.4)

Actually we also have the following delimitation, which show that Theorem 2.3
is optimal in many instances of P.

In the following, we use a variant of the cardinal invariant b* introduced in
Eda-Kada-Yuasa [9]:

b** := min{x € Card : for any B C “w, if B is unbounded in “w with
respect to <* , then there is B’ C B with
| B"| < k such that B’ is unbounded in B}.

Lemma 2.5 (1) b=, can be formulated as a ¥y-sentence ¢ in L.
(2) b =Ny can be formulated as a Ily-sentence ¢ in L.

(3) b <0 can be formulated as a Ilz-sentence n in Le.

Proof. (1): The following formula ¢ will do:

dB JR 3F (B C“w A “Ris an wy-like linear ordering on B which is
witnessed by F7 A Vf(f€“w — (g€ B)(g £ f))).

(2): The following formula ¢ will do:

Yo IT; and hence its negation is 3
——N— 7 % N
VB (B C“w A B isunbounded in “w —
EO ZO
— - N
dB’ 3R dF (B’ € B A B’ is unbounded in B
A R is wi-like order on B’ which is witnessed by F)) .

%o

(3): “b = 0" is characterized by the existence of a bounding family C “w which
is well ordered with respect to <*. Similarly to above, this can be formulated by a

Yo-sentence. Hence, the negation of the equality (< b <) is Iy in Lc. O (temma25)
Lemma 2.6 b < b* <0.

Proof. Let (f, : a < b) be such that f, <* f, for all @ < o < b, and
{fo : a < b} is unbounded in “w (this can be done by letting {g, : a < b}
be a unbounded subset of “w, and defining f,, @ < b inductively such that we
have g, <* f, for all @« < b). Let B = {f, : a@ < b}. Then no B’ C B with
| B'| < | B| = b is unbounded in B.
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Note that the sequence (f, : a < b) as above also shows that b is a regular
cardinal.

This proves that b < b**.

To show that b™ <9, suppose that D C “w is dominating in “w (with respect
to <*),and | D| =0.

For any unbounded B C “w, and for each d € D let by € B be such that by £* d.
Then B' = {b; : d € D} C B is unbounded in “w and hence also unbounded in B
and is of cardinality < 0. This shows that b** <. 0 (Lemma 2.6)

In the following, we denote with C, the finite support s-product of Cohen
forcing, and with D the finite support iteration of Hechler forcing of length w;. It is
easy to see that (over an arbitrary ground model V) we have |fF¢,. “b=N;,0 > k”
for any regular x > Ny, and |Fp “0 = N; 7. More generally, letting D,; be the FS-
iteration of Hechler forcing of length x for regular x, we have |Fp, “b=0=x".

Proposition 2.7 Suppose P is a class of posets with D € P and (2.3): b > ¥4
holds.

(1) If (P,0)s,-RcA holds, then GA does not hold.

(2) If (P,0)n,-RcA holds, then GA does not hold.

Proof. Suppose that P is as above, and (2.3) holds.
(1): Suppose that (P,0)s,-RcA and GA hold.

Since we have |Fp “b =N;” and since “b = 8;” is expressible in a Yp-sentence
in L¢ by Lemma 2.5, (1), it follows by (P, 0)s,-RcA, that there is a ground Wy with
Wy =“b=N;". Since V = W, by GA, this is a contradiction to (2.3).

(2): Suppose that (P, 0)r,-RcA and GA hold.

Note that by (2.3) and Lemma 2.6, we have (2.4): V |= b** > N;.

Since we have |Fp“0 = 8”7, we have |Fp“b* = ¥;” by Lemma 2.6. Since
“b** = N;” is expressible in a Ily-sentence in L by Lemma 2.5, (2), it follows by
(P, 0)n,-RcA, that there is a ground Wy with Wy = “b** = X; 7. Since V. = Wy by
GA, it follows that V |=“b™ = 8, 7. This is a contradiction to (2.4). 0 (Proposition 2.7)

The following can be proved similarly to Proposition 2.7, (1).

Proposition 2.8 Suppose that P is a class of posets with Cx, € P and b > Ny
holds. Then (P,0)s,-RcA implies that GA does not hold. 0

Note:

Lemma 2.9 CH can be formulated both as ¥5-sentence and Ily-sentence in Le with-

out parameters.

Proof. Consider
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I1;: note that we need here the quantification of the sort Vf (f € “w — ...

JF 3R ( R is wy-like ordering on “w and R witnesses the wi-likeness )

and I, so the negation is 34
VEVSYA((S=““w” A Aisanordinal A F:S — Ais a surjection )

— A<(JJ2>
——

¥ 0 (Lemma 2.9)

Proposition 2.10 (1) Suppose that =CH holds and P contains a poset collapsing , .ccar 10
2% to Wy without adding reals. Then each of (P,0)s,-RcA and (P, 0)n,-RcA implies
-GA.

(2) Suppose that CH holds and P contains a poset Q adding >Ny reals without
collapsing cardinals <Wy. Then each of (P, 0)s,-RcA and (P, D), -RcA implies =GA.

(3) Suppose that P contains sufficiently many ccc posets (containing enough CS-
iterations of Cohen and Hechler posets would suffice), then each of (P,0)s,-RcA and
(P, 0)11,-RcA implies —=GA.

Proof. Similarly to the proof of Proposition 2.7 using Lemma 2.9. For (3), we
consider cases where (a) 8y =b =10, (b) 8y <b =0, or (¢) Ry < b <0, and apply
Lemma 2.5 in all of the cases. [ (Proposition 2.10)

2.3 Incompatibility of Laver genericity with Ground Ax-
iom

In the following we want to discuss the impact of the results we obtained above

on axioms stating that there is a Laver-generic large cardinal (Laver-gen. large

cardinal axioms).

The strongest Laver-generic large cardinal axiom which has been considered so
far, is the tightly super-C(>) P-Laver-generically hyperhuge cardinal (see Fuchino
and Usuba [20]). Here, a cardinal s is said to be (tightly, resp.) super C'>) P-
Laver-generically hyperhuge if for all n € N and for any \g > k there are A > \q
with Vi <y, V, and j, M C V such that j : V S5, M, j(k) > X\, "OM C M,
Vioy <=, V (and P * Q is of size < j(k), resp.).?)

We can also define (tightly) super C(*) P-Laver gen. large cardinal analogously
for notions of large cardinal other than hyperhugeness (see [20] or [13]). For an

4) When we say “a poset P is of cardinality < p” we actually mean that there is a poset Q
forcing equivalent to P such that |Q| < p.
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iterable class P of posets which also permits transfinite iteration with some suitable
support, we can prove that the existence of the tightly super C'(*) P-Laver gen.
hyperhuge cardinal is consistent under a 2-huge cardinal ([20]).

Note that we cannot formulate the (genuine) large cardinal property correspond-
ing to (tightly) super C°) P-Laver-generically large cardinal in £c. However, for a
natural class P of posets like proper posets, semiproper posets, ccc posets, etc. we
can formulate the notion of (tightly) super C () P_Laver-generically hyperhugeness
in an axiom scheme in L. This is because P-Laver-generically hyperhugeness of
a cardinal k implies £ = Kej (:= max{Ry, 2%}) for these classes P of posets, and
hence we can formulate the (tightly) super C(*) P-Laver-generically hyperhugeness
of such x in infinitely many formulas without introducing a new constant symbol
for the cardinal.

In Fuchino and Usuba [20], it is proved that if « is tightly super C(*) P-Laver-
generically ultrahuge, then (P, H(x))-RcA* holds. Here the tightly super O
P-Laver-generically ultrahugeness is apparently much weaker than tightly super
C(*°) P_Laver-generically hyperhugeness.

Note that (P, H(k))-RcAT is also an assertion formalizable only in infinitely
many formulas. In contrast, it is proved in [12], that, in a sense, Laver-genericity
without “super C(*)” details never implies the full (P, H(k))-RcA™T.

By the result mentioned above and by Theorem 2.4, it follows immediately that:

Proposition 2.11 For any iterable class P of posets, if r is tightly super C(>)
P-Laver-generically ultrahuge, then GA does not hold. u|

In [20], it is proved that if & is tightly P-generically hyperhuge (not necessarily
Laver-generic) then there is the bedrock (i.e. the ground satisfying GA) and & his
hyperhuge in the bedrock.

On the other hand, it is shown in [13] that a tightly P-Laver-generically ultra-
huge cardinal for nice iterable P is < k. Here an iterable class P of posets is said
to be nice if either P preserves wy and Col(wy, {ws2}) € P, or P contains a poset
which adds a new real. Actually the following lemma is one of the main rationales

of the definition of the cardinal Ky .

Lemma 2.12 Suppose that P is a nice iterable class of posets. If k is P-Laver-gen.

supercompact, then K < Ky .

Proof. By Lemma 6.,(2) and (3) in [13]. 0 (Lemma 2.12)

Thus we obtain:

21

p-rec-GA-1-1-1

p-rec-GA-1-1-2



Proposition 2.13 For a nice iterable class P of posets, suppose that there is a
tightly ‘P-Laver-generically hyperhuge cardinal. Then the bedrock exists and it is
different from V. In particular, GA does not hold.

Proof. By Lemma 2.12, the tightly P-Laver-generically hyperhuge cardinal is
< Keejt (in V) while # is hyperhuge in the bedrock W. This implies that V # W. In
particular, GA does not hold. [ (Proposition 2.13)

At the moment we do not know if the existence of a tightly P-generically hyper-
huge in theorem in [20] mentioned above can be weakened to the existence of some
tight generic large cardinal of lower consistency strength. However, in [13], it is
proved that for an iterable class P of posets, if x is tightly P-Laver-gen. ultrahuge
then (P, H(k))s,-RcA™ holds (Theorem 21 in [13]). Note that ultrahuge cardinal

is apparently much weaker than hyperhuge cardinal.

Theorem 2.14 Suppose that P is an iterable class of posets satisfying one of the
conditions in Proposition 2.10.
If Keet is tightly P-Laver-gen. ultrahuge then GA does not hold.

Proof. If k is tightly P-Laver-gen. ultrahuge then (P,H(k))s,-RcA™ holds by
Theorem 21 in [13]. Thus if D € P then (by Proposition 5.5 below and) by
Proposition 2.7,(1), it follows that GA does not hold.

Other cases can treated similarly by applying other assertions of Proposition 2.10.

D (Theorem 2.14)

3 Hierarchies of restricted Recurrence Axioms

and Maximality Principles

p-rec-GA-1-2

p-rec-GA-2

Ikegami and Trang [27] formulated Maximality Principle slightly different from our micrarchies

notation. Their Maximality Principle in restricted form is defined for a class P of

posets, cardinal k and set I' of formulas (in L¢) as:

(3.1)  For any formula ¢ € I' and A C &, if ¢p(A) is a P-button then p(A) holds nicrarchiesa

in V.
Since (tuples of) elements of H (k") can be coded by subsets of £ we have:

Lemma A 3.1 For any class of posets P, cardinal k, and a set I' of Lc-formulas,
we have:
The Maximality Principle of Ikegami and Trang (3.1) < MP(P,H(k"))r. 0

Thus, Tkegami and Trang’s Theorem (Theorem 1.13 in [27]) is reformulated as:
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(3.2)  MP(P,H(Rs))s, < BFA_y,(P) for any (normal) class P of posets.

Actually, almost the same argument as the proof of Theorem 2.2 given above,

we can show the following more general theorem:

Theorem 3.1 (Generalization of the original Ikegami-Trang Theorem) For a (nor-
mal) class P of posets, and a cardinal k the following are equivalent:

(a) MP(P,H(k))s,.

(b) MP (P, H(k))s,-

(c) BFA.(P).

Proof. (a) = (b): is trivial,

(b) = (c): Assume MP™ (P, H(k))s,. By Bagaria’s Absoluteness Theorem 1.2,
it is enough to show that ¢(a) < |Fp “¢(a)” for all P € P, ¥;-formula ¢ in L
and @ € H(k).

If p(a@) holds then, since ¢ is X1, |Fp “p(a)” also holds.

Suppose that |-p “@(@)”. Then, for any P-name Q of poset |Fp “ |Fq “@(a)””
since ¢ is ¥;. In particular ¢(a) is a P-button with tNhe push P of the button. By
MP~(P,H(k))s,, there is a ground Wy of V such that @ € Wy and W, = ¢(a).
Since ¢ is ¥, it follows that V = ¢(a).

(b) = (c): Assume BFA_.(P). By Bagaria’s Absoluteness Theorem 1.2, this
means that ¢(a) < |Fp“p(@)” for all P € P, ¥;-formula ¢ in Lc and @ € H(k).

Suppose that |Fp“ | “p(@)” forall @ € P” for P, ¢, @ as above. Since
{1} € P it follows that |p“¢@(a)”. By assumption, it follow that ¢(a@) holds.

[ (Theorem 3.1)

Corollary 3.2 For a class P of posets and for an infinite cardinal k, we have

MP(P’H(K))EU <~ MP_(,P7H(KJ))E17 ~ BFA<H(P)7
& (P,H(k))s,-RcA, & (P, H(k))s,-RcAT.

Proof. By Theorem 2.2 and Theorem 3.1. [ (Corollary 3.2)

The following lemma holds since II;-formulas are downward absolute.

x-hierarchies-0

p-hierarchies-1

p-hierarchies-2

Lemma 3.3 For any class P of posets, and any set A, (P, A)n,-RcAt and i s

MP(P, A)n, hold (in ZFC). In particular, we have

(P, A)l'h -RcA & (P, A)l'h -RcAT & MP_(P, A)Hl = MP(P, A)Hl .
a
In the following, we show that the equivalence in Lemma 3.3 does not hold for
Il,.

Nevertheless, we have the following implications.
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Lemma 3.4 Suppose that P is a (normal) class of posets defined by a Xp,-formula ncrwnice
without parameters for some number m, and A a set.”)

(1) (P,A)q,-RcAT = MP(P,A),, for all n > max{m, 1}.
(2) MP(P,A)s, = (P,A)s, -RcA", for all n > max{m, 3}.

Proof. The following proofs are just re-examinations of the easy proof of Propo-
sition 2.1, (1) (e.g. the one given in Fuchino and Usuba [20]).

(1): Note that, for n = 1, the claim also follows from Lemma 3.3.

Assume that (P, A)m,,-RcA™ holds for n > max{m, 2}. To show that MP(P, A)y,,
holds, suppose that ¢ = ¢(7) is a Il,-formula, @ € A, and P € P is such that
e “VP € P(|Fp“p(@)”)” holds in V.

“YP e P(|Fp“e(®)”) is I, by the choice of n. Let us denote this formula
by ¢*. Thus, we have |Fp “p*(a)”.

By (P, A)u,-RcAT, it follows that there is a P-ground W of V such that @ € W
and W = ¢*(a). By the definition of ¢*, and since W is a P-ground, it follows that
VE ofa).

(2): Assume that MP(P, A)x, holds. Suppose that ¢ is ¥,-formula, @ € A, and
P € P is such that

(33) H_[P ¢ gp(a) 7 ° x-hierarchies-1-0

Then we have |Fp “p(@) holds in a P-ground”.
The assertion

(3.4) “(’O(E) hOldS iIl a P—gI‘OUIld” x-hierarchies-2

can be expressed in a ¥,-formula ¢*™* = ¢**(T) (see the remark after the proof of the
present lemma). By (3.3) and by the definition (3.4) of ¢** we have |Fp.q “ ™ (a)”
for all P-names Q with |p “Q € P”. Thus, by MP(P, A)y,, it follows that V =
©**(a). By the definition of <,0N**, it follows that there is a P-ground Wy such that
W ): @(a). [ (Lemma 3.4)

The fact that (3.4) can be formulated in a ¥,-formula for n > max{m, 3}, can

be seen as follows: First, let us recall the following fact.

5 Note that “z is c.c.c. poset”, “z is proper posets”, “x is semi-proper poset” are all Yo-
statements. In case of “x is (semi-)proper poset”, this can be seen in the formulation:

“Jr 3F (k is a cardinal A F “codes” the fact “x > (3,)* (|2 ])” A --+).”

Here, the underline to k is added to suggest that the symbol does not denote a constant symbol
but rather a variable in the language L. We shall keep this convention in the following.
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Lemma 3.5 Suppose that ¥ = ¢(x,7) is a X,,-formula and ¢ is ¥, -formula (11,,-

formula, resp.). Then ¥ is a Emaz{mn}-formula (a 11,00 1mny -formula, resp. ).9)

Proof. For quantifier free formula ¢, the claim of the Lemma is true since ¥ = .
Suppose that, for a ¥, -formula ¢y = @o(zo,T) (Il,-formula ¢; = ¢1(x0,T)),
0@ is B (1Y @) is I, resp.).
Then

(Vo) (1 (20, 7) — o) is Wnaxm,k+1y, and
(3330)(@/)@0@) A Splw(x;y)) 18 2maux{m,kJrl}-

Using this fact, the claim of the Lemma can be proved now by induction on n.
D (Lemma 3.5)
An examination of [6] and [33] reveals a construction of a Ilo-formula

®(x, P,d,r,G) which says that

P is a poset, § is a regular cardinal in V, there is a uniquely determined
inner model M with J-cover and d-approximation properties such that
r=(2M Pe M, M #V, Gis an (M, P)-generic set such that
V = M[G], and = € M.

Let ¢p = ¢(x) be a X,,-formula expressing “x € P”. Then, for a 3,-formula
¢ = p(T) for n > max{m, 3}, the formula ¢**(Z) defined as

3P3§3r3IG (®(0, P, 8, r,G) Ap*@)(P) A o®@)(T))

is 3, by Lemma 3.5, and ¢**(@) expresses “p(a@) holds in a P-ground”.
We shall also use the following variant of Maximality Principle. Let P, A, I" be
as before.

MP* (P, A)r : For p €', and @ € A, if p(a) is a P-button, then {1} is a push of
the P-button ¢(a).

As before, we drop the subscript I' from MP* (P, A)p if I' = L.

Lemma 3.6 (1) MPT(P,A)r = MP(P,A)r.
(2) (Hamkins [25]) MP*(P,A) < MP(P,A). More precisely, if P is Sy,-

6) Here, we denote by ¢¥(@¥) the formula ¢ restricted to 1 (x, %) where (z,7) is thought to be
the definition of the class Ay = {z : ¥(z,7)} with parameters (or, more precisely, place holders
for parameters) 7. The semi-colon in “o?¥(@¥)” should remind this allocation of roles among the
free variables of 1.

Thus p¥(*¥) corresponds to the informal statement: Az = .
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definable, then for any n > max{m, 1}, we have MPT(P, A)y, < MP(P, A)y,.
(3) For an iterable P, if MP* (P, A)r, then for any P € P, we have

H_[P « MP+(P, A)F ”

Proof. (1): is clear by definition.

(2): By (1), it is enough to show “<”, Assume that MP(P,A) holds, and
suppose that ¢(a) is a P-button for an Lc-formula ¢ and @ € A. Then ¢* =
VQ(Q e P — |Fo“p(a)”) is a P-button. Hence, by MP(P, A), ¢* holds in V.
But this means that {1} is a push for the button .

(3): Suppose that MP* (P, A)r holds (in V). For p € ', and @ € A, let P € P
be such that it forces that ¢(a@) is a P-button. By Maximal Principle (of forcing),

there is a P-name Q of a poset such that
H_[P (L@efp /\ H_g “vR(RG’P % H_R “(P(a)W)W 77.

Since P is iterable, it follows that ¢(a) is a P-button over V. Thus, by
MP* (P, A)r, {1} is a push of the P-button (@) (in V).
Again since P is iterable, it follows that |p “{1} is a push of the P-button ¢(a)”.

] (Lemma 3.6)

The following should be folklore:

Lemma 3.7 (1) If « is a limit ordinal and V,, satisfies a sufficiently large finite  hicrornices 0
fragment of ZFC, then for any P € V,, and (V,P)-generic G, we have V,|G] = v, Vel

(2) If ais a limit ordinal and V,, satisfies a sufficiently large finite fragment of

ZFC, then for any direct limit P of an iteration of length On"™ in P € V,, definable

in V,, and preserving cardinals in V,, if G is (V,P)-generic, then we have
V,[0] = V19,

(3) For each natural number k, there is a sufficiently large k' > k such that for
any a € On if Vo, <5, V (i.e. a is Yy-correct), then for any poset P € V, and
(V,P)-generic G, v, Vel <x, VI[C].

(4) Suppose that ([Pa,@a . a € On) is an FEaston support class iteration of
increasingly directed closed posets and B is the class direct limit of the iteration.
If k is a natural number and k is a regqular cardinal which is Xy -correct for a
sufficiently large k' > k, then we have VY1 <5 V[&] for any (V,B)-generic &
and G, = & NP,.

Proof. (1): See e.g. Lemma 3.2 in [20].  (2): follows from (1).
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(3): see the proof of Lemma 4.8, (1) in the extended version of [20].
(4): Let & = ®(x) be an Le-formula which defines 8. Then by the choice of

k, we have P, = ®" . The claim (3) follows from this fact with an argument

practically identical to that for (3). 0 (Lemma 3.7)

By Theorem 2.4, we cannot replace II5 in the next theorem by 3.

Theorem 3.8 Suppose that P is a Yo-definable iterable class of posets containing , nicrwrchicss
all o-closed posets, and that MP™ (P, H (K )i, holds. Suppose further that there

is a proper class IC of supercompact cardinals.

If B is the class poset for Laver preparation for IC (see the proof below for more

details), then we have

Fp “GA + MP(P, H(kws ),
+ there are class many supercompact cardinals” .

Proof. Let P, K be as above.
Let f : On — V be a universal Laver function for IC. I.e., a class function f
such that

(3.5) for any K € K, we have f | k : k — V,, and for any = € V and any «uicicnico20
A > max{k, | trel(zx) |}, there is a normal ultrafilter U, 5, over P,()) and
associated elementary embedding f, . :V = M with Jenz(f)(k) = .

We may also assume that
(3-6) f(Oé) - 0 fOI' a].l (8% < Htef[. x-hierarchies-2-1

Note that f [ k, K € KC are uniformly definable across V,; ( = H(k)) for all k € K.
A universal Laver function exists (see e.g. Apter [1], Lemma 1).
Let (P, : « € On) be the Laver preparation along with f making supercom-
pactness of all k € K indestructible by s-directed closed forcing.” ILe., (P, : a €
On) is defined as the iterative part of the Easton support® iteration (P,, @a a €

On) with a control sequence (A, : a € On) of cardinals defined recursively by

(3.7)  Ifa € Onis alimit and closed with respect to (Ag : f < @), f(a) = (Q,A) «uicwaics
with |Fp, “ Q is < a-directed closed poset”, then Q, = Q and Ay = A;

(3.8)  Otherwise A\, =sup{)s : B <a} and |Fp, “Q, ={1}". «-hierarchics-4

7 Note that x-directed closed means < s-directed closed.

8 I.e. direct limit at P, for regular o and inverse (= full support) limit at singular .
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Let P be the class forcing which is the direct limit of (P, : « € On). For each
k€ K, let P, be (the class P,-name of) the x-directed closed tail part of the
iteration. Thus P ~ P, P~ . and |Fp, “Ps , is a x-directed closed class poset ”.

Let & be (V,B)-generic. For each k € K, let G, = & NP,. Each v € K
is made indestructible under s-directed closed forcing by P, (see e.g. [31]). In
particular, s remains supercompact in V[G,] for all A € K. It follows that s
remains supercompact also in V[®].

V[®] = GA. This is because V[®] satisfies Continuum Coding Axiom (CCA),
and GA follows from it (see [33] Theorem 3.2). That V[®] satisfies CCA follows
from the fact that in V[®] there are cofinally many indestructible supercompact
cardinals. [The first author learned the following from G.Goldberg:  Suppose
that a C «a. Let Kk > a be an indestructible supercompact cardinal. Let P be
r~directed closed poset such that |[Fp“VS < a (2%+5+1 = (R4 511)"T < B€a)”.
Since |p “k is supercompact” by assumption and a supercompact cardinal is 3o-

correct. It follows that
Fp“Vi EIOVE < a(2B+611 = N5y 501)" & BE€a)”
Since |Fp “V, = (Vi)V” by k-directed closedness of P, it follows that
VE“V, EIVE < a @+ = (N5 5,1)T <> B€a)”.

Hence the assertion holds in V. |
Thus, it is enough to show that V[®] = MP(P, H (ke ))u,. Note that we have

(39) H (K’tef[ )V - H(/{tgf[ )V[GK] - H(Httf[ )V[Qﬂ x-hierarchies-5
by min(K)-directed closedness of 3, and (3.6). Also
(3.10) VK;V[GK] — an[ﬁ] x-hierarchies-6

for all k € K by s-directed closedness of B . and Lemma 3.7, (2).
Working in V[&], suppose that ¢ = ¢(7) is a Ilr-formula and @ € H (ki)

(= H(kerr)¥).
Further in V[®], suppose that S € P is such that

(311) V[@] }: H—s “YT eP ( “_T “ QO(E) 7’) 7. x-hierarchies-7-a-a

We want to show that ¢(a@) holds (in V([®]).

By replacing V by VI[G,,]|, and K by K \ ko + 1 for a large enough ko € K
with S € V[G,,], we may assume that S € VY for a kg < min(K). Let g be
(V[®], 5)-generic. Since S € P and since P is iterable, we have
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(3.12) V[®][g] = VT € P (|Fr“¢(@)”).
By (3.10) (and Lemma 3.7, (2)), we have
(3.13) W, ViClidl — v Vel

for all kK € K.
Note that each x € K remains supercompact in all of V[G,], V[G,][g], V[®],
and V[®][g|. Thus,

(3.14) VWOl <5 V],

(3.15)  Vv.Vield <o v(e)[g],
(3.16) V. VIBsl <5 V[G,], and
(3.17) Vv, VIElel < V[G,][g]

for all k € K. By (3.10), and (3.14), we have
(3.18)  V,VIB <g V[®]

for all k € K. Similarly

(3.19) V.VEId <5, vie)g]

holds for all k € K by (3.13) and (3.15),

YT € P(|Fr“p(@)”)” is Iy (note that we need Yo-definability of P for this).
Hence V,,VI®E = vT € P (|1 “p(@)”) by (3.12) and (3.19). By (3.17), it follows
that V[G.llg] &= VT € P(|Fr “p(@)”). This implies that ¢(a) is a P-button in
VI[G,].

Similarly, since V[®] =S € P, and P is 3, we have V[G,] = S € P by (3.18)
and (3.16).

Since we have V[G,] = MP* (P, H (ke ))m, by Lemma 3.6, (3), it follows that
V]G] E ¢(a) for all k € K.

Since ¢ is Il and K is cofinal in On, it follows that V[B] = ¢(a) by (3.18).

This shows that V[®] = MP(P, H (ki) ), holds. 0 (Theorem 3.5)

If we start from a ground model with a proper class K of C™-supercompact
cardinals (see Bagaria [5]) for sufficiently large n, we can improve the condition “P
is 3p-definable” in Theorem 3.8 by “P is ¥3-definable” (see the remark after the
proof of Proposition 3.10).

“IIy” and “MP (P, H (ke ))1r,” in Theorem 3.8 can be also replaced by “As” and
“MP*(P, H(Kwefi ) a,” which is not covered by MP (P, H (ke ) )i, (Proposition 3.10).
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In the following, we quickly review the definition and some needed facts about
the variation MP*(P, A)r of the Maximality Principle which will be further studied
in Fuchino, Gappo, Lietz, and Parente [14].

For an iterable class P of posets, a set A of parameters, and a set I' of L.-
formulas, let (I')7 be the set of provably P-persistent formulas in I'. That is, the
collection of all formulas ¢ € ', ¢ = ¢(T) such that the Lc-sentence

(320) ((p)% =VT (gO(f) — VE eP ( H_E “ QO(E) ”)). x-YAH-a

is provable in ZFC.

Note that if T" is closed with respect to equivalence (which is provable in ZFC)
and has a recursive representatives (modulo the equivalence), then the same holds
for (I')} (as far as P is a definable class but this is always assumed).

Now MP*(P, A)r is defined as the axiom scheme consisting of formulas of the

form
(321), (VP eP) (VT € A)(lFp“p(@)” — »(T)) *YAH-0

for each ¢ € (I')%.

Similarly to the MP(---)r and (- - - )p-RcA™ hierarchies, we write MP*(P, A) for
MP*(P, A) ...

The main point of the definition of MP*(P, A)r is that the persistence is coded
in the collection (I')} so that each formula (3.21),, in MP*(P, A)r remains at about

the same complexity of .

Lemma 3.9 For an iterable class P of posets, arbitrary set A of parameters and , viuno
set I' of formulas, the following are equivalent:

(a) MP(P,A)ry, (b) MPT(P,A)ry, (c) (P,A)ry-ReAt,

(d) MP*(P,A)r.

Proof. We show (a) < (d). Other equivalences can be proved similarly.

(a) = (d): Assume that MP(P, A)r): holds. Suppose that ¢ € (I')p, a € A
and |p “p(a@)” holds for a P € P. Then, since ¢ € (I')}, ¢(a) is a P-button
and P is its push. By MP(P, A)r), it follows that V = ¢(@). This shows that
MP*(P, A)r holds.

(d) = (a): Assume that MP*(P, A)r holds and suppose that ¢ € (I}, @ € A,
@(a) is a P-button and P € P is its push. Then, since {1} € P, |Fp “p(a)”.
By MP*(P, A)r it follows that V = ¢(a). This shows that MP(P, A) ). holds.

D (Lemma 3.9)
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The hierarchy of this type of restricted Maximality Principles appears in Good-
man [23]. Our MP*(P, A)r is called “I'-MPp(A)” in [23]. Though the choice of
symbols in [23] is so that letter I' is used to denote the class of posets and ® to
denote the class of formulas.

The hierarchy of MP* is actually a special case of the hierarchy of “BFA(P,I"), "
in Asperé [2] (see [14]: see also Lemma 6.10).%)

The proof of Lemma 3.4, (2), shows also the implication:
(2)) MP*(P,A)s, = (P,A)s,-RcAT, for all n > max{m, 3} where P is X,,.

Thus, by Theorem 2.4, MP*(P, A)x,, for n > max{m,3} for m as above implies
—GA. In particular, for ¥3-definable P, MP*(P, A)x, implies =GA. This shows

that the condition Aj in the following proposition is (almost) optimal.

Proposition 3.10 Suppose that P is a 3-definable iterable class of posets con-
taining all o-closed posets, and that MPT (P, H (ke ))a, holds. Suppose further that
there is a proper class KK of C™-supercompact cardinals for a sufficiently large n
and B s the class poset defined as in the proof of Theorem 3.8 for this K.

Then we have

Fogs “GA + MP*(P, H(kui))a, -

Proof. Suppose that K and 93 are as above and MP™ (P, H (ki )) a4 holds.
Let & be a (V,*B)-generic filter.
As it has been already shown in the proof of Theorem 3.8, we have V[&] = GA.
So we prove V[B] = MP*(P, H(kwji))a;. Working in V[®], suppose that ¢ =
©(T) is a (Az)p-formula and @ € H(kwn) (= H(keen)Y)-
Further in V[®], suppose that S € P is such that

(3.22) V[&] = |-s“p(@)”.

We want to show that ¢(a@) holds (in V([®]).
Similarly to the proof of Theorem 3.8, we may assume that S € V"V for a
ko < min(K). Let g be (V[®], S)-generic. By the choice (3.22) of S, we have

(3.23) V(&[] |= »(a).

By the choice of the “sufficiently large” n (in terms of Lemma 3.7, (4) and (3)),
and by (3.10),

(3.24) VVIO <o V@], e s o

9 These principles are related but different from the Bounded Forcing Axioms BFA_ .. (P).
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(3.25) V.VI®IE <5, vi®][g],
and, since x remains supercompact in V[G,] and V[G,][g],

(3.26)  V,.VIC <¢ V[G,],
(3.27)  V,VIEllEl < V[G,][g]

for all K € K.

By (3.24), S € P (in V[®]), and since P is X3, V.V = 5 ¢ P. Hence, by
(3.26), V[G.] =S € P.

Since ¢ is As, (3.23) and (3.25) implies V,,VI®l¥l = (@), This and (3.27) imply
V[G]lg] = ¢(@).

By ¢ € (A3)p, it follows that V[G.][g] = VQ € P (|Fq“¢(@)”). Thus V[G,] =
B ePMVQ(Fs“QeP —¢(@)”)).

Since V[G,] = MP* (P, H(Keei)) s by Lemma 3.6, (3), it follows that

(3.28) VIG.] = »(@).

Since ¢ is A, and hence I3 in particular, V,V® = o(@) by (3.26). Thus, by
(3.28), it follows that V[B] = ¢(a).
This shows that V[®] = MP*(P, H (ki ))a, holds. [ (Proposition 3.10)

The first half of the proof of Proposition 3.10 can be applied to the proof of
Theorem 3.8 to obtain:

(A variant of Theorem 3.8) Suppose that P is a ¥3-definable iterable class of
posets containing all o-closed posets, and that MP™ (P, H (ke ))n, holds.
Suppose further that there is a proper class K of C™ -supercompact car-
dinals for a sufficiently large n.

If B is the class poset for Laver preparation for K (see the proof below for

more details), then we have

H_‘B “GA + MP(PﬂfH(KtRf[))rb

+ there are class many supercompact cardinals”.

The following theorem is also obtained by combining the proofs of Theorem 3.8

and Proposition 3.10 taking Lemma 3.9 into account.

Theorem 3.11 (1) Suppose that P is a ¥a-definable iterable class of posets con-
taining all o-closed posets such that MPT (P, H(kwji ))r holds where T' denotes here
the set of all formulas representable as the conjunction of a Xa-formula and a (Ag)p-
formula. Suppose further that there is a proper class K of supercompact cardinals
and B s the class poset defined as in the proof of Theorem 3.8 for this K.
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Then we have

b “GA + MP*(P, H(siu))r "

(2) Suppose that P is a Y3-definable iterable class of posets containing all o-closed
posets such that MP™ (P, H(keji ) )1 holds where T is the set of formulas defined as in
(1). Suppose further that there is a proper class KC of C™ -supercompact cardinals for
a sufficiently large n, and P is the class poset defined as in the proof of Theorem 3.8

for this K.
Then we have

H—m “GA + MP*(P,HO{nﬂ))F”. H]

The following Corollary shows in particular that the implication in Lemma 3.4,

(1) for n = 2 cannot be reversed.

Corollary 3.12 (1) Suppose that P is a ¥o-definable iterable class of posets con-
taining all o-closed posets, and also a poset adding a real. Assume further that there
is a proper class K of supercompact cardinals, and MP™ (P, H(kwj))r holds where
I' is defined just as in Theorem 3.11. Then, there is a class poset P such that we
have

H—‘B ‘. (P, @)Hz 'RCA; B (Pa ®)22 -RcA and MP(P7 %(Ktef[))r 7

(2) Suppose that P is a X3-definable iterable class of posets containing all o-
closed posets, and a poset adding a real. Assume further that there is a sta-
tionary proper class KC of C"™ -supercompact cardinals for sufficiently large n, and
MP* (P, H (ki ))r holds for the set of formulas T as defined in Theorem 5.11. Then,

there is a class poset S such that we have
H—q?, “ (P, ®)H2 —RCA, - (P, @)22 -RcA and MP*<P, H(/imc[))p .

Proof. Note that MP™* (P, H (ki ))s, for P as here implies =CH (see Fuchino and
Usuba [20], Theorem 3.3).

(1): By Proposition 2.10, (1) and Proposition 3.11, (1).

(2): By Proposition 2.10, (1) and Theorem 3.11, (2). [ (Corollary 3.12)

Typical instances of P in Corollary 3.12 are when P is the class of all proper
posets, the class of all semi-proper posets, or the class of all stationary preserving

posets.

Problem 3.13 Do some theorems hold which would imply certain non-implications

similar to those in Corollary 3.12 for P = o-closed posets, or P = ccc posets?
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4 Generic absoluteness under Recurrence Axioms

The conclusion of the following Theorem 4.1 generalizes that of Viale’s Theorem 1.1 ccoabe e
(Theorem 1.4 in [39]). Note that the assumption in our Theorem 4.1, the Recur-
rence Axiom (P, H(k))-RcA™ for an uncountable cardinal x and an iterable class
P of posets, namely, is of much lower consistency strength than the assumptions in
Viale’s Theorem for some instances of P. Actually the assumption of Theorem 4.1
is even compatible with V' = L for many “natural” classes P of posets including
the cases “P = all ccc posets” or “P = all proper posets” (see Theorems 5.6, 5.10
n [25]). For “P = all stationary preserving posets”, Theorem 1.6 in Ikegami and
Trang [27] proves that the existence of proper class many strongly compact cardi-
nals plus a reflecting cardinal is an upper bound of the consistency strength of the
Maximality Principle for the P.

Known lower bound of this Recurrence Axiom is also large. By Ikegami-
Trang Theorem 2.2, (stationary preserving, H(2%°))-RcA is equivalent with BMM.
Schindler [34] shows that BMM implies that there is an inner model with a strong
cardinal.

In contrast, the Maximality Principle for P = semi-proper posets, the con-
sistency strength is much lower than this by Asper6 [2]. Note that, in general,
semi-proper and stationary preserving are not identical notions.

The existence of the tightly super-C(>) P-Laver-gen. hyperhuge cardinal x is
the known Laver-generic large cardinal axiom which implies the full Recurrence
Axiom for P and H(x) (see Fuchino, and Usuba [20]).

There is practically no (consistent) generic large cardinal axiom formalizable in
a single formula which also implies (P, ())-RcA for any sufficiently general class P
of posets ([12]).

In [20], it is proved that for an iterable class P of posets, the existence of
the tightly super-C(>®) P-Laver-gen. hyperhuge cardinal x with x = Keeft implies
(P, H(Keet))-RcAT where kg is defined as ke = max{2% N,}. Note that this
does not contradict what we mentioned in the last paragraph since the tightly super-
C(*) P-Laver-gen. hyperhugeness of Keet 1S only expressed by an axiom schema.
Note that by [20] we know the exact consistency strength of this principle (as that
of Ky being super-C*) hyperhuge in the bedrock).

In Section 5 we show that the generalization of the conclusion of Viale’s Theo-
rem 1.1 (like that of the following Theorem 4.1) already follows from tight P-Laver-
gen. hugeness. This assumption is still much stronger than that of Viale’s Theo-
rem 1.1 but the upper bound of the consistency strength of this Laver-genericity is

far below the consistency strength of a tight super-C(®) P-Laver-gen. hyperhuge
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cardinal.

Theorem 4.1 Suppose that P is an iterable X, -definable class of posets for n > 2
and (P, H(k))s,ur-RcAt holds for an uncountable cardinal k where T is the set of

all formulas which are conjunction of a Xo-formula and a Ily-formula. Then, for

any P € P such that |Fp “BFA-.(P)”,
H(pT)Y <5, H(uHVIC  holds for all p < k and for (V,P)-generic G.
Thus, we have H(k)V <x, ’H((H(Jr))V[@])V[@]_

Proof. Suppose that P € P is such that |Fp“BFA_.(P)” and G is a (V,P)-
generic filter. Let ¢ = ¢(x) be a Ys-formula in L¢, and ¢(x) = Jy¢(x,y) for a
II;-formula ¢ in L. Let p < k and a € H(u™) (C H(k)). We have to show that
H(ph)Y = ola) < H((H)I)VE | o(a).

Suppose first that H(ut)Y = ¢(a). Let b € H(ut)Y be such that H((uH)V)V |
¥(a,b). Since we have V |= BFA_ . (P) by Ikegami-Trang Theorem 2.2, it follows
that H((u*)VIEHVI® = 4(a,b) by Bagaria’s Absoluteness Theorem 1.2, and thus
H((pH)VO) = o(a).

Note that we did not use the assumption “|Fp “BFA..(P)”” for this direction.

Suppose now H((uH)VIEWVIO = p(a). By (P, H(k))s,ur-RcAT, there is a P-
ground W of V such that

(41) W E“BFAL+(P) A H(*) E pla)”.

Note that the formula in (4.1) is ¥, if n > 3 and I' if n = 2.

Let b € H((pH)W)W be such that W = “H(u") & 9(a,b)”. By Bagaria’s
Absoluteness Theorem 1.2, and since V is a P-generic extension of W, it follows
that V E“H(u") = 1¥(a,b)” and hence H(u™)Y = ¢(a).

For the last statement of the present theorem, let ¢ be a Ys-formula, and
a € H(k). If H(k) E ¢(a), then, by (1.4), there is p < k such that H(u™) = ¢(a).
By the first part of the theorem, it follows that H((u+)VIEHVI® = ¢(a). Thus
H (VOO = (a) by (1.4).

If H((sH)VICHVIC = (a), then there is u < & such that H((u+)VIEYVIO = o(a)
(this is also shown using (1.4)). Hence H((u™)Y) E ¢(a) by the first part of the

theOrem D (Theorem 4.1)

Note that by Lemma 1.6, the conclusion (4.1) of Theorem 4.1 can be yet
strengthened to

(4.2) (H(,LLJ’_),G,[NS)V '<22 (%(M+)’€,INS)V[G] hOldS fOI' all ILL < K and fOl" x-genabs-rec-a-

(V,P)-generic G.
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5 Generic absoluteness under Laver-genericity

Laver-genericity also implies a conclusion similar to that of Viale’s Theorem 1.1. .coaperave
Although this fact does not have an advantage in terms of consistency strength in
comparison with Theorem 4.1, the Laver-generic large cardinal we need in Theo-
rem 5.7 below is much weaker than the tight super C(°® P-Laver-generic hyperhuge-
ness, the generic large cardinal property which is known to imply the corresponding
Recurrence Axiom used in Theorem 4.1 (see [12] and [20]).

In Viale [39], the absoluteness statement of his Theorem 1.1 is also discussed
in connection with the Resurrection Axiom (see Theorem 5.2).

Adopting the generalized setting introduced in Fuchino [12], we define the Res-
urrection Axiom as follows: for an iterable class P of posets and a definition p® of
an uncountable cardinal (e.g. as Ry, Ng, 280, (2%0)F g etc.),'”) the Resurrection

Aziom for P and p® is the statement:

RA(P,p®):  For any P € P, there is a P-name Q of a poset such that |Fp“Q €
P and H(p®)V < H(u*)VH for any (V, P * Q)-generic H.'!)

Lemma 5.1 (Hamkins, and Johnstone [26]) Assume that P is an iterable class of . senoveraerao
posets, p® is a definition of an uncountable cardinal, and RA(P,u®) holds. Then

(1) BFAL,(P) holds.

(2) If all elements of P preserve stationarity of subsets of wy, 2% = 2% and

pt = “2%7 then BFAZSL(P) holds.

Proof. (1): It is easy to check that (c) of Bagaria’s Theorem 1.2 holds.?
Suppose that @ € H(p®) and ¢ is a ¥j-formula in L. For P € P, let G be a
(V, P)-generic filter.
If H(p*)V | (@), then we have V = ¢(a) and hence V[Q] | ¢(@). Thus we
have H(u*)VI® = o(a) by (1. 4)
Suppose now that H(u®)VI® = ¢(c
ke “Q € P7 such that for a (V[C], Q

). Let Q be a P-name of a poset such that

a
)-generic H,

(@
G

(N5.1)  H(p®)V < H(p®)VEH, x-genabe-Laver-a-a

10) More precisely, when we say “u® is a definition of an uncountable cardinal” we mean that ZF
or ZFC proves the statement “u® uniquely exists and p® is an uncountable cardinal”.

1) Here we mean with “H(u®)Y < H(u®)VH” the elementarity H((u®)Y)V < H((u®)VIFHH)VEH],

12) Actually we do not need this condition in this part of the proof and hence we can obtain the
Bounded Forcing Axiom under a weaker notion of Resurrection Axiom in which the second step
Q may be anything.
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Since V[Q] = ¢(@), we have H(u*)VI®* |= ¢(@) by the same argument as in
the first part of this proof. Thus, by (R5.1), it follows that H(u*)V = o(a).
(2): Similarly to (1) using (c) of Theorem 1.8.'% 0 (Lemma 5.1)

Theorem 5.2 (A generalization of Theorem 5.1 in Viale [39]) Suppose that P is an  sevove rovera

iterable class of posets, u® is a definition of an uncountable cardinal and RA(P, u®)
holds. Then we have

H(pe)Y <5, H(u)V®

for any P € P such that |p “BFAL ,«(P)”, and (V,P)-generic C.
Proof. An argument similar to that of Lemma 5.1 will do. 0 (Theorem 5.2)

In [12], the boldface version of the following is proved:

Theorem 5.3 (Fuchino [12]) For an iterable class P of posets, and a definition p® senove raveras

of a cardinal, if p® is tightly P-Laver gen. superhuge, then RA(P, u®) holds. a

Corollary 5.4 For an iterable class P of posets, , and a definition u® of a cardinal, , scnavs roveros

if u® is tightly P-Laver gen. superhuge, Then we have
H(u®)Y <z, H(p)VO

for any P € P such that |Fp “BFAL,+(P)” and (V,P)-generic C.
Proof. By Theorem 5.2 and Theorem 5.3. [ (Corollary 5.4)

Note that for many cases (with natural setting of P and the notion of large
cardinal), if x is P-Laver-gen. large cardinal, then k = Ky (see Fuchino, Ottenbreit
Maschio Rodrigues, and Sakai [15]).

In the following, we show in a direct proof, that Corollary 5.4 can be yet slightly
improved (see Theorem 5.7 below).

It is known that Laver-gen. large cardinal axiom proves strong forms of double-
plus forcing axioms (see Theorem 5.7 in [15]). In the Proposition 5.5 below we only
recap a part of this result needed for the following argument.

For a class P of posets, and cardinals x and A,

(FAZSA(P)):  For any P € P, any family D of dense subsets of P with |D| < &,
and any family S of P-names of stationary subsets of w; with | S| < A,

there is a D-generic filter G on P such that S[G] is a stationary subset of
wy forall §e€8.

13) Note that for this proof, the weaker variant of RA(P) as in the proof of (1) is apparently not
sufficient.
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Note that MM™ is just FA:§§2 (stationary preserving posets). FA..(P) is the
principle we obtain by dropping the mention about S from the definition of FATS A(P).

Proposition 5.5 (1) Suppose that K is P-Laver-gen. supercompact. Then p-genabs-Laver-a
FA_ .(P) holds.

(2) If all elements of the class P of posets are stationary preserving and K is

P-Laver-gen. supercompact, then FAZS"(P) holds.

Proof. We prove (2). (1) can be shown by a subset of this proof.

Assume that k is a P-Laver-gen. supercompact cardinal, and let P, D, S be as
in the definition of FAZS"(P). Let D,, o < p and S, @ < i/ be enumerations of
D and S respectively.

Let A\ = |P|. Without loss of generality, we may assume that A > x and the
underlying set of P is A. Let Q be a P-name with |-p “Q € P” and such that for

any (V,P % Q)-generic H, there are j, M C V[G] such that j : V =5, M, j(k) > A,

~

J'A P, PxQ He M.
Let G be the P part of H. Then, since j(u) = p, j(1') = i/, (D) = {j(Da) :
a < p}, and j(S) = {j(fa) : a < p}, we have

(5.1) M = j"G generates a filter on j(P) which is x-genabs-roc-0
j(D)-generic, and realizes elements of j(S) to be stationary”.

Note that we need here the condition that P is stationary preserving since otherwise
the stationary set S[C] in V[G] might be no more stationary in V[H]|.
(5.1) implies that

M = “ there is a j(D)-generic filter on j([P)

which realizes all elements of j(S) to be stationary”.

By elementarity, it follows that

V |= “ there is a D-generic filter on P

which realizes all elements of & to be stationary”.

D (Proposition 5.5)

Lemma 5.6 Suppose that k is P-Laver-gen. supercompact for an iterable P. Then . scnove ravero
we have H(k)Y <g, H((xH)VICWVIE for any P € P and (V, P)-generic G.

Proof. By Proposition 5.5, (1) and Bagaria’s Absoluteness Theorem 1.2. [ (temmas.)

The following theorem improves Corollary 5.4.
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Theorem 5.7 For an iterable class P of posets, suppose that BFA_ .(P) holds, and , scnuve v

K is tightly P-Laver-gen. huge.'" Then, for any P € P such that |Fp “BFA_.(P)”,
H(ut)Y <5, H(uH)V  holds for all u < k and for (V,P)-generic G.

Thus, we have H (k)Y <x, H((xH))VIEHVIE],
Proof. Suppose that |Fp“H(ut) |E p(@)” for P € P with |p “BFA_.(P)”,
p < Kk, Yo-formula ¢ and for @ € H(u™). Let G be a (V, P)-generic filter. Then we

have
(5.2)  V[O] |=“BFAL(P) ANH(u*) b= p(@)”.
Let ¢ = 3y (T, y) where v is a IT;-formula in Le. Let b € H((u+)VIE)VIE, be such

that H((u" )OO |- (@, b).
Let Q be a P-name with |p “Q € P” such that, for (V,P * Q)-generic H with

(5.3) G C H (under the identification P <€ P * Q),

~

there are j, M C V[H] such that j : V=5, M,
(54) |P*xQ| < (k) (by tightness),
(5.5) P,PxQ He M and

(5.6)  j"j(k) € M.

By (5.2), (5.3) and Bagaria’s Absoluteness Theorem 1.2 (applied to V[C]), we
have V[H] = “4(a,b)” and hence V[H] = “H(ut) = ¥ (a,b)”.

By (5.4), (5.5) and (5.6), there is a P-name of b in M. By (5.5), it follows
that b € M. By similar argument, we have H((u")VH)VIH C M and hence
H((pH)VENVIH = 2 ((u)M)M € M. Thus we have M | “H(u") | ¥(a,b)”.

By elementarity, it follows that V | “H(u™) = (a,b)”, and hence V |
“H(u") = p(@)” as desired.

Suppose now that P, u, ¢, @ are as above and assume that V = “H(ut) = p(a)”
holds. For a II;-formula ¢ as above, let b € H(u™)Y be such that V = “H(u") &
P(@)”.

Since V |= BFA_ . (P) by assumption, it follows that V[G] = ¢ (a, b) by Bagaria’s
Absoluteness Theorem 1.2, and hence V[G] = ¢(a).

The last assertion of the theorem follows by the same argument as that given

at the end of the proof of Theorem 4.1. [ (Theorem 5.7)

ver-

14) Note that by Proposition 5.5, BFA_ .(P) follows from the assumption that x is P-Laver- -sonabe Laver

generic supercompact. Thus the conclusion of the theorem follows from the combination of the
assumption k being P-Laver-generic supercompact and tightly P-Laver-gen. huge. Note also that
this combination follows from the tight P-Laver-gen. superhugeness of .
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6 Some more remarks and open questions

In this final section we collect some observations we could not put in the appropriate ...
places in previous sections, and mention some open questions.
Since most of the claims in this section are easy consequences of known results,

some of them may be already known.

6.1 Restricted Recurrence Axioms under Laver-genericity

As we already mentioned at the end of Section 2, the existence of a tightly P- rrav
Laver gen. ultrahuge cardinal x implies (P, H(k))s,-RcAT (Theorem 21 in [13]).
This result can be slightly improved so that its conclusion stands in line with the

assumptions of Theorem 4.1 for the case of n = 2 .

Theorem 6.1 (A slightly improved version of Theorem 21 in Fuchino [13]) Suppose 1, roa0
that K 1s tightly ‘P-Laver-generically ultrahuge for an iterable class P of posets. Then
(P, H(k))r-RcAT holds where T is the set of all formulas which are conjunctions of

a Yo-formula and a Ily-formula.

Proof. A slight modification of the proof given in [13] will do. Nevertheless,
we present, the proof here because of the subtlety of the modification of the proof
around (6.8).

Assume that k is tightly P-Laver generically ultrahuge for an iterable class P
of posets.

Suppose that ¢ = ¢(T) is Xy formula (in L), ¥ = (T) is Il; formula (in L),
a € H(k), and P € P is such that

(6.1) V }Z H_[P “ 90(6) /\ w(a) ” . x-Lg-RcA-a
Let A > k be such that P € V, and
(6.2) Vi <y V for a sufficiently large n. <Lg-ReA-0

In particular, we may assume that we have chosen the n above so that a sufficiently
large fragment of ZFC holds in V) (“sufficiently large” means here, in particular, in
terms of Lemma 3.7, (1) and that the argument at the end of this proof is possible).

Let Q be a P-name such that |Fp“Q € P”, and for (V,P x Q)-generic H, there
are j, M C V[H] with ) i

(63) j -V i),.g M, x-Lg-RcA-1

(64) j(,i) > )\7 x-Lg-RcA-1-0
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6.5 PxQ, P, H, ViinWH e M, and
( N )

(6.6) |P+Q|<j(x).

By (6.6), we may assume that the underlying set of P+ Q is j(x) and PxQ € Vj()".
Let G:= HNP. Note that G € M by (6.5) and we have

Since Vj( ,\)M (= V]\g\";]) satisfies a sufficiently large fragment of ZFC

by elementarity of j, and hence the equality follows by Lemma 3.7, (1)
M V[H " _ \% H
6.7)  Vim™ = Vioy' " = Vi [H].
~—
by (6.5)

Thus, by (6.5) and by the definability of grounds, we have Vj" € M and
Vj()\)v[@] € M. We may assume that Vj\(//\) as a ground of V]%\) satisfies a large
enough fragment of ZFC.

Claim 6.1.1 Vj,)V[0] | ¢(@) A ¢(a).
- By Lemma 3.7, (1), VAV[G] = VW19, and V;,)V[G] = V;yV'%. By (6.2), both

V2V [G] and Vj\(//\) [C] satisfy still large enough fragment of ZFC. Thus, by Lemma 6.2
below, it follows that

(6.8)  WV[G] <3, Vi [6] <5, VIO].
By (6.1) and (6.2), we have V,V[0] | ¢(@) and V[C] = ¥(@). By (6.8) and since ¢
is 3g, and ¢ is Iy, it follows that Vj\)Y[C] = (@) A ¥(a). — (Claim 611)
Thus we have
(6.9) M [=“there is a P-ground N of Vj() with N = ¢(@) A¥(a)”.
By the elementarity (6.3), it follows that
(6.10) V= “there is a P-ground N of V) with N | ¢(a) A ¢(a)”.

Now by (6.2), it follows that there is a P-ground W of V such that
W ): (p(a) N 77/)(6) D (Theorem 6.1)
We used the following variation of (1.4) in the proof of Theorem 6.1 to obtain
(6.8):
Lemma 6.2 Suppose that 5, 0" € On, § < & and both Vs and Vi satisfy a suffi-
ciently large fragment of ZFC. Then we have Vs <5, Vs <5, V.
Proof. Suppose that @ € Vs and ¢(7,7) is a bounded formula in L.
If Vs = Jiab(@, ), then there are b € Vs such that Vs |= (@, b). It follows that

Vs = 4(@,b) and hence Vy |= 3y (a, 7).
Suppose now that Vi |= Jyi(a,y). Since Vi satisfies a sufficiently large frag-
ment of ZFC, there is M € Vj such that
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Vi = |trel(@) | = | M |, M is transitive, @ € M, there are b € M
such that M = (@, b)”.

But then such M as above must be an element of V) and thus

Vi = “ | trel(@) | = | M |, M is transitive, @ € M, there are b € M
such that M =+ (a@,b)”.

It follows that Vs = 3¢ (a, 7).
The argument above shows that Vs <y, Vs. Vs <y, V can be shown with

practically the same argument. [ (Lemma 6.2)

6.2 Separation of some other axioms and assertions

In Section 3, we separated some instances of (P, H(x))r-RcA and MP(P, H(k))r se
by compatibility with the Ground Axiom (GA). The same idea can be also used to

separate some other principles and axioms.

Theorem 6.3 “MM™™ + there are class many supercompact cardinals” (or even 1y na o

class many extendible cardinals) is consistent with GA.

Proof. Sean Cox [8] proved that MM™* is preserved by < wyp-directed closed forcing
(Theorem 4.7 in [8]). Starting from a model with cofinally many supercompact
cardinals, use the first supercompact to force MM™". Then the class forcing just
like that in the proof of Theorem 3.8 (or like the one in [21]) will produce a desired

mOdel D (Theorem 6.3)

Corollary 6.4 MM™ or even MM*™ ++ “there are class many super compact cardi- -1o-res-
nals” does not imply that the continuum s a tightly P-Laver gen. ultrahuge cardinal
for any of the large enough subclass P of the class of all semiproper posets.

Proof. Let P = semiproper posets. Note that, if x is P-Laver generically su-
percompact, then x = 2% follows (see e.g. Theorem 5 and Lemma 6 in Fuchino
[13]).

If k is the tightly P-Laver generically ultrahuge continuum, then Theorem 6.1
together with each one of the Propositions 2.7, 2.8, 2.10 implies that GA does not
hold. Thus the model of MM + “there are class many super compact cardinals”

+ GA of Theorem 6.3 witnesses the desired non-implication. [ (Corollary 6.4)

Note that Corollary 6.4 with “tightly P-Laver gen. ultrahuge” replaced by
“tightly P-Laver gen. hyperhuge” is trivial. This is because consistency strength
of the existence of the tightly PP-Laver gen. hyperhuge cardinal is known to be that
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of the existence of a (genuinely) hyperhuge cardinal (see the remark right after
Proposition 2.11).

Our Theorems 4.1 and 5.7 generalize Viale’s Theorem 1.1 in terms of possible
instances of the class P not covered Theorem 1.1 and also in terms of the cardinal
k in the conclusion of the theorems which can be strictly bigger than Ny (which
can really happen if e.g. P is the class of ccc posets).

On the other hand, the premise of Viale’s Theorem 1.1 is consistent with GA by
Theorem 6.3 while this is not the case with Theorem 4.1 for many natural instances
of P by Propositions 2.7, 2.8, 2.10 and unclear in case of P = stationary preserving
posets with Theorem 5.7.

Viale’s Theorem 1.1 implies, in particular:
Corollary 6.5 (to Viale’s Theorem 1.1 and Theorem 6.3) The assertion

H(N,)Y <5, HR)VIC  for any stationary preserving poset P with
IFp “BMM”, and (V,P)-generic G.

1s consistent with GA. a

Concerning Theorem 5.7, it is open at the moment if the existence of a tightly
P-Laver-gen. huge cardinal is inconsistent with GA. However some of its strength-
enings do contradict GA for many instances of the class P of posets as we saw in
Proposition 2.13 and Theorem 2.14.

The positive answer to the following question would give a clear separation of

Laver-genericity from the corresponding forcing axiom with double plus:

Problem 6.6 Does the (tightly) P-Laver gen. supercompact cardinal axiom (i.e.,
the existential statement of such a cardinal, e.g. for P as in Corollary 3.12) imply
the negation of GA?

Though Corollary 6.4 makes the positive answer to the following problem rather
unpromising, Theorem 2.53 of Woodin [40] and its variants (e.g. Theorem 4.5 in

[8]) seem to suggest a positive answer:

Problem 6.7 Is there any reasonable assumption under which MM*™ and (tightly)

P-Laver gen. supercompact cardinal axiom are equivalent?

The next subsection has been removed from the version for publication of the
current paper as we have decided to move the material to the subsequent paper

which is currently in preparation.
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6.3 Yet another hierarchy of restricted Recurrence Axioms

The hierarchy MP(-,-). of Maximality Principles (< Recurrence Axioms) intro- van
duced in Section 3 is suitable for the analysis of consistency strength and strictness

of the hierarchy of restricted form of these principles.

Lemma 6.8 Suppose that P is an iterable class of posets. p-Yah-0
(1) (P,A)r-RcAt = MP*(P,A)r.

(2) IfAC A, and ' C I" then (P,A)r-RcAT™ = (P, A)r-RcA*, and
MA*(P, A" )r» = MA*(P,A)r.

(3) IfPCP,ACA, andT C T then (P',A")r-RcA = (P, A)r-RcA.

(4) MP*(P,A)n, holds (in ZFC).

(5) (P,A)s,-RcA & (P, A)g,-RcAT & MP*(P, A)x,.

Proof. (1): Suppose that (P, A)r-RcA™ holds. Let ¢ be a provably P-persistent
formula in I' and @ € A. If p(a) is forced by P € P, then P is a push of the
P-button VP( |p “¢(a)”) by (¢)p which is provable by assumption. By (P, A)r-
RcA™, it follows that (@) holds (in V). This shows that (6.8),, holds.

(2), (3): by definitions.

(4): (P, A)n,-RcAT holds by Lemma 3.3. Thus (1) implies MP*(P, A)yy, .

(5): The first equivalence is a part of Theorem 2.2. The second equivalence is

proved from this and argument similar to the proof of Theorem 2.2. 0 (Lemma 6.8)

The monotonicity Lemma 6.8, (3) is used in Fuchino [13] in the argument to sin-
gle out the maximal instance of Recurrence Axiom (stationary preserving, H (ke ))-
RcA under 2% = N, and the other maximal instance (all posets, H(2%))-RcA under
CH.

Lemma 6.8,(4) and (5) shows that the list of equivalent assertions in Corol-
lary 3.2 and Lemma 3.3 can also include MP*(P, H(k))s, and MP*(P, A)p, respec-
tively.

MP*(- -+ )r is almost identical with (---)p-RcAT.

Proposition 6.9 Suppose that P is an iterable class of posets and A is any set. p-Yah-1
(1) IfP is ¥,,-definable then for any natural number n with max{4, m} <n, we

have (P, A)s,, -RcAT & MP*(P, A)s,,.

(2) (P,A)-RcAT (& MP(P,A)) < MP*(P, A).

(3) IfP is Xy-definable, and one of the conditions in Proposition 2.10 holds, then
MP*(P,0)s, implies =GA (cf. Theorem 3.10).
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Proof. (1): Suppose that P is ¥,-definable iterable class of posets, and n >
max{3,m}. If (P, A)s, -RcA™ holds, then we have MP*(P, A)s, by Lemma 6.8, (1).
Assume now that MP*(P, A)y, holds, and suppose that ¥,, formula ¢ = ¢(7)
and @ € A are such that |Fp“p(a)” for a P € P.
With the proof of definability of grounds in mind (see e.g. [33]), let ©*(Z) be

the formula claiming

3X (“X is the parameter which codes a P-ground”
A “x € the P-ground coded by X
A “the ground coded by X satisfies ¢(7)”).

By the choice of n, m, P, ¢* can be expressed as >,-formula and, it is provably
P-persistent since P is iterable. We also have |Fp “p*(@)”. By MP*(P,A)s,, it
follows that V = ¢*(@). By definition of ¢*, this means that there is a P-ground
W of V such that W = ¢(a).

This shows that (P, A)s, -RcAT holds.

(2): follows from (1) (the first equivalence in parentheses is by Proposition 2.1,
(1)).
(3): By (1) and Proposition 2.10. Q (Proposition 6.9)

For a class of posets P, a set I' of formulas, and infinite cardinals x, A with
xk < A, the principle BFA(P,T'), » is defined by

BFA(P,I"),»: Forany a € H(\) and ¢ = ¢(7) € I with |Fp “¢(a)” for some
P € P, there are stationarily many X € [H(A)]<" such that X (as an €-
model) satisfies the Axiom of Extensionality, @ € X, and V |= p(mx(a))

where myx denotes the Mostowski collapse of X.

Note that X as above should satisfy the Axiom of Extensionality so that the
Mostowski collapse of X is defined (and injective). BFA(P,I"),  was introduced
in Asper6 [2]. Note that this principle is not formulated as a generalization of the
original definition of BFA. ,(P) (see Section 1) but rather a statement which stands
in analogy with the property in Bagaria’s Absoluteness Theorem 1.2 characterizing
BFA_ .(P).

Lemma 6.10 (Goodman [23]) Suppose that P is a class of posets and I' a set of , vui»
formulas C Le. (1) BFA(P,T),.x holds if and only if

(6.11)  For anya € H(k) and ¢ = ¢(T) € I with |Fp “p(@)”, V = ¢(@) holds. o Yah-1

(2) BFA(P, (I)p)sr < MP*(P,H(x))r holds.
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Proof. (1): Suppose that BFA(P,T"), holds. For @ € H(x) and ¢ = ¢(T) € T,
suppose that |Fp “p(@)”. Then there are stationarily many X € [H(x)]<" = H(k)
such that @ € X and V |= ¢(m,(@)). In particular, there is such X that trel* (@) C
X. Then mx(a) =a and V |= p(a@). Thus (6.11) holds.

Conversely, if (6.11) holds, then X := {X € [H(x)]<" : trcl™(a) C X} is
stationary (actually club) in [H(k)]<". For each X € X', we have mx(a) = @. This
shows that BFA(P,I'), , holds.

(2): follows from (1). 0 (Lemma 6.10)

The following argument leading to Proposition 6.15 and Proposition 6.19 is
mostly a combination of ideas already utilized somewhere in Asperé [2], Goodman
23], and/or Hamkins [25]. We include the details of the proofs here for convenience
of the reader.

Lemma 6.11 Suppose that MP*(P, H(Kwji))s, holds and 2% is regular. If, either , vu.
(a) there is a poset in P collapsing kej , or (b) there is a poset in P adding

Keft T reals without collapsing ntefﬁ, then Htef[v 18 inaccessible in L.

Proof. Assume that MP* (P, H (K ))s, holds.

Consider the sentence () saying
' (L |y is a cardinal” A o < ptf < Feejt ).

(x) is X and it is provably P-persistent.

In both of the cases, there is P € P such that |[Fp “|Ke” | < Ket 7. Suppose
that p < K is a cardinal in L.

Since kg is a regular cardinal in L, it follows that [Fp “@(n)”.

By MP*(P, H(Keeji ) )5, it follows that V |= ¢(p). Le., (™)t < K- Q emma 6.1

Lemma 6.12 Suppose that 280 is reqular and P is a class of posets such that either v
(a’) for any cardinal X > Ky, there is a poset P € P which collapses X to cardi-
nality Ry, or (b)) for cofinally many cardinals X > 2%, there is P € P adding at
least X many reals without collapsing X. Then, for any n > 2, MP*(P, H(Kji))s,,

implies L, v <x, L.

Rrefl

Proof. For n =2, MP*(P, H (K ))s, implies that s is an inaccessible cardinal
in L by Lemma 6.11. Thus L = L, v = H(Kes V). By (1.4), it follows that

(612) LHWHV _<El I_. x-Yah-1-0

Thus it is enough to show that L, v <s L holds for n > 2 assuming

Rrefl

(6.13)  MP*(P, H(Kweft))s,, and x-Yah-2
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<614) L v <y L.

Rrefl n—1

Note that for n = 2, (6.14) is just (6.12).

To prove this claim, assume (6.13) and (6.14), and let § := ke Y, ¥ = (T, 7)
a II,,_;-formula, and @ € Ls. Since ¢ is a limit ordinal, there is dg < ¢ such that
a € Ls,.

If Ls = Jyv(a,y), then L = Jyu(a,y) by (6.14).

Assume now that L = Jyi(a,y). Let n = n(u) be the ¥,-formula

30 (%0 = L ” A (Yo € 0) (L | F70(@. )" = (37 € ) (“L | 9@, 5)7).

This formula is clearly provably P-persistent. By the assumption (a’) or (b’),
and by an argument similar to the proof of Lemma 6.11, it follows (in both of the
cases (a’) and (b’)) that there is P € P such that |Fp “n(Ls,)”. Thus by (6.13),

\% ): 77('—60)' B B
In particular, there is b € Ls such that L = v¢(a,b). By (6.14), it follows that
Ls = (@, b) and thus Ls = ¢(a@). 0 (Lemma 6.12)

The following proposition can be seen as a subset of THEOREM 2.6 in [2] and

the proof given here is also more or less identical with the one in [2]:

Proposition 6.13 For a natural number n, assume that \ is an infinite cardinal
and k > X is an inaccessible X, -correct cardinal (i.e. a cardinal k with the property
VH(: H(I{)) <5, V)
Suppose that P is a X,-definable iterable class of posets such that
(6.15) all P € P preserve cardinals < X\, and if A < k, then the equation
A =max{p € Card : all P € P preserves cardinals < u}
is provable (in ZFC);*®)

(6.16) P admits iteration (Po,Qs : a < K, < K) of length k with some appro-
priate kind of iteration (e.g. either FS-, CS-, or Easton-support iteration)
such that

6.16 a) Py is the direct limit of (P, : a < k).
6.16b) P, € P;
6.16c) |Fp, “P./Ca € P” for all a < k;

)

6.16d) P, €V, for all « < k, and P, satisfies the k-cc.

(
(
(
(
Then there is an iteration (Pa, Qs : a < k, B < k) satisfying (6.16) above such that

IFe. “MP*(P,H(k))s, ”.
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Proof. Let f:k — Kk Xw X k be a surjection such that each (ag,na;) € Kk Xw X K

*

appears k times as a value of f. Let (p,, : m € w) be an enumeration of (X,)%

*

(as a set in ZFC) corresponding to the recursive enumeration of (3,)% in meta-
mathematics.

Let (Pa, Qs : o < K, < K) be an iteration in P satisfying (6.16) defined along
with the Seq:lences (@¢ : £ < k) in V for each a < k such that

(6.17) |, “{@g : € <w}*=H(k)".1Y
The successor step of the iteration is set by the following:

(6.18) If f(a) = (g, m, 1), g < v, and
Fr. “(3Q € P) (R € H(k) A ko “pm(@e)”)”.""
then @a € V. is such a P,-name as Q as above;
otherwise Q, = {1}*.

We show that this iteration with P, is as desired. Let G, be a (V, P,)-generic
filter.

Suppose that @ is a tuple of P.-names of elements of H(x)VIC (= H(k)VIC:l),
and Q be P,-name of poset in P and |p,.q “ (@) ” for a (concretely given) provably
P—peNrsistent Y ,-formula ¢. By definition of the sequence (pm : m € w) there is a
number m* such that ¢ = @,,~. By (6.16d), there is v < x such that @ corresponds

to P,-names which we shall also denote with @. Thus, there is 8* < k such that

Note that for all & € k\ v we have

(6-19) . “ [FPo/case ‘(@77 and |, “Pr/Cox Qe P”

by (6.16 ¢) and by iterability of P.
Let a* € K\ 7 be such that

(6.20)  f(a®) = (y,n", 5.

By (6.19) we have |Fp_. “ H—(Pn/ga*)*g “om (@) "7, and |p,. “Py/CorxQ € P
Thus we have

15) In this case, we assume that X is definable e.g. as X; so that we can formulate the condition
without introducing a new constant symbol.

16) With the superscript bullet ”---*” in connection with forcing with a poset P, we denote the
canonical P-name corresponding to the object “---” describes where we assume that P-names
are introduced as in Kunen [30].

17) Strictly speaking we mean with @q° the (Q-check names) of the P,-names corresponding to
the P,,-names.
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(621) V ‘: 3@ ( H—[p”* “@ eP A H_B “ O (@g*) v ”). x-Yah-10

Since the property in (6.21) is formalizable in X,,, and  is 3,-correct, it follows
that

V/{ |: Elg( H_[PQ* “8 c 7) A H_g « (}in*(@g*) 9 77)'

By (6.18) it follows that |-p_. “ |Fq,.. “¢(@)””. Since p is provably P-persistent, it
follows by (6.16 ¢) that |Fp_. “ [Fp,/6.. “@(@)””. Thisis equivalent to |Fp, “p(a)”.

D (Proposition 6.13)

Lemma 6.14 (FACT 2.2 in Asperé [2]) If k is inaccessible and ¥,41-correct for . vinso
somen > 1 then there are unboundedly many inaccessible Y, -correct cardinals below
K. a

Proposition 6.15 Assume that n > 2. Suppose P is a >%,-definable iterable class  vins
of posets such that P satisfies the condition (a’) or (b’) of Lemma 6.12, and it is

also provable that P satisfies (6.15) and (6.16) of Proposition 6.13 for any infinite
cardinal A\ and inaccessible k > .

Then, assuming the consistency of the theory
(6.22) ZFC + “2% s regular” + MP* (P, H(Keejt)) s, & Yah-10-0

this theory does not imply MP* (P, H (ki ))s

n+1°

Proof. Suppose, toward a contradiction, that ZFC proves that
MP* (P, H(Kwet))s,, implies MP* (P, H(Keeft ) )51 -

Working in the theory ZFC + MP*(P, H(k))s,,, we also have MP*(P, H(k))s,.,,
by the assumption. By Lemma 6.12 applied to n + 1, and then by Lemma 6.14,
combined with Downward Lowenheim-Skolem Theorem and Mostowski Collapsing
Lemma, we obtain a countable transitive model M of ZFC + 3k (k is inaccessible A
Vi <%, V).

By Proposition 6.13, there is a generic extension M[G] which is a model of
ZFC+ MP*(P,H(k))s,.'® By (a’) and (b’) we have M[C] = k = Fji-

Thus we obtained a proof of consis(ZFC + MP*(P, H (ke ))s,) in ZFC +
MP*(P, H (ke ))s,. This is a contradiction by The Second Incompleteness Theo-

n

rem. D (Proposition 6.15)

18) The proof of Proposition 6.13 is written as a proof of V[G,] = MP*(---)x, for the axiom
scheme MP*(P,H(kei))s, in the sense of meta-mathematics, but for the set model M this
proof can be almost verbosely adopted to prove M[G,] = MP*(---)y, for the axiom scheme
MP* (P, H(kreft))x, in the sense of ZFC.
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Corollary 6.16 Under the same assumption onn and P as in Proposition 6.15, if , vuoo
(6.22) ZFC + “2% s regular” + (P, H(Kwjt))s, -RcAT,

is consistent then this theory does not prove (P, H (ke ))s, ., -RCAT,

En-!—l
Proof. By Proposition 6.9 and Proposition 6.15. 0 (Corollary 6.16)

In case of n > 3 Proposition 6.15 can be further improved (see Proposition 6.19
below).

Lemma 6.17 Suppose P is a class of posets satisfying (a’) or (b’) of Lemma 6.12. , v+

(1) Ifn >3, MP*(P,0), implies that there are unboundedly many %, _1-correct
tnaccessible cardinals in L.

(2) Suppose that MP*(P, D), holds. If there is at least one inaccessible cardinal,
then there are cofinally many inaccessible cardinals.

Proof. (1): Assume, toward a contradiction that
(623) MP* (7)’ ®>Hn hOldS x-Yah-11

but the class B of all 3,,_;-correct cardinals in L is bounded.
By (a’) or (b’) there is a poset P € P such that

H_[P « ’K‘Jtef[ > B”.

The forced statement is II,, and it is provably P-persistent. Thus, by (6.23), V =

Y

“Ket > B7. This is a contradiction to Lemma 6.12 with n replaced by n — 1.

(2): Suppose that MP*(P, (), holds but there are only boundedly many but
at least one inaccessible cardinals. Then, by the condition on P, there is P € P

such that
(6.24)  |Fp “there are no inaccessible cardinals”. x-Yah-11-0

Since the statement in (6.24) is Iy and provably P-persistent. It follows that

V |= “there are no inaccessible cardinals”. This is a contradiction. [ (Lemma 6.17)

Lemma 6.18 Forn > 2, if the theory p-Yah-8
ZFC + “3k (k is Xp-correct and inaccessible)”
15 consistent, then this theory does not prove

kAN (E <A A K is Xy, -correct and inaccessible

A A is Xy,_1-correct and inaccessible).

20



Proof. Suppose otherwise. Working in the theory ZFC + “Jk (k is X,-correct
and inaccessible )”, assume that x is ¥,-correct and inaccessible and there is a

Yn—1-correct inaccessible cardinal A > k.

Claim 6.18.1 V), = “k is ¥,-correct and inaccessible” . Cl-Yah-0

I Suppose that ¥ (Z,7) is [1,,_; and @ € V,. If V,, = 3y2»(@, 7), then there are
b € V,, such that Vj |= (@, b). Since v is II,,_y, it follows that Vj |= (@, b). Thus
Vi | g (@, 7).

If V\ = 3y (a,7), then there are 7 € V) such that V = ¢(a,b). Ti follows
that V = ¢(a,b). Hence V |= I (a, 7). Now since  is 3,-correct, it follows that
V. 3y (a,y). — (Claim 6.15.1)

Thus we proved consis(ZFC + Jk (k is X,-correct and inaccessible )). But this

is a contradiction by The Second Incompleteness Theorem. 0 (Proposition 6.18)

Proposition 6.18 can be still improved as follows:

Proposition 6.19 Suppose P is a X,-definable iterable class of posets such that , v o
P satisfies the condition (a’) or (b°) of Lemma 6.12, and it is also provable that

P satisfies (6.15) and (6.16) of Proposition 6.13 for any infinite cardinal \ and
inaccessible Kk > \.

(1) Formn >3, assuming the consistency of the theory
(6.25)  ZFC + “2% s regular” + MP*(P, H(Keeji)) s, o- Yah-12

this theory does not prove MP* (P, H (Kt ) )1, -
(1’) Formn > 3, assuming the consistency of the theory

(6.26) ZFC + “2% s regular” + (P, H(FKwji))s, -RcAT, o Yah-12-a

this theory does not prove (P, H (ke ), -RcAT.
(2) Assume the consistency of the theory

(6.27) ZFC + “there is a supercompact cardinal and an inaccessible above it.” o Yah-12-0
Then MP*(P, H (ke ))s, does not imply MP*(P, 0), .

Proof. (1): Assume otherwise and suppose that the theory (6.25) proves MP*(P, H(Keet ) )1,
for some n > 3.
By Lemma 6.12, in the theory (6.25), we have L

) Rrefl

v < L. Thus from the

assumption of the consistency of the theory (6.25), it follows the consistency of

ZFC + “Ky 1s inaccessible in L” + I—mtf[" < L.
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By Lemma 6.18, we obtain the consistency of the following theory:

(6.28) ZFC+ V=L +
Jk (“k is inaccessible” A L, <y, L

A “there is no %,,_j-correct inaccessible cardinals above k7).
TV

(6.29)

Working in this theory (6.28), we find a poset P,, € P such that

e, “MP*(P, H(kwji))s, " by Proposition 6.13. By (6.29) and Lemma 6.17, (1)
e, “ ~“MP* (P, H (ke ), 7. This is a contradiction to the assumption we set at
the beginning of the proof.

(1’): By (1) and Proposition 6.9, (1).

(2): We work in the theory ZFC + “there is a supercompact x and a single
inaccessible i above it”. The consistency of this theory follows form (6.27). In the
following we shall use some notions and results from Goodman [23] (see also the
paragraph right before Lemma 6.8 above).

The supercompact  is also supercompact for C!) by Lemma 2.2.6 in [23].
By Theorem 3.1.6 in [23], there is a poset P € P of size x such that V[C] =
Y9-CFA_ . (P) for a (V,P)-generic G (for the definition of this principle, see Def-
inition 3.1.2 in [23] — this Theorem 3.1.6 is proved similarly to our Proposi-
tion 6.13). By modifying the construction of P slightly if necessary, we also obtain
VIO] E Kk = Kt -

By Theorem 3.1.4 in [23], this implies V[G] = “MP*(P, H(kwft))s, -

On the other hand, since p is the unique inaccessible cardinal in V[C] above x,
Lemma 6.17, (2) implies V[G] = “=MP*(P, )y, ”. [ (Theorem 6.19)

Some possible non-implications still remain. For example:
Problem 6.20 Is MP*(P, H (ki ))r, + “MP*(P, H(Kweft))s, consistent?

Cf. Proposition 6.9, (3).
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