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1 Introduction

In the following, we give a survey on the study of almost free Boolean algebras. L.
Heindorf and L. Shapiro recently wrote an excellent exposition (Heindorf-Shapiro
[25]) which covers some of our topics. While Heindorf and Shapiro in [25] are mainly
interested in problems of universal algebraic nature, we put here more stress on
set-theoretic methods and independence results. Also, we shall look at several
classes of Boolean algebras (L.-free Boolean algebras, r-free Boolean algebras,
potentially free Boolean algebras, etc.) which were not discussed thoroughly in
[25].

The word “almost free” is used here as a generic term. In general, an algebra A in
a variety V is thought to be almost free if

(%) “most” of subalgebras of A of small cardinality are free.

For example, in the variety AB of abelian groups, G € AB is said to be almost
free (k-free respectively) if every subalgebra of G of cardinality less than |B| (less
than x respectively) is free (e.g. Eklof [6]). Since a subalgebra of a free algebra
need not to be free in the variety of Boolean algebras (see Proposition 2.4), we
cannot define the almost freeness of Boolean algebras just in this way. One of
the possible definitions would be the following: a Boolean algebra B is almost free
(k-free respectively) if the set of free subalgebras of B contains a club subset of
[B]<IBl ([B]<" respectively).

We can also consider an enhanced version of (x) by saying that an algebra A is
almost free (in a stronger sense) if

(t) there is a class C of “most” of subalgebras of small cardinality such that
elements of C are all free and are embedded “nicely” in A.

Examples of this kind of notions of almost freeness are openly generated Boolean
algebras and projective Boolean algebras. Another class of almost free Boolean
algebras in this vein is L.-free Boolean algebras. For the definition of these
classes of Boolean algebras, see Chapter 2. We look at these classes of Boolean
algebras more closely in Chapters 4, 5 and 6.

In Chapter 7 we give some method of construction of non-free almost free Boolean
algebras. For the construction of almost free Boolean algebras by the method given
in 7.2 for cardinality greater than Ny, we need consequences of V' = L. The results
in Section 8.2 shows that ZFC is really not enough for the construction of Boolean
algebras of cardinality grater than N; with some of the properties of those almost
free Boolean algebras obtained in 7.2. In 7.3, we describe another construction
method (PC+) due to S. Shelah which provides (already in ZFC) Lu.-free non-
free Boolean algebras in x for each cardinal x such that there are k-free non-free
abelian groups in k.
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Using the language of forcing, we can introduce notions of “potentially free” Boolean
algebras. For a class C of partial orderings, let us call a Boolean algebra B poten-
tially free with respect to C (or C-potentially free) if

(f) there exists P € C such that |Fp “B is free”.

In Chapter 9, we study the C-potentially freeness for some classes C of partial
orderings.

Free Boolean algebras themselves play also a very important roll in the theory of
forcing. The completions of free Boolean algebras provide namely the generic exten-
sions used by P. Cohen when he first proved the consistency of the negation of the
continuum hypothesis. These complete Boolean algebras are therefore often called
Cohen algebras in the literature. By replacing relatively complete subalgebras in
the definition of classes of almost free Boolean algebras by regular subalgebras, we
obtain corresponding classes of almost Cohen algebras. Almost Cohen algebras B
can be also considered as being “almost Cohen” because of the similarity of the
forcing extensions by them to those by Cohen algebras. Some properties of notions
of almost Cohen algebras are studied in Balcar—Jech—Zapletal [1].

For notions and elementary facts about Boolean algebras which remain unex-
plained, the reader may consult Koppelberg [31]. We shall though try hard to
make the following as self-contained as possible. If not otherwise mentioned, we
follow the notation and definitions in [31]. In particular we regard a Boolean alge-
bra as an algebraic structure B = (B, +,-,—,0,1). BT = B\ {0} is the positive
elements of B. Two positive elements a, b of a Boolean algebra B are said to be
incompatible if a - b = 0. Thinking in Stone representation of B, we shall also say
that such a and b are disjoint. 2 is the two element Boolean algebra {0,1}. Our
set-theoretic notation is standard. We refer Jech [27], Kunen [35] and/or Jech [28].
By k, A, p etc., we always denote infinite cardinals. [, m, n etc. are reserved for
natural numbers. (Not necessarily finite) ordinal numbers are denoted by «, (3,

Yoo Uy, € ete.

We shall use frequently the method of elementary substructures which allows us
to treat various classes of almost free Boolean algebras in a uniform way. For a
cardinal y, H(x) denotes the sets of hereditarily of cardinality less than k. For
uncountable regular x, H(x) is a model of ZFC possibly except powerset axiom.
For an algebraic structure A, let x be such that A € H(x). For an elementary
submodel M of (H(x), €) such that A € M, AN M is then a subalgebra of A by
the elementarity of M. This fact is used to characterize some classes of almost
free/Cohen Boolean algebras. It is often convenient to add a well-ordering <* of
H(x) to the structure of H(x). In H(x) = (H(x), €, <*), there are canonical built-
in Skolem functions, i.e. the functions f, for each existential formula ¢(x1,. .., x,)
mapping each (ai,...,a,) € H(x)" to the least element (with respect to <*) exem-
plifying the existential assertion ¢(ay, ... ,a,). We denote with h<-(X) the Skolem
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hull of X C H(x) with respect to these Skolem functions. The following facts are
used frequently without mention.

Lemma 1.1 Let x be a reqular uncountable cardinal and M an elementary sub-
model of H(x). Forx € M, if k = |z| and k +1 C M then  C M.

Proof. By H(x) = “3f(f is a surjection from s to x)”, k € M and by elemen-
tarity of M, we have M |= “3f(f is a surjection from x to x)”. Hence there is a
surjection f € M from k to z. Since k is a subset of M, soisz = { f(a) : « € K }.

0 (Lemma 1.1)

Lemma 1.2 For a structure A € H(x), if M < H(x) and A € M, then AN M is
a substructure of A.

Proof. If f is a function in the structure A, then we have f € M. Hence, by
elementarity of M it follows that AN M is closed with respect to f. [1 (Lemma 1.2)

At the beginning of a proof using elementary submodels, we often declare that y be
sufficiently large. This simply means that the regular cardinal x should be chosen
so that all objects we are going to consider in the proof are contained as elements
in H(y) and all relevant assertions concerning these objects become absolute over
H(x). Usually such “sufficiently large” x need not to be that large. For example,
in the proof of Theorem 5.1, it is enough to take any regular y such that P(B),
k€ H(x).
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2 Free Boolean algebras and some other classes
of Boolean algebras

In this chapter, we introduce several classes of Boolean algebras which share some
of the properties of the class of free Boolean algebras.

A Boolean algebra B is said to be free if B is generated ‘freely’ from some U C B,
i.e. B= (U)p and

(%) @o- -+ Tp-—Yo- -+ - —Ym # 0 for any distinct zg,. .., 2n,y1,. .. Ym € U.

A subset U of a Boolean algebra B with the property (%) above is said to be
independent. If U C B is independent and B = (U)p, we say that U is a free
generator of B and B a free Boolean algebra over U. We write then B = FrU.
This notation it is justified by the fact that any free Boolean algebras over given
set U are isomorphic to each other over U. For each U, we consider one of the free
Boolean algebras over U as Fr U depending on the context. Fr U may be also taken
as the algebra of formulas of propositional logic over the set U of propositional
variables modulo logical equivalence, or as the clopen algebra over the generalized
Cantor space U2. Free Boolean algebras can be characterized by the following
universal algebraic property. The uniqueness of the free Boolean algebra over a set
U up to isomorphism over U mentioned above follows also immediately from this
lemma.

Lemma 2.1 Suppose that F' is a free Boolean algebra with its free generator U.
For any Boolean algebra A and mapping f : U — A, there is a unique Boolean
homomorphism g : FF — A.

Proof. By Sikorski’s Extension Theorem. The uniqueness is clear since (U)p = F.
0 (Lemma 2.1)

If X C Y, we often assume that Fr X < FrY via canonical embedding! , where
A < B reads “A is a subalgebra of B”. Actually Fr X is a very nice subalgebra
of FrY in the following sense. Let A, B be Boolean algebras such that A < B.
A is said to be a relatively complete subalgebra of B if for every b € B, p&(b) =
maxs{a € A : a < b} exists. If A is a relatively complete subalgebra of B, we
denote this by A <,. B.  Otherwise A <_,. B. By duality, A <,. B holds if and
only if for every b € B, ¢5(b) = ming{a € A : b < a} exists. We shall refer p%(b)
and ¢%(b) as lower and upper projections of b onto A respectively.

Lemma 2.2 Suppose X CY. Then Fr X <, FrY.

Li.e. by identifying Fr X with (X)p v
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Proof. Let b € FrY, say b = >, [1jcn, ¥i; Where y;; € Y or —y;; € Y for all
i<m,j<n Let b =3, [ljc,, ¥i; where

17 if Yi,j ¢ X and — Yij ¢ X7
Lij = .
N Y;j, otherwise.

We claim that b = ¢if ¥ (b). Clearly ' € Fr X and b < ¥. If b were not the upper
projection of b onto Fr X, there would be ¢ € (Fr X)* such that ¢ < ¥ and ¢-b = 0.
Without loss of generality we may assume that ¢ < [];.,, z;; for some ¢ < m and
c is of the form wuy - - -+ -ug - —vy - -+ - - vy for some distinct uq,. .., u;, vq,..., v, € X.
Since ¢b = 0 and Y is independent, there must be some joy < n; such that Yijo € X,
—Yij, ¢ X and ¢y, j, = 0. Again by independence of Y it follows that ¢ = 0. But
this is a contradiction. 1 (Lemma 2.2)

A Boolean algebra B is said to be openly generated if { A € [B]Y : A <. B}
contains a club subset? of [B]®. The following easy lemma shows that the notion
of openly generated Boolean algebras generalizes that of free Boolean algebras.

Lemma 2.3 Fuvery free Boolean algebra is openly generated.

Proof. Let B=FrY. Put
C={FrX : Xe[Y]}.

Clearly C is club in [B]™. By Lemma 2.2 every element of C is relatively complete
subalgebra of B. 1 (Lemma 2.3)

Historically, the topological dual of the notion of openly generated Boolean algebras
(openly generated spaces) was first introduced by E. V. Séepin who proved in [43]
that a topological space is openly generated if and only if it is k-metrizable — a
notion also introduced by himself. The name ‘openly generated’ is associated with
the fact that surjective open mappings are the topological dual to the embeddings
of Boolean algebras as relatively complete subalgebras. In Heindorf-Shapiro [25],
openly generated Boolean algebras are called re-filtered. Séepin’s study of openly
generated spaces was motivated by topological questions from his investigation on
uncountable products of metrizable spaces, inverse limit of topological spaces etc.
In contrast, we consider here openly generated Boolean algebras in the context

2 recall that [X]* = {u : u C X, Ju| = k}. C C [X]* is said to be closed unbounded (club)
subset of [X]* (or club in [X]") if C is closed with respect to unions of chains of length < x and
cofinal in [X]* with respect to C. S C [X]* is said to be stationary (in [X]*) if SNC # ( for
every club C C [X]*. [X]<" or [X]=", club and stationary subsets of [X]<* are defined similarly.
Note that € C [X]<*" is club (stationary resp.) in [X]<*" if C N [X]" is club (stationary resp.)
in [X]". C C & is said to be club (stationary resp.) if C is club (stationary resp.) in [k]<" in the
sense above.
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of almost freeness and our setting will be purely Boolean algebraic. In particular
the topological translation of our results will be always bound to zero dimensional
spaces. In practice, however, this restriction will not be very essential in many
cases. For more detailed historical remarks on openly generated spaces and their
roll in topology, the reader may consult Heindorf-Shapiro [25].

The notion of relatively complete subalgebras can be generalized to that of x-sub-
structures defined below. For an ordered structure B = (B, <,...), a substructure
Aof Band b € B, let

Alb={a€A:a<b},
ATb={a€cA:a>b}.

For a regular cardinal s, A is said to be k-substructure (or r-subalgebra in case
of Boolean algebras) of B if for every b € B, the set A b has a cofinal subset of
cardinality less than x and the set A T b has a coinitial subset of cardinality less
than k. If A is a k-substructure of B we denote this by A <, B. Thus for Boolean
algebras A, B such that A < B, we have A <,. B if and only if A <y, B. We
shall write also “A <, B” in place of “A <y, B”. If A <, B we say that A is a
o-substructure (or o-subalgebra in case of Boolean algebras). For Boolean algebras
A, B to show that A <, B, it is enough, by duality, to check that every ideal over
A of the form A b, b € B is generated by a subset of cardinality less than x or that
every filter over A of the form A T b, b € B is generated by a subset of cardinality
less than k.

In analogy to openly generated Boolean algebras, let us say that an ordered struc-
ture B is <,-generated if the set { A € [B]® : A <, B} contains a club subset
of [B]®. Thus <y,-generated Boolean algebras are just openly generated Boolean
algebras. As before we shall also say <,-generated instead of <y,-generated. In
Heindorf-Shapiro [25], <,-generated Boolean algebras are called “o-filtered” and
characterized as Boolean algebras with the so-called weak Freese-Nation property.
We shall prove this and some other characterizations of <,-generated Boolean alge-
bras in Chapter 5. From this characterization, it follows that if B is <,-generated
and £ < X then B is <,-generated (Proposition 5.8). In particular, for any x, the
class of k-generated Boolean algebras include the class of openly generated Boolean
algebras. For k > Nj, <,-generatedness is too general to be considered still as a
notion of almost freeness — e.g. it follows immediately from the definition that
every Boolean algebra of cardinality less or equal to x is <,-generated. However
we shall see later that this notion still enjoy several nice characterizations similar
to those for openly generatedness (see Theorem 5.1, Proposition 5.11, Theorem
5.5) and is also quite useful in our context (see e.g. the proof of Theorem 8.19).

In contrast to the situation in groups or abelian groups, a subalgebra of a free
Boolean algebra need not to be free. More generally, the following holds.

Proposition 2.4 (Fuchino—Koppelberg—Shelah [17]) For any regular cardinal s,
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there is a subalgebra of Fr k™ which is not <,-generated.

Proof. The topological dual to the Boolean algebra B below is used in Engelking
[9] to show that there exists a dyadic space which in not Dugundji. In the language
of Boolean algebras this means that there exists a subalgebra of a free Boolean
algebra which is not projective. This assertion follows from the present proposition
since every projective Boolean algebra is openly generated (see the remark before
Theorem 2.7 below).

Let X be a set of cardinality ™. We shall show that there is a subalgebra of Fr X
which is not <,-generated. Let U; and U, be the ultrafilters of Fr X generated by
X and { —x : © € X } respectively. Let

B:{bEFIXIbGUl(E)bEUQ}.

Clearly B is a subalgebra of Fr X. We claim that B is not <,-generated. For
YCX,let By =BNkrY.

Claim 2.4.1 For every Y € [X]®, By is not a k-subalgebra of B.
F Let 2o € Y and let 21, x5 be two distinct elements of X \Y. Let
b:I0+ZE1+—J?2.

Since b € Uy and b € U,, we have b € B. Let [ = By [ b. We show that I cannot be
generated by any subset of size < k. let J be an arbitrary subset of I of cardinality
less than k. For ¢ € J, we have ¢ < (. Since z is not an element of B, ¢ is strictly
less than xy. Let Y’ be a subset of Y of cardinality less than x such that J C By-.
Let y1, y2 be two distinct elements of Y\ Y. Let

d=1xo- Y1 —Yo.

Then we have d € Uy, d & Uy and d < . Hence d € By | b. But d is incomparable
with every non-zero element of .J. - (Claim 2.4.1)

Since there are club many C € [B]”® of the form C' = By for Y € [X]", it follows
that B is not <,-generated. (1 (Proposition 2.4)

Adopting the terminology in topology, let us call a Boolean algebra B dyadic if B
is embeddable in a free Boolean algebra. The dyadic Boolean algebras have a very
important subclass namely that of projective Boolean algebras. A Boolean algebra
B is said to be projective if B@Fr k is free for some k, where A® B denotes the free
product® of Boolean algebras A and B. This definition differs from the original
one which states that a Boolean algebra is projective if and only if it is projective

3 see Chapter 4 for more about free products.
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in the sense of universal algebra. The equivalence of the present definition to the
original one was stated implicitly in Koppelberg [32]. A proof of the equivalence
will be given in Chapter 4. An advantage of our definition of projectivity is that we
can formulate the same notion in arbitrary variety. In Mekler—Shelah [37], the pro-
jective algebras in this general setting is called essentially free. Topological duals
of projective Boolean algebras are also studied in topology where these topological
spaces are called Dugundji spaces. From our definition of projective Boolean alge-
bras, it is seen immediately that every projective Boolean algebra is dyadic. For a
structure B, let us call C C P(B) algebraically tight if every A € C is subalgebra of
B and (AUA’) € C holds for every A, A" € C. The following theorem will be proved
in the next chapter. For Boolean algebras A, B, such that A < B, B is said to be
countably generated over A if there is a countable X C B such that B = A[X].

Theorem 2.5 For a Boolean algebra B the following are equivalent.

a) B is projective;

b) B @ FrX is free for some k;

¢) (Scepin [44], see also Bandlow [2]) {A € [B* : A <.. B} contains an
algebraically tight club subset of [B]™.

d) (Haydon [24]) There exists a continuously increasing sequence (Bg)a<w Of
subalgebras of B such that By = 2, Uy<,. Ba = B, Bo <ic B and B,11 s countably
generated over By, for every a < K,

a<k

e) (Koppelberg [32]) There ezists a continuously increasing sequence (By)a<x
of subalgebras of B and a sequence (aq)a<x 0f elements of B such that By = 2,
Uack Ba = B, By <ic B and Bu.y1 = Blay,) for every a < k. O

Lemma 2.6 For a Boolean algebra B,

1) if B is free then B is projective;
2) if B is projective then B is openly generated;
3) if B is openly generated and of cardinality < Xy then B is projective. |

Proof. 1) follows directly from the definition of projective Boolean algebras. 2)
by ¢) and 38) by d) of the characterization above. 1 (Lemma 2.6)

Openly generated Boolean algebras can be regarded as “almost free” in the sense
along the line with (1) on page 1. In the following we introduce yet two other kinds
of almost freeness. To be general, let £ be a property of Boolean algebras (e.g.
free, projective, openly generated etc.). For a regular cardinal x a Boolean algebra
B is said to be k-€ (e.g. k-free, r-projective, r-openly generated etc.) if the set
{A € [B]<" : A < B and A satisfies £ } contains a club subset of [B]<*. Note
that for a Boolean algebra B of cardinality less than x this simply means that B
has the property £. For a regular x, a Boolean algebra B is k- if and only if there
exists an upward directed partial ordering I = (I, <) and an indexed family (B;);c;
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of subalgebras of B such that

0) |B;| < k and B; satisfies the property & for every i € I;

1) B; < Bjforalli jel withi<j;

2) for every increasing chain (iy)a<s in I of length 6 < k, i* = sup{i, : a« <}
exists and B> = Uy<s Biy;

3) B = Ujer B

This is just because of the following purely set-theoretic fact.

Proposition 2.7 Suppose that C C [A]<" for a regular cardinal k and a set A.
Then the following are equivalent:
a) C contains a club subset of [A]<";

b) there exists an upward directed partial ordering I = (I,<) and an indezed
family (Cy)ier of elements of C such that

0) |Ci| <k for everyi € I;

1) C; CCy foralli, j el withi<j;

2)  for every increasing chain (iq)a<s in I of length § < k,
i* =sup{i, : @ <} exists and Cy = Upyes Ci s

3) A= U Ci.

Remark. In b) above, since I is upward directed, we may replace 2) by

2')  for every upward directed subset J of I of cardinality less than x, i* = sup [
exists and Cj+ = U;es Ci.

Proof of Proposition 2.7 a)=-b): Let C be club in [A]<%. Then I = (C, C)
and (C;)iec, where C; = i for i € C satisfies 0) — 3).

b)=-a): Let I and (C};)ie; be as in b). Fix a sufficiently large x and a well-
ordering <* on H(y). Let BS* be the Skolem-hull operator corresponding to the
canonical built-in Skolem functions in M = (H(x), €, <*). Let us call i € I good if
sup(h<-(C;)N1I) <i. Note that |h<-(C;) N I| < & by 0) and h<-(C;) NI is upward
directed. Hence, by 2), sup(h<-(C;) N 1) exists. Let C' = { C; : i is good }. Then
C' CC and C' is club in [A]<". (1 (Proposition 2.7)

Proposition 2.7 provides a short proof of the following well-known theorem.

Theorem 2.8 Suppose that A C B and C C [B|<" is club. ThenC'={CNA :
C € C} contains a club in [A]<".

Proof. Let I = C be the partial ordering with D < D’ & D C D’. For each
D e I,let Cp = DN A. Then (Cp)per satisfies the conditions 0) — &) in Proposi-
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tion 2.7, b). Hence C’ contains a club in [A]<". (1 (Theorem 2.8)

The relation of openly generated Boolean algebras and k-projective Boolean alge-
bras will be one of the main subjects in Sections 7.2 and 8.2. We show in Section
7.2 that under V' = L, there are x-free and L...-free Boolean algebras which are not
openly generated for any regular non-weakly-compact cardinal £ (Theorem 7.15).
In contrast to this, we show in Section 8.2 that it follows from Fleissner’s Axiom R
that every Boolean algebra B is openly generated if and only if B is Ny-projective
(Theorem 8.19).

We need the infinitary logic L. to define another kind of almost freeness. L.,
is the logic whose formulas are constructed recursively just like in the first order
logic with the difference that conjunction and disjunction of any set of formulas
as well as quantification over a block (or sequence) of variables of length less than
r are allowed. The semantics of L., is defined in a canonical way. We say that
two structures A, B of the same signature are L...-elementarily equivalent (or
elementarily equivalent in Ly,) and denote this by A =, B, if A = ¢ holds if
and only if B | ¢ holds for all L,.-sentence . Let us call a Boolean algebra
B L..-£E if there is a Boolean algebra C' with the property £ such that B is
elementarily equivalent to C' in Ly, i.e. B = ¢ iff C' = ¢ for every L.-sentence
¢. The following characterizations of L..-free/projective Boolean algebras to be
proved in Chapter 6 show that L..-free/projective Boolean algebras may also be
regarded as notions of almost freeness along the line of () on page 1. A Boolean
algebra B is free over A (A <gee B) if A < B and B is isomorphic to A® Fr x over
A for some k < |B|. B is projective over A (A <,wo; B) if B @ Frk is free over A
for k = |B| + Ny. The restriction to the L.,-free Boolean algebras for cardinals
k of uncountable cofinality in the next theorem is not essential: by the back-
and-forth argument (see Theorem 6.2), it is easy to show that atomless Boolean
algebras are L.,-equivalent to each other. Hence L., -free Boolean algebras are
just atomless Boolean algebras. For singular , every L...-free Boolean algebra is
kT-free (Theorem 6.23).

Theorem 2.9 (see Corollary 6.15) Let k be a cardinal of uncountable cofinality. A
Boolean algebra B is Loo.-free if and only if there exists a family F of subalgebras
of B of cardinality less than k such that every F' € F is free; JF = B and for
every F' C F of cardinality less than k there exists an Fy € F such that F' <gee Fo
holds for every F € F. N

Theorem 2.10 (see Proposition 6.18) Let x be a cardinal such that cfr > w.
For a Boolean algebra B we have the implication a)=-b)=>c) for the following
statements:

a) B is Loos-projective;

b) there is a family F of subalgebras of B of cardinality less than k such that
every F' € F is projective; |JF = B and for every F' C F of cardinality less than
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K, there is Fy € F such that F' <,,0; Fy for every F € F';
c) B®Frk is Look-free. W

Under V' = L, there exists L..-projective Boolean algebra which is not openly
generated for any x (Theorem 7.15). On the other hand under Fleissner’s Axiom
R, every Leox,-projective Boolean algebra is openly generated (Corollary 8.21).
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3 Embeddings of Boolean algebras

We put together here some of the basic lemmas on the relations <., <., <poj,
<free introduced in the last chapter. Remember that <,. is equal to <, for K = Y,
and <, to <, for kK = Ny.

Lemma 3.1 Let A, B, C be Boolean algebras.

1) IfA<,Band B <, C then A<, C.

2) IfA<,C and A< B<C then A<, B.

3) Suppose that k is reqular. If A <, B and X € [B]<* then A[X]| <, B. In
particular, if A <,. B and by,..., b, € B then A(by,...,b,) < B.

Proof. 1) and 2) are trivial. For 3), since & is regular, it is enough to show that
A(y) <. B holds for every y € B.

Suppose b € B. for i/ € A(y) let b’ = ag -y + a1 - —y for some ag, a; € A. Then we
have

(x) V<b & ag-y<banda;-—y<b & ay<b+-—-yanda; <b+y.

Let Uy and Uy be generators of ideals A[(b+ —y) and A[(b+ y) respectively of
cardinality less than k. Then U = {up -y +uy - —y : up € Up and uy € U; } has
cardinality less than x and generates A(y) | b by (%) above. 0 (Lemma 3.1)

Suppose that A, B, C are Boolean algebras such that A < C and B < C. A and
B are said to be independent (in C) if a-b # 0 for all a € AT and b € BT. A
subset X of C is said to be independent over A if

a-xo...-.xn._yo..--._ym#o

for any a € A" and distinct xg,. .., Zp, Y1,. ... Yym € X. Thus X C C'is independent
over A iff A and (X)¢ are independent and (X)¢ is a free Boolean algebra with
free generator X. For ¢ € C we say that ¢ is independent over B if {c¢} is. Note
that ¢ is independent over B iff B and (c¢)¢ are independent if and only if b- ¢ # 0
and b+ —c # 0 for every b € B™.

If A and B are independent in C' and C' = (AU B)¢, we say that C' is the free
product of A and B and write C' = A® B. We may talk here about the free product,
since, if C' is as above and C” is such that A, B < C’, A and B are independent
in C" and C" = (AU B)¢r, then C' and C” are isomorphic over AU B. If Boolean
algebras A, B are given, we take isomorphic copies A, B’ of A and B such that
A'N B =2. and define C' = A @ B to be the Boolean algebra generated from the
set A’U B’ freely except equations holding already in A" and B’. Identifying A and
B with A" and B’ respectively, C' is then the free product of A and B in the sense
above. In the following we always regard A and B as subalgebras of A @ B by this
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identification. For A < A" and B < B’ we suppose that A & B is a subalgebra of
A'® B’ just by identifying A® B with (AUB) 4rqp'. Free products are characterized
by the following universal algebraic property. Note that the uniqueness of A & B
up to isomorphism over A U B mentioned above is an immediate consequence of
this characterization.

Lemma 3.2 For any Boolean algebras A, B, C' (such that ANB = 2) and Boolean
homomorphisms f : A — C, g: B — C, there is a unique Boolean homomorphism
h:A® B — C such that f,g C h.

Proof. By Sikorski’s Extension Theorem. Uniqueness is clear since (AU B) aep =
A® B. 1 (Lemma 3.2)

Let us denote the homomorphism h as above with f @ g. As we defined in the last
chapter, A <g. B means that B is isomorphic to A ® F over A for some free F.
In the terminology above this is equivalent to the assertion that there is X C B
such that X is independent over A and B = A[X]. We shall call such X a free
generator of B over A. We write A <_g. B if A is a subalgebra of B but there is
no free F such that B=24 AQ F.

Lemma 3.3 Let A, A’, B, B’ be Boolean algebras.

1) A< A®Band B<. A® B.

2) IfA<,.A and B<,.B then A& B<,. A& B

3) If A<gee A" and B <gee B’ then A® B <geoe A ® B'.
1) IfA <poj A and B <proj B then A® B <ppoj A' @ B
5) If A <gee B then A <05 B. If A <,10; B then A <,. B.

Proof. 1): We show A <, A®@B. Let c€ A®B,say ¢ =ag-bp++--+an_1-bp_1
for some a; € AT, b € Bt for i < n. Let ¢* = ag+ -+ + a,—1. We claim that
ct = qﬁ@B (c). Clearly ¢* € A and ¢* > c. Hence if ¢* were not the upper projection
of ¢ onto A, there would be d € A" such that d < ¢* and d- ¢ = 0. For such d,
there is an i < n such that d-a; # 0. But we have (d-a;)-b; <d-c=0. Thisis a

contradiction since d-a; € AT and b; € BT. B <, A® B can be proved similarly.

2): Letce AA@B',say c=ag-bg+- - +a,_1-b,_1 for some a; € (A, b; € (B)*
for i < n. Let ¢* = ¢4 (ao) - ¢5 (bo) + -+ ¢4 (an_1) - g5 (bp_1). We claim that c* is
the upper projection of ¢ onto A ® B. Clearly ¢* € A® B and ¢* > c¢. Hence if ¢*
were not the upper projection of ¢ onto A @ B, there would be d € (A @ B)" such
that d < ¢* and d-c = 0. Without loss of generality we may assume that d is of the
form a-b for some a € A* and b € B*. Let i < n be such that d-q¢4 (a;)-¢5 (b;) # 0.
We have d-a; -b; < d-c=0. Hence either a-a; =0or b-b; =0. If a-a; =0, then
a; < g4 (a;)-—a < ¢4 (a;). This is a contradiction since ¢4 (a;)-—a € A. Similarly,
b-b; = 0 also leads to a contradiction.

3): Suppose that U is free over A in A’ such that A’ = A[U] and V is free over



3 EMBEDDINGS OF BOOLEAN ALGEBRAS 14

B in B’ such that B’ = B[U]. Then U UV is free over A@® B in A’ @ B’ and
AeB =Aa BUUVI.

4): Let X, Y be two disjoint sets such that | X| = |A’| + Xy and |Y| = |B’| + No.
Considering the all of the following Boolean algebras as subalgebras of A’ & B’ &
Fr(X UY), we have A <gee A @ FrX and B <gee B’ ® FrY. Hence by 3),
A®B <pee AT X)®d (B aFY)=(A®B)dFr(XUY). Thus we have
A® B <0 A ®B.

5): The first assertion follows directly from the definitions. For the second, suppose
that B @ F is isomorphic to A® F over A for a free Boolean algebra F'. By 1), we
have A <,. B® F. Hence A <,. B by Lemma 3.1, 2). J (Lemma 3.3)

2) of the lemma above holds, more generally, for “<,” for an arbitrary infinite
cardinal x in place of “<,.”. The proof is a bit more intricate and uses the following
lemma from Koppelberg [31]:

Lemma 3.4 (Lemma 11.7 in [31]) For Boolean algebras A, B, let a;, a; € A and

bi, Uy € B fori<mn, j <m. Then, in A® B,

ag-bo+ -+ an 1 bp1 <ay-by+---+a, b
if and only if, for alli € n and J C m,

a; <¥{aj;:jeJ} or b <E{b;:j & T}

Lemma 3.5 Forany k, if A<, A" and B <, B, then A® B <, A & B.

Proof. Let c € A/@B’, say ¢ = ay-by+---+a),_,-b,,_, for somem € wand a; € A',
b, € B' for i < m. We show that (A @ B)| ¢ has a cofinal subset of cardinality less
than k. Foreach J C J, let s; =3 {a} : j € J}andt; = 3X{V; : j & J} By the
assumption there are cofinal subsets X; and Y; of A] s; and B t; respectively
of cardinality less than x. Let A” = [Ujep(m) Xsla and B” = [Ujepm) Yilp. Let
Z=(A"®B")] c. Then |Z| <k, and Z C (A® B)| c. We show that Z is cofinal
inZC(A®B)lc. Letde A®B,sayd=ag-bop+--++a,_1-b, 1 for somen € w
and a; € A, b; € B for i <n. For eachi <nand J Cm, let a;; € X;U{1} and
biy € Y;U{1} be such that a; < a;; < sy ifa; < sy, or a;; = 1 otherwise; and
bi < bjy <tyif b <ty or by =1 otherwise. For i <n, let af = [];ep(m) @i,y and
b = Iljepim) big. Let d" = ag-bg + -+ +a;_, - b, ;. Since a; < a] and b; < b
for all i < n, we have d < d”. Clearly d’ € A” @ B”. By Lemma 3.4, we have also
d" <c. Hence d" € Z. (1 (Lemma 3.5)

Lemma 3.6 Let A, B, C be Boolean algebras such that A < B < C.

1) IfA<.. B and B <. C then A <. C.
2) If A <gee B and B <gee C then A <p.o C.
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3) If B is free and B <gee C, then C' is free.
4) If A <pwoj B and B <p05 C then A <05 C.
5) If B is projective and B <,,,; C, then C' is projective.

Proof. 1): pf op$ is a lower projection on C onto A.

2): Let U C B be a free generator of B over A and V' C C be the free generator
of C'over B. Then U UV is a free generator of C over A.

3) follows from 2) for A = 2.

4): Let k = |B| and A = |C|. Then we have A <gee B®Frk and B <gec C @ Fr .
By Lemma 3.3, 3), it follows that B @ Frk <ge (C @ Fr\) @ Frx. Hence by 2),
A <gree (C B FrA) @ Frk. But (C @ Fr\) @ Frk is isomorphic to C' @ Fr A over C.
Hence A <gee C @ X and A <5 C.

5) follows from 4) for A = 2. 1 (Lemma 3.6)

Lemma 3.7 Suppose that (B,)a<s i continuously increasing chain of Boolean
algebras and B = U5 Ba.
1) If By <tree Bat1 for every a < § then By <o B.
2) If By <proj Bat1 for every a < 0 then By <,0; B.
) If By <ic Bys1 for every a < § then By <,. B.
) For a reqular k, if By <, Bay1 for every a < § then By <, B.

~ Qo

Proof. 1): For each a < § let U, C B,y be independent over B, such that
Boi1 = Bo|Uys). Then U = U, Uy, is independent over By and B = By[U].

2): Let (Xa)a<s be a sequence of pairwise disjoint sets such that B, <gee Bat1 @
Fr X,. Put X = Uyes Xoo We show that By <gee B @& FrX. For a < § let
Oa = <B U U,@<o¢ XB>B€BFrX (Z Ba D Fr (Uﬁ<o¢ X/@)) Then CO = BU, Ua<5 Oa =
B @ FrX and (Cy)acs is continuously increasing. Co = B @ Fr (Ug<a Xa) <ree
Bot1 @ Fr X, @ Fr (Ugco Xo) = Caq1 by Lemma 3.3, 8). Hence by 1) it follows
that B @ Fr X is free over By.

3) is just 4) for k = N,.

4): By induction on a < 9, we show that By <, B,. For a = 0 this is clear.
Suppose that o is a limit and we have shown that By, <, Bg for every 8 < a.
Let b € B,. By the continuity there is some 3y < a such that b € Bg,. By the
assumption By [ b has a cofinal subset of cardinality less than k. If « = 3+ 1 and
we have shown that By <, Bg then for any b € Bgyq, if X is cofinal in Bgy [ b
and of cardinality < k and Y, is cofinal in By | « and of cardinality < x for each
x € X, then U,ecx Yz is cofinal in By [ b and of cardinality < .  [1 (Lemma 3.7)

Lemma 3.8 Suppose that k is a regular cardinal and 2<% = k. If (By)a<x+ 1S
a continuously increasing sequence of subalgebras of B such that B, <, B and
|B,| < K for every a < kT, then, for B’ = Uycp+ Ba, we have B’ <, B.
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Proof. Suppose not. Then there is a b € B such that B’'| b does not have any
cofinal subset of cardinality less than k. Let x be sufficiently large and M be an
elementary submodel of H(x) of cardinality x such that B, (Ba)a<w+, b, & € M
and [k]<" € M. Note that there is such M by our assumption 2<" = k. Now, let
a* =supkt N M. As k C [k]<F C M, for a € k™ N M, we have B, C M. Hence
B'NM = B,-. Since

M = “B'] b does not have any cofinal subset of size < k”,

B+ | b does not have any cofinal subset of cardinality less than . But this is a
contradiction to By« <, B. 0 (Lemma 3.8)

An instance of Lemma 3.8 is that, if (B, )a<w, i a continuously increasing sequence
of relatively complete subalgebras of B, then B = Uy,
complete subalgebra of B. If B satisfies the ccc, we can obtain a stronger result.

B, is also a relatively

Lemma 3.9 Suppose that B is a k-cc Boolean algebra and 6 an ordinal of cofi-
nality > k. If (Ba)a<s 1S an increasing sequence of relatively complete subalgebras

of B, then, for B' = U,<s Ba, we have B' <,. B.

Proof. Otherwise, there is a b € B without the lower projection onto B’. Then
(P, (b))a<s is a non eventually constant increasing sequence of elements of B. But
this is impossible since B satisfies the k-cc. (1 (Lemma 3.9)

Note that (B,)a<s need not to be continuous.

Lemma 3.10 Suppose that A <,. B and b € B. If there is u € B such that u is
independent over A(b) then there is v € B such that v is independent over A and
A(b) < A(v).

Proof. Put ag = p5(b), a1 = p5(—b) and ay = 1- —(ap + a;). We show in the
following claims that v =b-u + as - b+ ay - u is as desired.

Claim 3.10.1 v s independent over A.

I Suppose a € A*. Thena-v=a-b-u+a-ay-b+a-a;-u Ifa-b#0
then a-v > a-b-u > 0. The last inequality is because u is independent over
A(D). If a-b =0 then a < —b and hence a < a; by the definition of a;. It follows
that a-v > a-ay-u = a-u > 0. Similarly we can prove —v - a # 0 noting that
—v=-b-—u+ay-—b+ag-—u. - (Claim 3.10.1)

Claim 3.10.2 A(b) < A(v).

|- This is clear since b = —ay - v + ag. —{ (Claim 3.10.2)
(1 (Lemma 3.10)

In general, the converse of the second assertion of Lemma 3.3, 5) is not true. How-
ever we have the following.
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Lemma 3.11 1) Suppose that A <.. B and B is countably generated over A.
Then A <gee B @® Frw. Hence, for Boolean algebras A, B such that A < B and B
is countably generated over A, we have A <,. B if and only if A <y0j B.

2)  Suppose that A <,. B, B is countably generated over A and, for any by,. ..,
bn—1 € B, there isb € B independent over A(by, . ..,b,—1). Then we have A <gee B.

Proof. 1): Let X C B be countable such that B = A[X]. Say X ={z,, : m €
w}. Let (Yn)new be a sequence in B @ Frw such that?

Tm, if nis even and n = 2m for some m € w;
Yn =

m, if nis odd and n = 2m + 1 for some m € w.

We construct inductively a sequence (uy )ne, of elements of B @ Frw such that, for
every n € w,

i) uy, is independent over A(ug, ..., U, 1);
ZZ) Yo, -+ Yn—1 € A(’LLO, ce ,Un_l).

Suppose that we have chosen uy,. .. ,u,_1. By Lemma 3.3, 1),2) and Lemma 3.1, %)
we have A(ug, ..., up_1) <;c B® Frw. Let | € w be such that A(ug,...,u,—1) <
B@®Fri. Then [ (as an element of the free generator w of Frw) is independent over
B@Frl and hence also over A(uo, ..., u,—1). By Lemma 3.10 there is u,, € B&Frw
such that vy, € A(ug,...,uy_1,u,) and u, is independent over A(ug,...,up_1).
Now, let U = {w, : n €w}. By i), U is independent over B and A[U| = B® Frw
by ii).

2): Let X ={z, : n € w} beasin 7). We construct inductively a sequence
(Un )new of elements of B such that, for every n € w,

i) uy is independent over A(ug, ..., U, 1);

ZZ/) 2oy ..y, Tpo1 € A(Uo, ce ,Un_l).
The construction is possible since, if wg,..., u,_; have been chosen, then we
have A(ug,...,un—1) <, B by Lemma 3.1, %). Hence, by our assumption and
Lemma 3.10, there is u, € B independent over A(uy,...,u,_1) such that z, €
A(ug, ..., Up—1,u,). By i) and @), U = {u, : n € w} is a free generator of B
over A. 0 (Lemma 3.11)

4 here we regard m as an element of w C Frw < B® Frw.
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4 Projective Boolean algebras

In this chapter, we give a proof of Theorem 2.5. Most of the results here are (at
least implicitly) stated in Koppelberg [32]. The main theorem in this chapter is
the following Theorem 4.1 which is a slight generalization of Theorem 2.5: note
that a Boolean algebra B is projective if and only if 2 <,,,; B. We then show
the equivalence of our definition of projectivity with the usual one in Proposition
4.5. In Theorem 4.6, we give a kind of prototype of the arguments with elementary
submodels which play an important role in the later chapters.

Theorem 4.1 For Boolean algebras B, C such that C' < B the following are
equivalent:

a) B is projective over C;

b) B @ Frk is isomorphic to C & Frk over C for some k;

¢) C <. Band{Ae|[B* : C[A] <. B} contains an algebraically tight club
subset of [B]™.

d) There exists a continuously increasing sequence (By)a<x of subalgebras of B
such that By = C, Uyer Ba = B, By <,c B and B4 s countably generated over
B, for every a < k;

e) There exists a continuously increasing sequence (Bgy)a<w of subalgebras of
B and a sequence (aqo)a<r of elements of B such that By = C, Uyer Ba = B,
B, <ic B and Bu,y1 = B(a,) for every a < k.

Proof. a)=b) is trivial.

b) = c): Let I be the free Boolean algebra Fr|B|. By assumption B & F' is iso-
morphic to C & F over C. Let U C B & F be independent over C' such that
ClU] = B® F. By Lemma 3.2, there exists a homomorphism ¢ : B& F — B
such that ¢ | B = idg. For each b € F & B let u(b) € [U]<™ be minimal such that
b € Clu(b)]. Let us call A < B good if, for V4 = Ju[A], we have

AlVa]N B C A and ¢[A[V4]] C A.

Actually, we have then A[V4] N B = A and ¢[A[V4]] = A since the inclusion in
other direction holds anyway. Let

C={Ac[B™ : Aisgood}.
Clearly C is a club subset of [B].
Claim 4.1.1 C is algebraically tight.

I Suppose A, A’ € C. Let A” = (AU A)p. Let Vi = Uul4], V4 = Uu[A] and
Var = UJu[A”]. We have Vyr = Ju[(AU A')p|. By the definition of u this is equal
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to Uu[A] UUJu[A'] = V4 U Vy. Hence

A”[VAN] NB = A”[VA U VA/] NB
C ((A[Va] N B) U (A'Va] N B)) s

C(AUAN =A"
and
p[A"[Var]] = o[{A[Va] U A'[Va]) 5]
= (p[A[VA] UAVa]) par
C(AUAYggr = A".

- (Claim 4.1.1)
Claim 4.1.2 C[A] <,. B for any good A C B.

I Let V4 = Uu[A]. Note that C[V4] <gee B ® F and hence C[V4] <, B® F by
Lemma 3.3,5). For b € B® F, let ¢ = qg[%f](b). Then ¢(c) > p(b) = b. Since A
is good, ¢(c) € A. We show that p(c) = qg[A](b). Otherwise there would be some
d € (C[A])*T such that d < p(c) and d-b = 0. Let d = d-c. Then d' € C[V4].
Since o(d') = p(d) - p(c) = d-p(c) = d # 0, we have d’ # 0. Also d’ < ¢ and
d -b<d-b=0. This is a contradiction to ¢ = qgﬁ?/j](b). - (Claim 4.1.2)

¢)=d): Assume that A <,. B and C C [B]™ is algebraically tight club subset of
[B]Y such that C[A] <,. B for every A € C.

Claim 4.1.3 C[UD] <, B for every D C C.

- If D=0 then C|UD] = C <,. B. Let D # (). Toward a contradiction, let
us assume that there is b € B such that pg[u D](b) does not exist. We can choose

A, € D, n € w such that

(*) pg[Ao}(b) < pg[AoUAl}(b) < pg[A()UAlLJAQ](b) <

Note that pga,..ua,(b) exists since C[AgU--- U Ay = C[{(AgU--- U Ay,)p] and
(AgU---UA,)p € C by algebraic tightness of C. Let A = (Upeo An)p. We have
A = Umew(Unem An)B- (Upem An)p € C for all n € w by algebraic tightness of C.
Since C is is club, it follows that A € C. On the other hand, pg[ 4)(b) cannot exist
because of (x). This is a contradiction. — (Claim 4.1.3)

Now let C = { A, : a < k} for some cardinal k. For a < &, let D, = { Az : f <
a} and B, = C|UD,|. Then By = C, Uper Ba = B and (By)a<x is continuously
increasing. B, <,. B by the claim above and B,,; = B,[A,] for every a < k.

d)=e): By Lemma 3.1, 3).
e) = d): Trivial.



4 PROJECTIVE BOOLEAN ALGEBRAS 20

d)= a): Let (By)a<x be as in ¢). By Lemma 3.11, 1) we have B, <;oj Bay1 for
every a < k. By Lemma 3.7, 2), it follows that C' = By <;,,; B. [0 (Theorem 4.1)

Theorem 4.2 Suppose that B, C are Boolean algebras such that C <,.; B.
Let k = min{ X C B : C[X] = B}. If, for every X € [B]<", there is b € B
independent over C|X], then we have C' <gee B.

Proof. If k = Nj, the theorem follows from Lemma 3.11,2). Hence we may
assume that x is uncountable. By Theorem 4.1, there is an algebraically tight club
subset C of [B]Y such that C[A] <,. B for every A € C. By induction we can
construct a continuously increasing sequence (C,)a<r Of subsets of C such that

0) Co= 0;

(1) ‘Ca+1 \Ca‘ = No;

(2) for any bg,..., by_1 € C[UCqy1], there is b € C[UCyy1] independent over
(C[U Ca])(Bo, oy b))

(3) C[U(Ua<ﬁ Ca)] = B.

For a < k, let B, = C|UC,]. By (0), By = C. (Ba)a<x is continuously increasing
and Uy<p Ba = B by (3). By Claim 4.1.3, we have B, <,. B for every a < k.
By (1), Bay1 is countably generated over B, for every a < k. Hence, by (2) and
Lemma 3.11, 2), we have B, <gee Bat1 for ever a. By Lemma 3.7, 1), it follows
that C' <g.ee B. 1 (Theorem 4.2)

Corollary 4.3 An infinite projective Boolean algebra B of cardinality k is free if
and only if, for every A € Sub~"(B), there is b € B such that b is independent
over A.

Proof. Clearly infinite free Boolean algebras have the property as above. Con-
versely “if” direction is just Theorem 4.2 for C = 2. (1 (Corollary 4.3)

As mentioned in the last chapter, the original definition of projective Boolean
algebras was different from ours (see Halmos [22], [23]). We shall call the Boolean
algebras which are projective in the original sense in the following as algebraically
projective. Thus Boolean algebra B is algebraically projective if for any Boolean
algebras A, C; homomorphism f : B — A and epimorphism g : C' — A, there
exists a homomorphism h : B — C such that go h = f. Let us call such h «a
lifting of f over g. Below, we show the equivalence of algebraic projectivity with
our definition of projective Boolean algebras.

A Boolean algebra B is a retract of a Boolean algebra C' if there are homomorphisms
1: B — C and j:C — B such that j o =idp.

Lemma 4.4
1) Free Boolean algebras are algebraically projective.



4 PROJECTIVE BOOLEAN ALGEBRAS 21

2) If B and B’ are algebraically projective then so is B ® B’.

Proof. 1): Let F be a free Boolean algebra and U a free generator of F'. Suppose
that f : FF — A is a homomorphism and g : ' — A an epimorphism for some
Boolean algebras A, C'. For each u € U choose h'(u) € C so that g o h'(u) = f(u).
This is possible since g is surjective. By Lemma 2.1, there is a homomorphism
h: F — C extending h'. Since goh[ U =goh'[ U = f| U and since U generates
F, it follows that go h = f.

2): Let f: B@® B’ — A be a homomorphism and ¢g : C' — A an epimorphism for
some Boolean algebras A, C'. Let h be a lifting of f| B over g and h’ a lifting of
f1 B Then f @ f is the lifting of f over g. (1 (Lemma 4.4)

Proposition 4.5 For a Boolean algebra B, the following are equivalent.

a) B is projective;
b) B is algebraically projective;
c) B is a retract of a free Boolean algebra.

Proof. a)=b): Suppose that B is projective. Let F' be a free Boolean algebra
such that B @& F' is free. For a homomorph1sm f B — A and a epimorphism
g:C — Alet f: B&F — A be such that f C f. By Lemma 4.4, 1), there exits a
homomorphism h : B @ F — C such that goh = f. Let h=h | B. Then we have

goh=1F.
b)=c): Let F be a free Boolean algebra such that |F'| = |B|. There is an epi-

morphism g : F' — B. For C' = B and f = idp, there is h : B — F such that
goh = f =1idg. This shows that B is a retract of the free Boolean algebra F'.

¢) = a): Suppose that F'is a free Boolean algebra and homomorphisms f : B — F,
g : ' — B are such that g o f = idg. We show that B satisfies the assertion of
Theorem 4.1, ¢). Let U be a free generator of F. For each a € F, let u(a) € [U]<™
be minimal such that a € (u(a))p. Let us call A < B good if g[Uu[f[A]]] C A.

Claim 4.5.1 If A < B is good then A <,. B.

|- Suppose that A < B is good and V' = Uu[f[A]]. For b € B let d = gy, (f
Since A is good, we have g(d) € A. We show that g(d) = ¢5(b). By f(b) <
have b = g o f(b) < g(d). Hence if g(d) were not an upper projection of b
A, there would be a € A" such that a < g(d) and a-b = 0. Let V/ = f(a
Since g(b') = (go f(a))-g(d) = a-g(d) = a > 0, we have b’ # 0. V¥ < d by
definition, v’ € (V)p and V/ <d. But v/ - f(b) < f(a)- f(b) = f(a-b) =0. This is a
contradiction as d is the upper projection of f(b) onto (V)r.  —| (Claim 4.5.1)

().
dw
)

Now let

C={Ac[B]™ : Ais good}.
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Clearly C club subset of [B]®
Claim 4.5.2 C is algebraically tight.

I Suppose that A, A’ € C. Then

glUu[f[{AU A)B]]] = g[(Uulf[A]] UUu[f[AT]) vy,
= (gUu[f[A] U g[Uulf[AT]]) 6
C(AUA)B.
Hence (AU A")p € C. - (Claim 4.5.2)
By Theorem 4.1, it follows that B is projective. (1 (Proposition 4.5)

The following rather trivial theorem gives the first example of the phenomena we
are going to observe frequently in the following chapters: for a Boolean algebra
B, if M is an elementary submodel of H(x) for sufficiently large y and B,...,
€ M, then BN M is a “nice” subalgebra of B and some properties of B can be
characterized in term of this.

Theorem 4.6 Let B, B’ be Boolean algebras and x a sufficiently large cardinal.
Suppose that M is an elementary submodel of H(x) such that B, B' € M

1) If B is free, then so is BN M and BN M <gee B. Further, if M' < H(x) is
such that M C M’ and B <gee B', then BN M <geoe B'NM'.

2) If B is projective, then so is BAOM and BAM <p..; B. Further, if M" < H(x)
is such that M C M'" and B <.o; B, then BN M <,,0; BN M.

Proof. 1): Since M |= “B is free”, there is a free generator U € M of B. Then
UnN M is a free generator of BN M. Hence BN M is free. Let U = U \ M.
Then B = (BN M)[U’| and U’ is independent over BN M = [U N M|g. Thus
BN M <gee B. If M" < H(x) is such that M C M’ and B <p. B, let U’ € M be
a free generator of B’ extending U. Then U’ N M’ is a free generator of B’ N M.
Let U" = (U'NnM")\(UNM). Then BBNM' = (BNM)[U"] and U” is independent
over BN M. Hence BN M <geoe B N M.

2): Let k = |B|. As B € M, we have also K € M. Hence B @ Frx € M. Since B
is projective, B @ Frk is free. By 1), it follows that (B @ Frk) N M is free. But
(BoFre)NM = (BNM)@Fr(knM). Hence BN M is projective. Also from
1), it follows that (B & Frk) N M <gee B @ Frk. On the other hand, by Lemma
3.1,1), we have BN M <gee (BNM)@®Fr(kNM)=(B@Frr)nN M. It follows
that BN M <gee B® Frk. Hence BN M <, B. If M' < H(x) is such that
M C M and B <gee B',1let &' =|B'|. By 1), BOM <gee (B &Frr' )N M <pree=
(B'NM) @ Fr(«'nM'). It follows that BN M <.; B'NM’'. [1 (Theorem 4.6)
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5 <,-generated Boolean algebras

In this chapter, we prove theorems on openly generated Boolean algebras. We
formulate and prove most of the assertions not only for openly generated Boolean
algebras but, more generally, for <.-generated Boolean algebras for arbitrary reg-
ular k. Remember that a Boolean algebra is openly generated if and only if it is
<y,-generated.

5.1 Characterizations of <,-generated Boolean algebras
Let us begin with the following characterization of <,-generated Boolean algebras.

Theorem 5.1 (Fuchino-Koppelberg-Shelah [17]) For a regular cardinal x and a
Boolean algebra B, the following are equivalent.
a) B is <.-generated.

b) There exists an upward directed partial ordering I = (I, <) and an indezed
family (B;)ier of subalgebras of B such that

0) |Bi| <k for everyi € I;

1) B; <, Bj foralli, j € I such that i < j;

2)  for every increasing chain (iy)a<s n I of length § < k7,
i* =sup{i, : a <d} exists and By = Uyes Bi;

3) B = Uier B

c) For some, or equivalently any sufficiently large® x and elementary submodel
M of H(x), if BE M and k+ 1 C M, then BN M <, B.

d) For some, or equivalently any sufficiently large® x and elementary submodel
M of H(x), if BE M, k+1C M and |M| =k, then BN M <, B.

Remark. Note that, for K = Ny, the condition k+1 C M holds for any elementary
submodel M of H(x).

Proof. a)< b) follows immediately from Proposition 2.7.

a) = c): Suppose that B is <,-generated and x, M are as in ¢). Then there is
C € M such that C is club subset of [B]® and C' <, B for every C € C. For
C e CnM, we have C C M by |C|] = kand k +1 C M. It follows that
BN M =U(CNM). But the right side of the equation is an element of C since
CN M is directed, |C' N M| < k and C is club in [B]*. It follows that BN M <, B.

c)= d): Trivial.
d)=-b): Suppose that B satisfies d). Let I = {M < H(x) : B€ M,k +1 C

5

see the remark on p.3.
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M, |B| = k }. Let < be the partial ordering on I defined by M < N < M C N
for M, N € I and By, = BN M for each M € I. Then it is easy to check that
(Bar)amer satisfies the conditions 0) — 3) in b). (1 (Theorem 5.1)

The characterization of the <,-generated Boolean algebras above often enables us
to give quite elegant proofs to assertions on <,-generated Boolean algebras. The
proof of the following lemmas are such examples.

Lemma 5.2 Suppose that k is reqular and A, B are <,-generated Boolean alge-
bras. Then A @ B is also <,-generated.

Proof. Let x be sufficiently large and M be an elementary submodel of H(x)
such that A® B € M and k+1 C M. By Theorem 5.1, it is enough to show that
(A®@B)NM <, A& B. Since M |= “ there are A’, B’ such that A& B is the free
product of A" and B’”, we may assume without loss of generality that A, B € M.
By Theorem 5.1, we have ANM <, Aand BNM <, B. Hence, by the elementarity
of M and Lemma 3.5, it follows (A& B)NM =(ANM)& (BNM) <, As B.
0 (Lemma 5.2)

Lemma 5.3 Suppose that k is reqular and A, B are Boolean algebras. If A <,+ B
and B is <.-generated, then A is also <,-generated. In particular, if A <, B (or
even A <,. B) and B is openly generated, then so is A.

Proof. Let x be sufficiently large. By Theorem 5.1, ¢), it is enough to show that
ANM <, A for every elementary submodel M of H(x) such that A € M and
k+ 1 C M. Since the statement “there exists a <,-generated Boolean algebra B
such that A <, B” holds in H(y) and hence also in M, we may assume without
loss of generality that B € M.

Let a € A. By Theorem 5.1, BN M <, B. Hence there is a cofinal subset X of
(BN M) a of cardinality less than k. For each € X the filter A T z is an element
of M. By A <.+ B, there is a coinitial subset Y, of A T x of cardinality less or
equal to k. Since A T x € M we may take Y, as an element of M. By k +1 C M,
we have Y, C M.

Now, for x € X, since a € A T x, there is some y, € Y, such that x <y, < a. Put

Z={y, :x€X} Then Z C ANM and |Z| < |X| < k. As Z dominates X, it

is cofinal in (BN M) | a. But since Z C AN M, Z is also cofinal in (AN M) | a.
] (Lemma 5.3)

For a regular k, a mapping on B is called k-Freese-Nation mapping if f : B — [B]<*
and for all a, b € B, if a < b then there is ¢ € f(a) N f(b) such that a < ¢ <b. A
Boolean algebra B has the k-Freese-Nation property if there is a k-Freese-Nation
mapping on B. The Ny-Freese-Nation property was introduced in Freese-Nation
[11] in connection with projective lattices. L. Heindorf called this the Freese-Nation
property and proved that a Boolean algebra B has Ng-Freese-Nation property if
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and only if B is openly generated (see Heindorf-Shapiro [25]). L. Heindorf and L.
Shapiro [25] then generalized the notion to W;-Freese-Nation property and proved
some elementary facts about it. Ordered structures with s-Freese-Nation property
are further studied in Fuchino—Koppelberg—Shelah [17]. Many of the following
lemmas can be formulated more generally for partially ordered sets or even for
quasi orderings.

Lemma 5.4 Let B be a Boolean algebra and k a reqular cardinal.
1) If |B| < k then B has the k-Freese-Nation property.

2) If B is the union of a continuously increasing sequence of Boolean algebras
(Ba)a<s for some ordinal § such that B, has the k-Freese-Nation property and
B, < Bay1 for every a < 9, then B has also the k-Freese-Nation property.

3) If f is a k-Freese-Nation mapping on B and A < B is closed with respect to
f then A <, B.

Proof. 1): Let C be a well-ordering on B of order type less or equal to x. For
be B,let f(b)={ce B :cCb}. Then f is a k-Freese-Nation mapping on B.

2): For each a < 6, let f, : By, — [Ba]<" be a k-Freese-Nation mapping on
B,. By induction on a < §, we define an increasing sequence (g, )a<s such that
Ja : Boa — [Ba]<" is a k-Freese-Nation mapping on B,, for every a < . g = Uqcs Ga
is then a x-Freese-Nation mapping on B. Let gy = fy. Now, suppose that g, has
been defined. For each b € B,y1 \ B, fix Xy € B, band Y, C B, T b such that
| X, [Ys| < K, X} is cofinal in B, [ b and Y}, is coinitial in B, T b. Let

gOl(b)? 1f b € Ba

Ga+1(b) = {U{ga(ﬂf) c 2 € XpUY, b U farn(b), otherwise.

Clearly go C gat+1- Since k is regular, |go41(0)] < k for every b € B,.1. We
show that g,1 is a k-Freese-Nation mapping on B,,;. Suppose that b, i/ € B,
are such that b < V. If b, b’ € B,i1 \ Ba, then there is ¢ € fo11(0) N far1(b') C
Gat+1(0)Nga+1(b') such that b < ¢ <. If b, b’ € B,, then thereis ¢ € g,(b)Nga (V') =
Ga+1(D) N gar1(b) such that b < ¢ < V. If b€ B, and ¥/ € B,y1 \ Ba, then there is
x € Xy such that b <z <. Hence there is ¢ € g4(b) N ga(2) C gat1(b) N gay1 (D)
such that b < ¢ <z <. The case that b € B, \ B, and V/ € B, can be treated
similarly. For limit o < 9, if g3, 8 < a have been defined, then g, = Uz, gs is a
r-Freese-Nation mapping on B,.

3): Let b € B. For a € A such that a < b, we have that f(a) C A and there is

¢ € f(a) N f(b) such that a < ¢ < b. Since A is closed under f, we have ¢ € A.

It follows that X = f(b) N (A[|D) is cofinal in A[b. But |X| < |f(b)] < k.
0 (Lemma 5.4)

Theorem 5.5 (Heindorf-Shapiro [25]) For a regular k and a Boolean algebra B,
the following are equivalent.
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a) B is <,-generated.

b) B is the union of a continuously increasing chain of subalgebras (Bgy)a<x of
length X = |B| such that |B,| < |a+ k|, By <. B and B, is <,-generated for
every a < .

¢) B has the k-Freese-Nation property.

Proof. a)=10): Let x be sufficiently large and let M < H(x) be such that
IM| = |B| = A\, B€ M and k+1 C M. Let (M,)a<r be a continuously in-
creasing sequence of elementary submodels of M such that B € My, kK +1 C M,,
IM,| < |a+ k| for all @« < XA and M = Uyep M,. For o < A, let B, = BN M,.
Then (By)a<x is continuously increasing, |B,| < |M,| < |a + k| for every a < A
and B = U,<) Ba. Hence, by Theorem 5.1, B, <,; B for every a < A\. By Lemma
5.3, each B, is <,-generated.

b) = ¢): By induction on A\ = | B|, we show that, if there is (B, )a<x asin b), then B
has the k-Freese-Nation property. For A < k, B has the x-Freese-Nation property
by Lemma 5.4, 1). Suppose that we have shown the assertion for every p < A. If
|B] = A and (Ba)a<x is as in b), then by a) = b), each B, can be represented as
the union of a continuously increasing sequence (B?)s.,., for pi, = |B,| < A such
that B? <. B,, |B?| < |8+ k| and B? <, B for every 3 < pi,. By induction
hypothesis, it follows that B, has the r-Freese-Nation property for every a < .
Hence by Lemma 5.4, 2), B has the k-Freese-Nation property.

¢) = a): Suppose that B has the x-Freese-Nation property. Let x be sufficiently
large and M an elementary submodel of H(y) such that B € M and k + 1 C
M. By Theorem 5.1, it is enough to show that BN M <, B. Since M |
“ B has the k-Freese-Nation property”, there is f € M such that f is a x-Freese-
Nation mapping on B. For each b € BN M, f(b) € M and |f(b)] < k. Hence by
k C M, we have f(b) C M, i.e., BN M is closed with respect to f. By Lemma
5.4, 3), if follows that BN M <, B. (1 (Theorem 5.5)

One of the advantages of the characterization of <,-generated Boolean algebras
as such having k-Freese-Nation property, is that we can obtain immediately the
following theorem while the original proof by E.V. Séepin for the case k = ¥y was
already fairly complicated.

Theorem 5.6 ([25], Scepin [44] for k = Ry, see also Fuchino [14]) Suppose that
(Ba)a<s s a continuously increasing sequence of <.-generated Boolean algebras for
some limit ordinal § such that B, <, Bai1 for every a < 0. Then B = Uyes Ba s
also <.-generated.

Proof. By Theorem 5.5 and Lemma 5.4, 2). [ (Theorem 5.6)

For a short sequence of Boolean algebras Theorem 5.6 can be still improved.
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Theorem 5.7 (Bandlow [?] for k = Ry) Suppose that (Ba)a<s i a continuously
increasing sequence of <.-generated Boolean algebras for some 6 < k such that
B, <.+ Bat1 holds for every o < k. Then B = Uy, Ba s also <,-generated.

Proof. Let x be sufficiently large. By Theorem 5.1, it is enough to show BNM <,
B for any elementary submodel M of H(x) such that x+ 1 C M and B € M. By
d € M, we may assume without loss of generality that (B,)a<s € M. Since 6 C M
we have B, € M for every a < 9. Let b € B. Then there is a < d such that b € B,,.
Since B, is <.-generated, we have B, N M <, B,. Hence there is a cofinal subset
X of (B, N M)|b of cardinality less than x. We show that X is also cofinal in
(BN M) b. Suppose that ' € (BN M) | b. By Lemma 3.7, 4), we have B, <.+ B.
Hence there is a coinitial subset Y of the filter B, T b of cardinality less or equal
to k. In particular there is such Y in M. Since Kk C M, we have Y C M. Lety € Y
be such that &' <y < b. Since y € B, N M, there is ¢ € X such that y < x < b.
Hence V' < z. 1 (Theorem 5.7)

The following is also an immediate consequence of the characterization of <-
generated Boolean algebras.

Proposition 5.8 Suppose that k and \ are reqular cardinals such that k < \. If
a Boolean algebra B is <,-generated then B is <,-generated.

Proof. 1If f: B — [B]<" is a k-Freese-Nation mapping on B, then f is clearly
also a A-Freese-Nation mapping on B. (1 (Proposition 5.8)

For uncountable k, Theorem 5.1, ¢), d) can be still slightly improved. Weakenings
of the following notion are needed to formulate the result.

Definition 5.9 (S. Shelah) An elementary submodel M of H(x) for a regular x
1s said to be internally approachable if M is the union of continuously increasing
chain (My)a<x for X = |M| such that |M,| < |M| and (Ms)s<a € M1 for every
a < A

We shall call an elementary submodel M of H(x) = (H(x), €) H(k)-like, if k = w,
or k > w and for every X € [M]<* there is N € M such that N < M, |N| < &
and X C N. M is V,-like if M is H(k)-like and |M| = k. Hence M is V,-like if
and only if M is countable or M is the union of an increasing sequence (M, )<y Of
elementary submodels of H(y) such that |M,| < x and M, € M,y for all a < k.
We shall call such (M,)a<x a witness of V-likeness of M.

An advantage of V,-likeness is the following Lemma 5.10, 3) which is not true in
general for internally approachable elementary submodels.

Lemma 5.10 Suppose that k and x are regular and k < x. Then:
0) If M < H(x) is internally approachable and |M| = k, then M is V,-like.
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1) If M < H(x) is Vi-like and k € M then kK C M.

2)  For any X € [H(x)]=" there is an internally approachable M < H(x) such
that X C M and |M| = k.

3) If (M"),<y is a continuously increasing sequence of V. -like elementary sub-

models of H(x) then U, M7 is also V-like.

Y<K

Proof. 0): By definition.

1): Suppose not. Let M be a V,-like elementary submodel of H(x) such that
k€ M. Let a* < k be minimal such that o & M. Let (M, )o<x be a witness of V-
likeness of M. Without loss of generality we may assume that k € My. Let 8 < K
be such that o € Mp. Let v < k be minimal such that o <« and v € Ms. Then
a* is definable in Mg, as yN Mpg. Hence a* € Mgy, € M. This is a contradiction.

2): Let X = {2z, : a < k}. By induction we can construct a continuously
increasing sequence (M, )q<x Of elementary submodels of H(y) such that |M,| <
la+wl|, 2o € M, and (Mp)s<a € Myqq for all @ < k. M = Uy M, is then
internally approachable and X C M.

8): For v < k, let (M{)e<. be a witness of V-likeness of M7. Let { (1a,va) : @ <
k } be an enumeration of { (v,5) : v, 0 < k }. Let (Ya)a<r and (§u)a<x be defined
inductively such that i) 7o, & <, 1) M € MM idi) Mg[f C M for
all 3 < aand dv) MJe C M for all a < k. Let M, = M/ for a < x. Then

(M) a<r is a witness of V-likeness of M. ] (Lemma 5.10)

Proposition 5.11 (essentially in Fuchino-Koppelberg—Shelah [17]) For regular k,
and a Boolean algebra B of cardinality < k™ the following are equivalent:

a) B is <,-generated;

b) For some, or equivalently any sufficiently large x and V,-like elementary
submodel M of H(x), if B, kK € M then BN M <, B.

Proof. The assertions a), and b) both hold if |B] < k. Hence we may assume
that |B] = k*. a) = b) follows from Theorem 5.1. For b) = a), let (M, )q<.+ be an
increasing sequecne of V-like elementary submodel of H(x) such that B, k € M,
and B C Uy<,+ My. For a < k%, let B, = BN (Ug<q Mp). Then we have |B,| < &
for every o < k. Hence each B, is <.-generated. Also we have:

Claim 5.11.1 B, <, B for every a < k™.

I If « = 3+1 then B, = BN Mjg. Hence by assumption, we have B, <, B. If a
is a limit and cf(a) < & then it follows from this that we also have B, <, B. If «
is a limit and cf(a) = &, then N = Us, M, is V,-like by Lemma 5.10, 3). Hence,
again by assumption, it follows that B, = BN N =<, B. — (Claim 5.11.1)
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By Lemma 5.4, 2), it follows that B is <,-generated. (1 (Proposition 5.11)

For B with |B| > k™ we still have the equivalence of a) and b) in the theorem
above under some additional assumptions: Recall that O, means that there is a
sequence (a O,-sequence) (Cq)acLim(u+) such that, for every oo < p,

a) C,is club in «;

B) B € (Cy) implies Cy = C, N G;

v) cf(y) < p implies otp(C,) < p.
From 7), it follows that for singular u, we have |C,| < u for every o € Lim(u™).
Without loss of generality we may also assume:

9) ifoe(Cy)Na,thend+1eC,
(just replace each C, by C, U{d+1 : d € (Cy) Na}).

Theorem 5.12 (Fuchino, Soukup [?]) Let  be a regular uncountable cardinal and
k < \. Suppose that

i) ([u]=F, ©) has a cofinal subset of cardinality u for every u such that k < p < A
and cf(u) > k; and

i) O, holds for every p such that k < p < A and cf(p) < k.

Then, for any Boolean algebra B of cardinality < X, the following are equivalent:
1) B is <,-generated;
2)  for some, or equivalently any sufficiently large x, and any V,.-like M < H(x)
with B, k € M, we have BN M <, B;

3)  for some, or equivalently any sufficiently large x, there is xo € H(x) such
that for any V,.-like M < H(x) with B, xo € M, we have BN M <, B.

Note that —0% implies the conditions 7) and 7).
Proof. This will be written later. [ (Theorem 5.12)

5.2 Cardinal invariants of <,-generated Boolean algebras

Theorem 5.13 (S. Shelah, [17]) Suppose that k is a regular cardinal and B a
<,.-generated Boolean algebra. For any cardinal X such that A = A\<*, if X C B
15 of cardinality greater than A\, then there is an independent subset Y of X of
cardinality greater than .

Proof. Let x be sufficiently large and (M,)s<x+ be a continuously increasing
sequence of elementary submodels of H(x) such that k+1 C My, B € My, |M,| < X
and XN(My1\M,) # 0 for every a < AT, For a < At let B, = BNM,. (Ba)acr+
is then a continuously increasing sequence of subalgebras of B. By Theorem 5.1,
B, <. B for every a < AT. For a < AT, let ay € Byi1 \ By Let S = {a <
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AT ef(a) > Kk} For each « € S, let I, and J, be cofinal subsets of B, | a, and
B, | —a, respectively, both of cardinality less than k. Let h(a) = (I, Jo). By
A = A" we can apply Fodor’s lemma and find a stationary 7' C S such that h| T
is constant, say h(a) = (I, J) forall o € T. Let a* = min{a < A" : I, J C B, }.
Without loss of generality we may assume that a* < a holds for every a € T'. Let
L={beBy :bLi+jforalliel, je J}. Then we have

(1) 1€ L (since, by aq € Ba+ for any o € T, I U J generates a proper ideal
of By+). In particular we have L # (;

(2) IfbeLandkeIUJ thenb-—k € L.

Now, by 1) above, the following claim shows that {a, : o € T'} is independent.
Since |T'| = A*, this proves the theorem.

Claim 5.13.1 If b € L and p s an elementary product over aq,. .. ,0q, , for
a; € T such that ag < -+ < ay_q (i-e. p is of the form® (any)™ - -+ - (A, ,)™
for some 1, € 2,1 <n) thenb-p # 0.

- We prove the claim by induction on n. For n = 0, this is trivial since 0 & L.
Assume that the claim holds for n. Let ay,. ..o, € T be such that ag < - a1 <
oy, and let p be an arbitrary elementary product over aq,,. .. ,aq, ,. Let b € L. By
the induction hypothesis, we have b-p # 0. We have to show that b-p-a,, # 0
and b-p- —a,, # 0. Toward a contradiction, assume that b-p - a,, = 0 holds.
Then b-p < —a,,. Since b-p € B,,,, we can find j € J such that b-p < j. Hence
(b-—j)-p=0. Since b-—j € L by 2) above, this is a contradiction to the induction
hypothesis. Similarly, from b-p- —a,, = 0, we obtain (b-—i)-p = 0 for some i € [
which again is a contradiction to 2). —{ (Claim 5.13.1)

[ (Theorem 5.13)

Theorem 5.13 implies the following inequalities about cardinal invariants for <-
generated Boolean algebras. Let us first review definitions of some of cardinal
invariants on Boolean algebras introduced in Monk [38]. For a Boolean algebra B

Ind(B) = sup{ | X| : X is an independent subset of B},
c(B) = sup{|X| : X is a disjoint subset of B },
Length(B) = sup{ | X| : X is a linear ordered subset of B }.
Corollary 5.14 (Fuchino-Koppelberg-Shelah [17]) For a regular cardinal s, if a

Boolean algebra B is <.-generated, then |B| < Ind(B)<*. In particular, for an
openly generated Boolean algebra B, |B| = Ind(B).

6 for a Boolean algebra B, b € B and i € 2, we define (b)* by:

i fb, ifi=1,
®) _{—b, if i = 0.
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Proof. Suppose that B is <,-generated but | B| > Ind(B)<" holds. Then Ind(B)<" =
(Ind(B)<")<". Hence we have Ind(B) > Ind(B)<" by Theorem 5.13. This is a con-
tradiction. [ (Corollary 5.14)

In Corollary 5.14 the equality is attained for every regular . For the case of Kk = Ny,
the simplest example to see this would be Intalg(R).

Corollary 5.15 (Fuchino-Koppelberg-Shelah [17]; Heindorf-Shapiro [25] for k <
Ny) Let k be a reqular cardinal. If a Boolean algebra B is <,-generated, then

¢(B) < 2<% and Length(B) < 2<%. In particular, any openly generated Boolean
algebra B has the ccc and Length(B) = Ny. N

5.3 Bockstein separation property

For a Boolean algebra B and X C B,let Xt ={c€ B : b-c=0 for every b € X }.
An ideal I on B is said to be regular if (/1) = I. Note that (X1)+ D X holds for
any X C B (see below). In the following we shall also simply write e.g. I+ in place
of (I+)1. A Boolean algebra B is said to have the Bockstein separation property if
every regular ideal I of B is countably generated, i.e. if there is a countable cofinal
subset of such I. We shall consider the following generalization of this notion:
For a cardinal x, a Boolean algebra B has the k-Bockstein separation property, if
every regular ideal I on B has a cofinal subset of cardinality less than «. Thus the
usual Bockstein separation property is just the 8;-Bockstein separation propertyin
our terminology. For x < A, if B has the x-Bockstein separation property, then
B clearly has also the A-Bockstein separation property. The following fact on the
L -operation is quite useful.

Lemma 5.16 For a Boolean algebra B and X, Y C B,
1) if X CY, then X+ DY+,
2) X C XLL).
3) XJ_J_J_ — XJ_

Proof. 1): Suppose X C Y. Then we have

2€Yt oy z2=0foreveryy €Y
=x-2=0foreveryz € X
sze Xt

2): If z € X, then -y =0 for any y € X*. Hence z € X+

8): By 2), we have X+ D X. Hence X+++ = (X++)+ C X+ by 7). On the other
hand, by 2), we have X+ C (X+)++ = X144 0 (Lemma 5.16)

Lemma 5.17 Suppose that I is an ideal on a Boolean algebra B. I is reqular if
and only if there exists a pairwise disjoint X C Bt with I = X*.
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Proof. If I = X+ then [+t = X1+ = X1 = | by Lemma 5.16, 3). Hence [
is regular. Suppose now that I is regular ideal on B. Let X C B™ be maximal
pairwise disjoint such that X C I+, i.e. each z € X satisfies b-z = 0 for every b € I.
We show that I = X+, If a € I then a -z = 0 for every v € X. Hence a € X*+. If
a € X+ and yet a € I, then by regularity of I, we would have a ¢ (I*+)*. Hence
there is some ¢ € I+ such that a - ¢ # 0. Note that a-c € I+ since a - ¢ < c¢. Hence
by maximality of X there is x € X such that a-c-x # 0. But this is a contradiction
asa-c-x<a-x=0. (1 (Lemma 5.17)

Proposition 5.18 Suppose that B is a k-cc Boolean algebra and { A € [B]<F :
A <, B} is unbounded in [B]<*. Then B has the k-Bockstein separation property.
In particular, every openly generated Boolean algebra has the Bockstein separation
property.

Proof. Suppose that [ is a regular ideal on B. By Lemma 5.17 there is a pairwise
disjoint subset X of BT such that I = X1. By the x-cc of B, we have | X| < k. By
the assumption there is A <,. B such that |A| < x and X C A. Fora € I, ¢5(a) is
disjoint from each element of X: if there were x € X such that ¢5(a) - z # 0 then
we would have a - z # 0 which contradicts the choice of X. Hence a < ¢5(a) € I.

As ¢5(a) € A, it follows that I N A is cofinal in I.

If B is openly generated, then B has the ccc by Corollary 5.15. Hence, by what we
proved above, B has the Bockstein separation property. (1 (Proposition 5.18)

For a Boolean algebra B, X C B™ is dense in B if, for every b € BT, thereisc € X
such that ¢ < b. A subalgebra A of B is said to be dense in B if AT is dense in B

in the sense above. If A is dense in B we denote this by A <gense B.

Lemma 5.19 Suppose that A, B are Boolean algebras such that A <gense B. Then
for any b € B, A] b is a regular ideal in A.

Proof. Otherwise there would be a € (A] b)** such that a £ b. Let ¢ = a - —b.
Then ¢ € BT. Since A is dense in B, there is d € A* such that d < ¢. Then d < a.
Hence d € (A| b)*+. On the other hand, since d < —b, we have d € (A b)*. As
d # 0, this is a contradiction. 0 (Lemma 5.19)

Proposition 5.20 Suppose that k is reqular and A, B are Boolean algebras such
that A < B. If B is <,-generated and A has the k-Bockstein separation property,
then A is <.-generated.

Proof. Let J be an ideal on B maximal with the property AN J = {0}. Let
¢ : B — B/J be the canonical epimorphism. Then, by ANJ = {0}, ¢ is injective
on A. Identifying A with ¢[A], we may assume that ¢ | A =ids and A < B//J.

Claim 5.20.1 A <gense B/J.
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 Let b € (B/J)", say b = ¢(b) for some b € B. Then b ¢ J. Hence, by
maximality of J, there is some b € J and a € AT such that a < b+ b. But this
just means a < b. —{ (Claim 5.20.1)

Let x be sufficiently large and M an elementary submodel of H(y) such that
A€ M and k+1 C M. To show that A is <.-generated, it is enough to show
that AN M <, A holds by Theorem 5.1. By elementarity of M, there are B’, J’,
¢ € M such that A < B', B’ is <,-generated, J' is an ideal on B’ maximal with
the property ANJ = {0} and ¢’ : B — B’/J is the canonical mapping. Hence,
without loss of generality, we may assume that B, ¢, J € M. Now, let a € A.
Since B is <-generated, we have B N M <, B by Theorem 5.1. Hence there is
X C (BN M)|a such that | X| < xk and X is cofinal in (B N M) [ a. For each
x € X, Al p(z) is regular ideal on A by Claim 5.20.1 and Lemma 5.19. Hence, by
k-Bockstein separation property of A and ¢(x) € M, there is Y, € M such that
Y, € Al (), |Yz] < k and Y, is cofinal in A p(z). By K +1 C M, we have
Y. CANM. Let Z = Uyex Ye. For x € X, we have p(z) < ¢(a) = a. Hence
Z C(ANM)T] a. As k is regular, we have |Z| < k.

Claim 5.20.2 Z is cofinal in (ANM)| a.

|- Suppose that ' € (AN M) ] a. Then o’ € (BN M)| a. Hence there is x € X
such that o' < z. It follows that o’ = ¢(a’) < p(z). Hence o’ € A| p(z) and so
there is some u € Y, C Z such that o’ < . - (Claim 5.20.2)

This shows that AN M <, A. (1 (Proposition 5.20)

Theorem 5.21 Suppose that k is a reqular cardinal such that 2<% = k and A,
B are Boolean algebras such that A < B, B is <,-generated and {C : C <,
B, |C| < Kk} is unbounded in [B]<". Then A is <.-generated if and only if A has
the k-Bockstein separation property.

Proof. If A is <,-generated then A has the k-cc by Corollary 5.15. Hence, by
Proposition 5.18, A has the k-Bockstein separation property. Conversely, if A has
the k-Bockstein separation property, then it follows form Proposition 5.20, that A
is <,-generated. 1 (Theorem 5.21)

Corollary 5.22 (L. Heindorf, see Heindorf-Shapiro [25]) Suppose that A, B are
Boolean algebras such that A < B and B is openly generated. Then A is openly
generated if and only if A has the Bockstein separation property. |
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6 L..-free Boolean algebras

L.-freeness was first studied in connection with groups and abelian groups. This

motivated the study of L..-freeness in arbitrary variety. Eklof [6] contains a
compact survey of this subject. L...-free algebras are also called strongly  free in
the literature (see e.g. Eklof-Mekler [8] where strongly « free algebras are defined
by the property d) of Proposition 6.15 below). In Fuchino-Koppelberg-Takahashi
[19] we began the study of L..-free algebras in the variety of Boolean algebras
which is continued in Fuchino—Shelah [20]. In this chapter, we shall present some
of basic results of this field.

Let us first introduce some notation used in the following. For a cardinal x and
(the underlying set of ) a structure A, let *~A be the set of sequences of elements
of A of length less than k, i.e.

"*A={a: a:a— Aforsome a < k}.

Abusing the notation, for @ € *~ A, we shall often write simply @ to denote rng (@).
Note that this coincides with the usual convention for finite sequences. Fora € "~ A,
(@), the length of @, is just dom (@). For @ € *>A and b € *>B with [(a) = (D), let
@ +— b be the mapping { (a(3),b(8)) : 3 <l(a) }. Thus @ — b is the mapping which
sends the 4’th element of @ to the 3’th element of b. For @, @ € "> A, @~ @ denotes
the concatenation of @ and @, i.e. the element b of *> A such that I(b) = (@) + (@),
b(y) =a(y) for all v < i(a) and b(l(a) + ) = @' (y) for all v < [(@). For @, € "~ A,
a < A, let us denote by a<x@, the concatenation of @,, o < X one after another.
Note that, if A < cf(x), then we have a< @, € "> A . For X € [A]<* @ € " A is an
enumeration of X if rng (a) = X. For structures A, B, a mapping f is said to be a
partial isomorphism from A to B if dom (f) C A, rng (f) C B, and if dom (f) and
rng (f) generate substructures A’ and B’ of A and B respectively, then f generates
an isomorphism from A’ to B’. As for Boolean algebras, B < A means that B is a
substructure of the structure A. We define

Sub<"(A) = {B € [A]" : B< A}

Sub=*(B), Sub”(B) etc. are defined similarly. For @ € " A, (A, @) is the expansion
of the structure A obtained by adding /(@) many new constant symbols to the
signature of A whose interpretations are a(«), o < l(@). For a, € ""A, a < A, we
denote by (A, @a)acy the structure (A,d) where b = a<Ady,.

Most of the assertions about L...-free/projective Boolean algebras in this chapter
are valid for algebras in an arbitrary variety V. An algebra F' € V is defined to
be free if F' is generated by a set U with the property as in Lemma 2.1 while free
products of algebras in V are defined by the property in Lemma 3.2. Elementary
properties of free products mentioned in Chapter 3. Projectivity, <gece, <proj; Look-
freeness etc. in V can be defined then just as for Boolean algebras. In the following,
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“A is an algebra” means that A is an algebra in some fixed but arbitrary variety V.
Fr k means, in this context, the free algebra in the variety V with the free generator
K.

A few of the assertions below are rather typical for Boolean algebras, e.g. The-
orem 6.9 where completions of L..-elementarily equivalent Boolean algebras are
considered.

6.1 Back-and-forth theorem

Lemma 6.1 Suppose that A, B are structures of the same signature such that
A= . Bandaec" A,
1) There is an Look-formula z(T) with 1(T) = l(a) such that A |= Yz[a] and for
any b € *>B with [(b) = (@), we have B |= g[b] if and only if (A,a) =1, (B,b).
2) There is b € B such that (A,a) =1, (B,b).

Proof. 1): For each b € **B with {(b) = I(a), let ¢5(T) be an Logs-formula such
that A = ¢gla) and B | —g[b] if (A, @) #1.., (B,b). Otherwise, let ¢3(Z) be any
Lyi-formula ¢ such that A = ¢[a]. Then

va(@) = N{w3(@) - b€ B,1(b) = I(a) }

is as desired.

2): Let ¢z(T) be as in 1). Since A |= ¢gz[a], we have A = JT¢z(T). Hence

B = 37 3(T). Let b € "B be such that B |= 95[b]. Then (A,a) =1, (B,b).
1 (Lemma 6.1)

The following characterization of L..-elementary equivalence is known as the
“Back-and-Forth Theorem”.

Theorem 6.2 For structures A, B of the same signature, the following are equiv-
alent:

G) A =lLoox B,’
b) there is a non-empty family F of partial isomorphisms from A to B such that

0) |f| <k for every f € F,
i) ifar— b€ F anda €A, then there is b € *>B such that
aa—bb eF,
i) ifarsbe€F and b € *>B, then there is @ € "> A such that
aa —bb erF,
iit) if f€F and g C f, then g € F.

We shall refer such a family F as above a family of partial isomorphisms form A
to B with back-and-forth property for L.
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Proof. a)=b): Suppose that A=, . B. Let
F={a—b:ae"A be"B, (Aa) = (B}

We show that F is as in b). By Lemma 6.1, 2), F is non-empty. By definition F
satisfies 0) in b). It is also clear that F satisfies ii7) in b). Hence, by symmetry, it is
enough to show that F satisfies i). Suppose @ — b € F and @ € "> A. Let 13~z be
as in Lemma 6.1, 1) for a~a’. Since A | ¢z~z[a, @], we have A = I7"V5-z[a, T'].
By (A,a) =,__ (B,Db) it follows that B = 3¢s—»[b,7']. So there is some b € *>B
such that B = g~ [5“5/]. By definition of ¢;~5, it follows that (A,a~@') =L,
(B,b"F). Hence a~a@ — b0 € F.

b) = a): Suppose that F is as in b). By induction on (€-rank’ of) L...-formula
©, we show that

(%)p:  for anyar—be F, Ak plal if and only if B = ¢|b].

For atomic ¢ this is clear as elements of F are partial isomorphisms. If (), holds
for every ¢ € ®, then clearly (x) M@ also holds. It is also clear that (%)-, follows
from (*),. For a formula ¢ of the form 371 (7,7), assume that (x)yzz holds. If
a— be F and A | ¢[a], then there is @ € "7 A such that A |= ¢[a~@]. By 1),
there is b € "> B such that a~a@ — b~b € F . By (*)y(zy we have B = Wb

Hence B |= @[b]. Similarly, by i), A = ¢[a] follows from B = ¢[b] for @ € "~ A
and b € *>B such that @ — b € F. Thus (x), holds. (1 (Theorem 6.2)

From the proof of b) = a) above, we additionally obtained the following:

Corollary 6.3 For structures A, B, if F is a family of partial isomorphisms from
A to B with the back-and-forth property for Lo, and f € F with f =@ — b, then
(A7a) ELoom (B7 b) D

Lemma 6.4 Let k, A be such that kK < X\. Then we have Frx =p__, Fr .

Proof. Let

F ={f :f C the isomorphism from Fra to Frb induced by
@ — b for some @ € "k and b € ">\ of the same length }.

Then it is easily seen that F is a family of partial isomorphisms from Frx to
Fr A\ with the back-and-forth property for L.,.. By Theorem 6.2, it follows that
Fre=,_. FrA 1 (Lemma 6.4)

Lemma 6.5 For algebras A, B, A, B', such that A =,_, A', B=,_. B, we
hcweA@BELm Ao B.

7 Loox-formulas are of course sets constructed inside set theory. It is not relevant how formulas
are “coded” in sets. Here, we use merely the fact that, in a natural coding, subformulas of a
given L ,-formula ¢ have strictly smaller €-rank than ¢ itself.
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Proof. Let F (F' resp.) be a family of partial isomorphisms from A to A" (from
B to B’ resp.) with the back-and-forth property for L. Let

Fr={g:9gC faf, forsome feF, feF
such that dom (f) < A and dom f' < B}.

Then it is easy to check that F* is a family of partial isomorphisms from A & B
to A’ @ B’ with back-and-forth property for L.,.. By Theorem 6.2, it follows that
AeoB=,_, A e®DB. 1 (Lemma 6.5)

Proposition 6.6 If an algebra B is Lo.-projective, then B ® Fr k is Lo, -free.

Proof. Let B be L.-projective. By the definition of L...-projectivity, there is a
projective algebra C' such that B = C. Let A = |C|. Then C @ Fr \ is free. By
Lemma 6.4 and Lemma 6.5, we have B® Frx =, C & Fr . Hence B @ Frk is
Loo.-free. (1 (Proposition 6.6)

For a Boolean algebra B, we denote by B°™ the the completion of B. For uncount-
able k, B" ™ — the k-completion of B — is the smallest subalgebra C' of B™
such that B < ' and C' is closed with respect to sum and product of less than s
many elements of C. If B is a k-complete Boolean algebra and X C A, we denote
by [X]% the smallest xk-complete subalgebra of B containing X.

Lemma 6.7 Let k be a reqular uncountable cardinal. For Boolean algebras A, B,
and @ € "> A, b € "> B of the same length, if (A,a) =1, (B,b), then the mapping
@ b can be extended uniquely to an isomorphism f from [@]em to [b]em.

Proof. For ¢ € [a@]fx-em, there is an infinitary term ¢(Z) constructed from +, -,
— and Y, [ (infinitary sum and product over less than x many elements) such
that t(@) = c¢. We define the mapping f by f(c) = t(b). Since f should be
k-complete (i.e. preserving infinitary sums and products over less than xk many
elements), this is the only possible definition of f. To see that this is well-defined
and gives an isomorphism from [@]em t0 [@]%em, let to(T),. .., t,—1(T) be infinitary
terms in the sense as above. Then there is an L..-formula® ¢(T) saying that
“to(T) - -+ - ty—1 = 0". Then we have

(@) - - - taa(@) = 0 & A F pfd]

< B = olb]

S to(B) - taa(B) = 0.

1 (Lemma 6.7)

8 note that we need here the regularity of s so that we can formulate assertions like “T(a) <
t;(Z)” using less than x many bounded variables and hence remaining in Leoy.
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Lemma 6.8 If a Boolean algebra B is Lo -free for some k > Ny then B has the
cec.

Proof. Let ¢ be the Ly,-formula

vE (V{7(a) - 7(9) £ 0 : a.f <wr, 0 £ 0)).

where T is an injective sequence of variables of length w;. Then B | ¢ if and only
if B has the ccc. Since Fr k has the cce, Frk |= ¢. Hence for any L,.-free Boolean
algebra B, we have B |= ¢ and thus B has the ccc. (1 (Lemma 6.8)

Theorem 6.9 Let k be reqular and A, B Boolean algebras.
1) IfA=._. B, then AF""™ =, B ™.
2) If A, B satisfy the k-cc and A =1, B, then A“™ = B,

~Look

Proof. 1): Let F be a family of partial isomorphisms from A to B with back-and-
forth property for Lu,.. For f € F with f =@~ b, we have (A,a) =, (B,b) by
Corollary 6.3. Hence, by Lemma 6.7, each f € F with f = @+ b can be extended
uniquely to an isomorphism f : [@]%em — [b]em. Let

F={g:l|g| <k, gCfforsome feF}.

Then it is easy to see that F is a family of partial isomorphisms from A% ™ to
B ™ with the back-and-forth property for L....

2): By Lemma 6.8, A and B has the ccc. Hence A" = A" ™ and B™ = B" ™.
Hence the assertion follows from 1). (1 (Theorem 6.9)

Corollary 6.10 Let B be a Boolean algebra.
1) If B is Loy, -free then 2% -cm is Loy, -Cohen.
2)  For a reqular k > Ny, if B 8 Leo-free, then B™ is Lo..-Cohen.

Proof. By Theorem 6.9 and Lemma 6.8. (1 (Corollary 6.10)

6.2 Kueker’s theorem

Next, we turn to a theorem by D. Kueker in [34] which asserts, roughly speaking,
that L...-elementary equivalence of structures A, B implies more resemblance of
these structures than it appears at the first sight. We shall formulate the theorem
in a more general form than the original one in [34]. Let us begin with the following
easy lemma. For a structure A and its substructure A’, let us denote by (A, A’)

the structure obtained by expanding A by adding a unary relation for underlying
set of A’.
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Lemma 6.11 Let A, B be structures of the same signature and A’ € Sub<"(A),
B’ € Sub~*(B). Then (A, A") =1_.. (B, B’) if and only if there are enumerations
@€ A andbe B of A" and B’ respectively such that (A, @) =, (B,b).

Proof. Suppose that (A, A’) =, (B, B’). By Theorem 6.2, there is a family F of
partial isomorphisms from (A, A") to (B, B") with the back-and-forth property for
Lok By the back-and-forth property of F, there is f € F such that dom (f) = A'.
Let @ € "> A be an enumeration of A’ and b € **B be such that f = @ — b. Let
©(T) be an Ly,-formula such that {(Z) = [(a@) saying that “T enumerates R” where
R is the unary relation symbol corresponding to A’ in (A4, A’) (or B" in (B, B’)).
Since (A, A') | ¢[a], we also have (B, B') = o[b] Thus b is an enumeration of B’
By Corollary 6.3, we also have (A,a) =;_.. (B,b).

Conversely, suppose that there are enumerations @ € A and b € B of A" and
B’ respectively such that (A,a) =, (B,b). Then

F={d—b:de”Abe”Ba-blad 10, (Ad)=, (Bb)}

is a family of partial isomorphisms from (A, A’) to (B, B’) with the back-and-
forth property for L.,. Hence, by Theorem 6.2, we have (A, A") =._. (B, B’).
0 (Lemma 6.11)

Theorem 6.12 (D. Kueker [34]) Suppose that A and B are structures of the same
signature such that A =r__, B and C C Sub~"(A) is cofinal in ([A]<",C) and closed
with respect to unions of increasing chains of countable length. Let

D={DeSub~"(B) : (A,C) =L, (B,D) for some C €C}.

Suppose that A < cf(k) and Cy € C, D, € D are such that (A,C,) =r..,. (B, D,)
for every o < \. By Lemma 6.11 there are enumerations ¢, and d, of C, and
D,, respectively for o < X such that (A,¢4) =r... (B,dy). Then there are C € C,
D € D and isomorphism fo : C — D for a < X\ such that f, extends T, — dy.

For the proof of Theorem 6.12, we use the following infinitary game. Let A be a
structure and C C Sub~"(B) be cofinal in ([A4]<*, C). For A’, A” € Sub~"(A) such
that A" =2 A”, and an isomorphism f : A" — A", Qg,’ an s 1s the following game of
length w played by Player I and Player II. In a play in in,’ an s, Player I and Player
IT choose X,, € [A]<" and (), € C alternately for n € w such that

AUA"CXyCCCX,CCC -

where X,,, n € w are Player I’s moves and C),, n € w are Player II’s moves. Player
IT wins in the play if, for C' = U, e, Cn, there is an automorphism f C = C
extending f. Note that, if C is closed under unions of countable chains, then we
have C € C.
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Lemma 6.13 Suppose that A, C, A, A", f are as above and f = a — a” for
some enumerations @, @’ of A" and A”. If (A,@') =1, (A,a"), then Player II has
a winning strateqy in Gi/, AV f-

Proof. Assume that (A,@') =1, (A4,a”). Then, by Theorem 6.2, there is a family
F of partial isomorphisms from (A,a) to (B,b) with the back-and-forth property
for L.... Player II wins by choosing f,, € F parallel to her moves C,, so that, for
every n € w,

(1) fn g fn—H;
(2) X, Cdom(f), mg(f);
(3) dom (f,)Urng(f,) C C,.

(1) and (2) are possible by the back-and-forth property of F while (3) is possible
since C is cofinal in ([A]<%, C). Now, if Player IT have taken her moves as described

above, let f = U f,. Then, by (1), (2), (3), dom(f) = mg(f) = C where C' =
Unew Cn. Since f is a union of partial isomorphisms from (A, @) to (A,a"), it
follows that f is an automorphism on C' extending f = @ — @”. Thus the strategy
as above is actually a winning strategy for Player II. (] (Lemma 6.13)

Lemma 6.14 Suppose that A is a structure and C C Sub~"(A) is cofinal in [A]<"
and closed with respect to unions of increasing chains of countable length. Further,
suppose that X < cf(k) and C, € C, D, € Sub~"(A) for a < X\ are such that

(A, Cy) =1... (A, D,) for all o < \. If¢,, dy € "7 A are enumerations of C, and
D, respectively such that (A,Ca) =L, (A,da) for every a < A, then there is C € C
such that, for each o, there is an automorphism f, on C extending fn, = Co — dq.

Proof. By Lemma 6.13, Player II has a winning strategy ¢® in gga,Dmfa for every
a < A Let (X2, C%)newa<r be matches in ngDa,fa, a < X played simultaneously
in which Player IT applies 0%, a < A\. More exactly,

(1) for each @ < X, (XZ,C%)new is a play in G§_p_ . in which Player IT's
moves Cf, n € w have been chosen according to o.

Additionally, we also require that
(2) X2, =Uger CF for every n € w and a < \.

(2) is possible since, by A < cf(k), we have |Ug.) CP| < k. Now, let C% = U,,¢,, C%.
Then, by (2), C% « < A are all the same. Let C' = C® for all @« < A. By the
closedness of C, we have C' € C. By (1), C' = C“ is the result of a play in gnga’fa

in which Player II wins. Hence, for each o < A, there is an automorphism f, on C'
extending f,. Thus this C' is as desired. 0 (Lemma 6.14)

Now, we are ready to prove Kueker’s theorem:
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Proof of Theorem 6.12: Since \ < cf k, we have |U,-,ng (d,)| < k. Hence by
Lemma 6.1, there are a, € " A, a < A such that

(Aa aOz)oz</\ =Loow (B> Ea)a<)\-

For each a@ < A, we have (A,¢,) =1, (A,a,). Hence, by Lemma 6.14, there is
C € C such that, for each @ < A, there is an automorphism g, on C' extending
Co — Gq. Let € be an enumeration of C. Then, by Lemma 6.1, there is d € "> B
such that

(A’ (% E)Ot<>\ =Loos <B7 dom d)a<>\-

Let D be the substructure of B with the underlying set d. Then h = ¢ — d is
an isomorphism from C to D extending each @, — dn., o < X\. For a < A, let
fo =hog,. [foisan isomorphism from C' to D. We have

fal Co = (o do) 0 (Co > To) = Co > da.

Thus C, D, f,, a < X are as desired.
[ (Theorem 6.12)

As corollaries of Theorem 6.12 we obtain the following characterizations of L.o,.-
free/projective algebras which we already mentioned in Chapter 2.

Proposition 6.15 (Kueker [34] see also Eklof [6]) For an algebra B the following
are equivalent:

a) B is Look-free;
b) there is D C Sub~"(B) such that

i) every F' € D is free,
it) D is cofinal in (|[B]<F, Q),
i) for any X € [D]<¥) there is F € D such that A <gee F for every A € X ;
c¢) there is D C Sub~*(B) such that i) and i) as in b) and
iii')  for any X € [D]<N there is F' € D such that A <geo F for every A € X;
d) there is D C Sub~"(B) such that i) as in b) and
it') forany A€ D, {DeD: A<ge D} is cofinal in ([B]<F, Q).
Proof. a)=b): Let

C={C € Sub~*(Frk) : C =FrX for some X € [x]<"}.
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Note that for C, C" € C, if C < ’, then we have C' <g.. D. Let
D={DeSub~(B) : (B,D) =, (Frx,C) for some C € C }.

Clearly, D satisfies i) and 4i). By Theorem 6.12 and the remark above, D also
satisfies 4ii).

b) = ¢): Trivial.

¢)=-d): Let D be as in ¢). Then it is easy to see that D satisfies ii’).

d) = a): Let C be as above and D be as in d). Let

J’:Z{ftfggforsomeCeQDepandg:CiD}.

Claim 6.15.1 F is a family of partial isomorphisms from Fr k to B with the back-
and-forth property for L.oy.

- It is clear that elements of F are partial isomorphisms from Fr s to B. So it is
enough to show that F satisfies 0) — 4ii) of Theorem 6.2,b). 0) and ) are clear
from the definition of F. For i), let g € F, say g C for some f : C = D with
C eCand D € D. Let X € [k]<" be such that C' = Fr X. For any b € *>(Frx),
there is X’ € [k]<" such that X C X’ and b C Fr X’. By '), there is D’ € D such
that D <gee D' and D' = D[Y] for some Y C D’ independent over D such that
Y] > | X"\ X|. Let X" € [k]<" be such that X’ C X" and Y| = | X"\ X]|. Let
f: X"\ X =Y be a bijection. Then f U f” can be extended to an isomorphism
h:C" S D' Let ¢ =h|(dom(g)Ub). Then g C ¢’ and ¢’ € F. ii) can be shown
similarly. - (Claim 6.15.1)

By Theorem 6.2, it follows that B is Le,-free. (1 (Proposition 6.15)

Corollary 6.16 For a regular uncountable k and an algebra B of cardinality k
the following are equivalent:

a) B is Loo.-free;

b) B is the union of an increasing chain (By)a<x of elements of Sub~"(B) such
that B, s free and B, <gee Bs for every a < 3 < K.

Proof. a)=b): If B is Lu,-free and of cardinality «, let D C Sub~"(B) be as in
Proposition 6.15, ¢). Then we can construct an increasing sequence (B )a<x as in
b) above such that each B, is an element of D.

b)=a): If (By)a<x is asin b), then D = { B, : a < k } satisfies the conditions )
— 411) in Proposition 6.15,b). (1 (Corollary 6.16)

Corollary 6.17
1) Suppose that B is an Leos-free algebra. If x is sufficiently large and M is
an elementary submodel of H(x) such that B € M, K C M and Sub~"(B) N M 1is
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cofinal in Sub~"(B N M), then BN M is Ly.-free.

2)  Suppose that k is reqular uncountable and B is Loo.-free. Let x be sufficiently
large. Then for any internally approachable M < H(x) of cardinality k such that
B, ke M, BONM is Lu,.-free.

Proof. 1): Let D € M be a subset of Sub~*(B) with 4) and ') in Proposition
6.15,d). Then DN M is a subset of Sub~*(B N M) satisfying i) and #’) in Propo-
sition 6.15, d). It follows, by Proposition 6.15, that B N M is Le,.-free.

2): Let (My)a<x be a witness of internally approachability of M. Without loss of
generality we may assume that B, K € M. Then there is D € M, as in Proposition
6.15,b). Now, we can construct a sequence (B, )<, inductively such that

(1) B, is minimal™ such that B, € Myy1, By € D, Bs <gee Ba for every
6 <aand BNM, < B,.

We can carry out this since, if Bz, § < « have been chosen according to (1), then
(Bg)g<a is definable in M, as we have (Mp)s<q € Mat1. Hence we have

(2)  (Bs)s<a € Moy

For o < k, let Cy = B, N M,. Then C, is free and C <gee Cg forall a < 8 < &
by Theorem 4.6, 1). Also Upcr Co = Uper Ba " My 2 Upe BN M, = BN M.
Hence, by Corollary 6.16, BN M is Lq.-free. (1 (Corollary 6.17)

Proposition 6.18 For an algebra B, we have the implication a)=-b)=c)=
d)=e) for the following assertions.

a) B is Lek-projective.
b) There is D C Sub~"(B) such that
i) every D € D is projective,
it) D is cofinal in ([B]<F, Q),
iii)  for any X € [D]<'™) there is D € D such that A <,.; D for every
AcX.

¢) There is D C Sub~"(B) such that i) and ii) as in b) and
') for any X € [D]<™ there is F' € D such that A <..; F for every A € X.
d) There is D C Sub~"(B) such that i) as in b) and

w') foranyAeD,{DeD: A<, D} is cofinal in ([B]<F, C).

9 note that, by kK C M, we have Sub<"(B)N M C Sub<"(B N M).
10 with respect to <*. Remember that we regard H(x) as the structure (H(x), €, <*) for some
fixed well-ordering on H(x).
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e) B®Frk is Look-free.

Proof. a)=b): Suppose that B = P for some projective algebra P. Let x be
sufficiently large and

C={Ce€Sub~"(P) :C = PN M for some M < H(x)
such that |M| < k, B € M }.

Then C is club in [P]<" (so, in particular, cofinal in [P]<"* and closed with respect to
unions of increasing sequences of countable length). By Theorem 4.6, 2), C' <,,,; C’
holds for every C', C" € C such that C' < (. Hence, as in the corresponding proof
of Proposition 6.15, applying Theorem 6.12, we can show that

D={De[B]*": (AC) =L, (B,D) for some C € C}

satisfies the conditions 1),ii),ii1) in b).
The implications b) = ¢) = d) are trivial.
d)=e): Let D C Sub™(B) be as in d) and let

D' ={D €Sub~"(B&Frk) :D' =D& FrX for some D € D,
X € [k]<" such that | X| > |D] }.

Then D’ satisfies i), 7') in Proposition 6.15. ) is clear as every D € D is projective.
To see that D’ satisfies i1'), let D’ € D’ be such that D' = D@ Fr X for some D € D
and X € [k]<*. For arbitrary Y € [B @ Frx|<", there is D* € D and X* € [x]<"
such that D <po; D*, XNX* =0,V C D*@®Fr (X UX*) and | X*| > |D* @ Fr X|.
Let D" = D* @ Fr (X UX*). Then D” € D'. By Lemma 3.3, /) (which clearly also
holds in an arbitrary variety V), we have D" <,,,; ®Fr X. Hence

D <o (DGR X)@Fr X" =D 0 Fr (X UX") = D"

By Proposition 6.15, it follows that B @ Fr k is Lo.-free. (1 (Proposition 6.18)

6.3 k' -free algebras are L.,.-free

We shall prove the assertion above (Theorem 6.20). First, let us introduce another
characterization of L...-free algebras using an infinitary game. For an algebra B,
a k-Shelah game G§, ., (B) is a game of length w played by Player I and Player II.
In a play of Gf ... (B), Player T and II choose B, € Sub~"(B) alternately where
B, for even n (odd n resp.) are moves by Player I (Player II resp.), such that
B, < B4, for every n € w. Player II wins if her moves By 1, k € w are all free
and Bojy1 <gree Bogis for every k € w.
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Lemma 6.19
1) Player II has a winning strategy in G&oan(B) if and only if B is Leos-free.

2)  For any algebra B, G&, . (B) is determined, i.e. one of Players I, II has a
winning strategy.

Proof. 1): Suppose that o is a winning strategy for Player II in G§,....(B). Let

D = {C € Sub~"(B) :C appears as a move of Player II
in a play P in G§, 1., (B) such that
Player II has applied always o for her moves in P }.

Then it is easy to see that D satisfies the condition ), ') in Proposition 6.15.
Conversely, suppose that D C Sub~"(B) satisfies 1) and #') in Proposition 6.15.
Then Player II wins if she chooses her move By 1 € D such that Bogi1 <free Bokt3-
By '), this is possible and, by i), each Bayy is free.

2): Suppose that Player I does not have any winning strategy. We show that
then the Player II can win. Let us call a partial play (B,,),<x non-determined for
Player I, if he does not have any winning strategy in the play continuing (B,,),<-
Otherwise we say that (B, )< is determined for Player I. Player II can play so
that at every k € w the partial play (B,,),<x is non-determined for Player I: At the
first move By by Player I, (By) is non-determined since otherwise Player I would
have a winning strategy in G§, ..., (B). Hence there is By such that (B,,),<2 remains
non-determined for Player I. In particular such By is free. Then, by any move B,
by Player I, (B,,),<3 remains non-determined for Player I since otherwise (B,,)n<2
would have been determined for Player I. Now, since (B,),<3 is non-determined
for Player I, there is Bs such that (B,,),<4 remains non-determined for Player I, in
particular such Bs is free and B, <geo B3, etc., etc. Clearly Player II wins in this
play. 0 (Lemma 6.19)

The following theorem was stated implicitly in Shelah [40]. The idea of our proof
of Theorem 6.20, 1) is taken from the proof of Theorem 1.3 in Hodges [26].

Theorem 6.20
1) If B is " -free then B is Loo.-free.

2) If B is k" -projective then B @ Frk is Lo, -free.

Proof. 1): By Lemma 6.19, 1), it is enough to show that Player II has a winning
strategy in G§, o, (B). By Lemma 6.19, 2) in turn, it is enough for this to show that
Player I does not have any winning strategy in G§,,.,(B). Let o be any strategy
for Player I. We show that ¢ is not a winning strategy for Player 1. Since B is
kT-free, there is a club C C Sub”™(B) such that every C' € C is a free subalgebra of
B. Let x be sufficiently large and M a V,-like elementary submodel of H(x) with
a continuously increasing witness (B )a<x 0f Vi-likeness of M such that B, o, C,
Kk € My. There is such M by the proof of Lemma 5.10, 2). As k+1 C M by Lemma
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5.10, 1), we have C' C M for all C € CN M. Since C N M is upward directed and
of cardinality &, it follows that M N B =J(CN M) € C. Let B* = BN M. Since
B* € C, B* is free. Let X be a free generator of B*. Now, let B* = BN M, for

a < k. Then B* € M for every a < k and (B%),< is continuously increasing and
Ua<w B = B*. Hence

D={a<k:B*=(B“NX)p}

is clubin k. For all « € D, B is free and, for «, # € D with a < 3, we have B <.
BP. If (By,...,B,_1) is a partial play in G§ .., (B) such that (By,...,B, 1) €
M, for some o < k then, since o € M,, we have o((By,...,B,_1)) € M, and
o((Bo, ..., Bn-1)) € B* Thus in a play of G§, ...,(B) in which Player I chooses his
moves according to o, Player Il can always take her move as one of B, a € D and
win. This shows that ¢ is not a winning strategy for Player I.

2). If B is k" -projective, then B & kT is k™-free by Lemma 8.3. Hence, by 1),
B @ Frkt is Lo.-free. by Lemma 6.4 and Lemma 6.5, we have B @ Frx®™ =p__,
B @ Frk. Hence B @ Frk is Log.-free. (1 (Theorem 6.20)

Recall that a cardinal  is said to be weakly Mahlo if {\ < k : X is weakly
inaccessible } is stationary in k.

Theorem 6.21 Suppose that k is weakly Mahlo. Then
1) an algebra B is Lyo-free if and only if B is Loox-free for every A < k;
2) if {\ <k : Bis AT-free} is unbounded in k then B is Ly,-free.

Proof. 1): If Bis Lo-free, then B is clearly L.,y-free for every A < k. Conversely,
suppose that B is Lo -free for every A < k. Toward a contradiction, let us assume
that B is not Ly-free. Then, by Lemma 6.19, Player I has a winning strategy o
in G on(B). Let x be sufficiently large and (M,,)a<x be a continuously increasing
sequence of elementary submodels of H(y) such that

0
1
2
3

B, o c Mo,
|M,| < k and |M,| < |[Ma41| for every a < k;
(Mp)p<a € Myyq for every a < k;

(
(
(
(3) U{C : CeSub~(B)NM,} C M, for every a < k;

)
)
)
)

Since k is weakly Mahlo, there is a weakly inaccessible A < x such that |M,| =
A. By (1) and (2), M, is internally approachable. Hence, by Corollary 6.17, 2),
BN M, is Lo -free. More over by the proof of Corollary 6.17, there is an increasing
sequence (Cy)a<y of elements of Sub<’\(BﬂM>\) such that C,, is free and Cf, <gee C
for a < B <\, BN My = Uqcx Cy and, for each o < k, (C5)s<a € M. Now, by
(0), there is a play P in G& ., (B N My) such that Player I plays always according
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to o and Player II takes C,, for least possible a at each of her moves. Clearly Player
IT wins in P. Since P is definable we have P € M. Hence

M, | “o is not a winning strategy for Player I”.

This is a contradiction since M < H(x).

2): Suppose that B is AT-free for unbounded many A < k. Then, by Theorem
6.20, B is Looy-free for unbounded many and hence for every A < k. By 1), it
follows that B is L. ,.-Iree. (1 (Theorem 6.21)

6.4 Shelah’s Singular Compactness Theorem

In the rest of this chapter, we prove Shelah’s Singular Compactness Theorem in
its special case for algebras in a variety V (Theorem 6.23). Our proof is essentially
the same as that presented in Hodges [26]. We shall separate the set-theoretic core
of the proof as the following lemma.

Lemma 6.22 Let B a structure of singular cardinality, say |B| = \ with k =
cf A < . Suppose that (Ko )a<r @5 a continuously increasing sequence of cardinals
below \ such that kg > Kk and A\ = Uper Ka- For a sequence (X, )a<r 0f subsets of
B such that | X,| < ke for every a < k, there is a continuously increasing sequence
(Ba)a<w of substructures of B such that X, C B, and |Ba| = ke for all a < k.

a<k

Proof. By induction on n € w, we define increasing sequences (B")a<x, 1 € w of
substructures of B such that

(1)  |Bl| = kq for all a < k.

For n = 0, let (BY),<x be any increasing sequence of substructures such that (1)
and

(2) X, C B forall a< k.

If (B})a<x has been chosen, let us fix an enumeration {0 5 : 3 < k4 } of B for
each a < k. For a < k, let

Xy ={bys: o <k, B<kq}

By k < Ka, we have |X"| = k,. We take an increasing sequence (B"™!),,. of
substructures of B so that (1) and

(3) B D X" forall a < k.

For a < k, let B, = U,e. By
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Claim 6.22.1 (B, )a<x is as desired.

I By (2), we have X, C B, and, by (1), |Bs| = ke for every a < x. Hence
it is enough to show that (B, )a<x is continuously increasing. Since each (BY)a<x
is increasing, (Ba)a<x 1S also increasing. Let 7 < k be a limit. We show that
Ua<y Ba = B,. “C7 is clear. For “27, let b € B,. Then there is n € w such
that b € B?. Hence b = bf;ﬂ for some 5 < k.. Since (Kq)a<x Was continuously

increasing, there is some a* < « such that § < k,+. Hence, by (3), we have
b=0"ye{bly:d <k B<ka }C B

- (Claim 6.22.1)
0 (Lemma 6.22)

The assertion for a regular cardinal corresponding to Lemma 6.22 does not hold.
For a regular s, let X, = a+ 1, a < k. Then for any continuously increasing
sequence (B, )a<x of subsets of k of size < k, if U, Bo = k, then there are club
many « < k such that B, = «. In particular X, € B, for such an a.

Theorem 6.23 (Singular Compactness Theorem, Shelah [40], see also Hodges
[26]) Suppose that X is singular. Then for an algebra B of cardinality X\, the fol-
lowing are equivalent:

a) B is free;

b) B is Loo-free;
¢) B is Logy-free for all p < A;

)

d) B is pt-free for unboundedly many u < \.

Proof. a)=b)= c) is trivial.

c)= a): Let B be an algebra of cardinality A such that B is L, -free for all p < .
Let k = cf X and let (ka)a<x be a continuously and strictly increasing sequence of
cardinals below A such that ko > x and sup,., ko = A. For each o < &, Player II
has a winning strategy o® in G&gp., (B) by Lemma 6.19, 1).

By induction on n € w, we construct sequences (C7)a<w, (BY)a<rs (A2)a<r Of
elements of Sub<*(B) and sequences (X”),<, of subsets of B for n € w such that

(0) |Cr| = |B:| = |A%] = ko for @ < k and n € w;

(1) (C)a<y is continuously increasing and U, Clt = B;

(2) Cr<Br< AT <C"foralln € w;

(3) for every a < k, (BY, A% B! Al ...)is a play of G ., (B) in which

Player II applied 0* to choose her moves A%, n € w;
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Note that the choice of (AZ),<, for n € w is already fixed by (3). Also, by (3),
each A” is free and we have

0 1 2
Aa Sfree Aa Sfree Aa Sfree e
for each v < k. Hence we can choose X[, n € w, @ < K such that

(4) forn € w and o < K, X is a free generator of A? and (X!),e, is an
increasing sequence for every a < k.

Let (C%)a<r be any sequence of elements of Sub<*(B) with (1) and B% = C? for
all a < k.

Suppose that (C7)a<r, (BM)a<k; (AT)a<k and (X7)a<, for m < n have been

«

chosen. By Lemma 6.22, there is (C"*1),., such that (1) and A? < C™"! for every
a < K.

Suppose now that (C™)a<w, (B™)acrs (A™) o<k, (X™)a<r for m < nand (C")or
have been chosen. Then we choose (B"™),. so that

(5) Ar, nBItt=(Xr NBI, and
(6) Buti 2 A;
for every a < k.

For o < &, let B, = Upew AZ. By (2), we have B, = U, BY = Une, Cit. By
(1), (Ba)a<s is continuously increasing and U, Bo = B. By (3) and (4), B, is a
free algebra with free generator U,,¢, X for each a < k. By (6) and (2), we have
A1 D A" for every a < k. By this and (5), we have

= Unew An = Unew (Ani% N An)

= Unew (A0 N B3™?) = Unew (A5 N BT
= Unew <Xa+1 A BZ+1>
= <Xa+1 M Ba>B'

B

Thus By <free Bat1 for every o < k. By Lemma 3.6 and Lemma 3.7, 1), it follows
that B is free.

a)=d) is trivial.
d)=¢): For p < X such that B is u*-free, B is Lo,-free by Theorem 6.20, 1).

Hence c¢) follows, if { x < A : B is p*-free } is unbounded below A.
(1 (Theorem 6.23)

Corollary 6.24 Suppose that X is a singular cardinal. If B is an Lyoy-projective
algebra of cardinality X\, then B is projective.



6 Lex-FREE BOOLEAN ALGEBRAS 20

Proof. By Proposition 6.18, B @ Fr A is Lo-free. Clearly |B @ Fr A| = A. Hence,
by Theorem 6.23, B @ Fr A is free and B is projective. (1 (Corollary 6.24)

We do not know if the following generalization of Theorem 6.23 holds for an arbi-
trary variety, in particular for the variety of Boolean algebras.

Problem 6.25 Suppose that X\ is singular. Is it true in an arbitrary variety that
B is Loy-free if and only if B is AT -free? |
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7 Some constructions of non-free L. . -free
Boolean algebras

7.1 L.y,-free Boolean algebras

For a given ordered set P, a subset O of P and x € P, let us write

Olz ={ye0:y=ua},
Oz ={ye0:y>x},
Olz ={ye0 :y<uz},
Olfe={ye0 :y<uz}

Similarly, for a subset X of P, we define
O1X={yeO :y>agforallze X},0] X={yeO y<zforallz e X}
etc.

For P, O, x as above,

tpo(z) = (012,01 )

is called the type of z over O. We shall write simply tpo(x) if P is clear from the
context. tpo(x) corresponds to the (model-theoretic) quantifier free type of x over
C'. In analogy to the terminology in model-theory (see e.g. Shelah [39]) let us call
a partial ordering P rk-stable Boolean algebralx-stable — if, for every subordering
O of P of cardinality x, {tpo(z) : = € P} has cardinality < k. We shall look
at r-stability of Boolean algebras again in Chapter 8. It is easy to see that every
Looy,-free Boolean algebra is Ng-stable. Since a subordering of an N;-stable partial
ordering is also Ng-stable, every partial ordering embeddable into an L., -free
Boolean algebra should be Ng-stable. As a consequence of this we see that R is
not embeddable into any L.y,-free Boolean algebra since R is not Ny-stable. This
consideration suggests the following problem:

Problem 7.1 Is it true that a partial ordering P is embeddable into an Loy, -free
Boolean algebra if and only if P is Ny-stable. |

In the following, we shall present a partial answer to this problem from Fuchino—
Koppelberg—Takahashi [19]:

Theorem 7.2 LetT be a pseudo-tree and B the pseudo-tree algebra overT'. Then
B is embeddable in an Loy, -free Boolean algebra iff B is Ro-stable iff T' is Ny-stable.

Here, a partially ordered set T' is a pseudo-tree if the set T'[ t is linearly ordered
for every t € T'. The crucial fact used in the proof of Theorem 7.2 is the following.

in this case, we have actually |{tpo(z) : © € P }| = &, since tpo(0) for o € O are distinct to
each other.
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Lemma 7.3 For a Boolean algebra B if there is a set S of countable subalgebras
such that S is cofinal in ([B]*, C) and each C' € S is relatively complete in B then
B @ Frwy is Looy, -free.

In particular B is then embeddable in an L.y, -free Boolean algebra.

Proof. Let
S={SoFrX:5c8 X¢cw.

For any X, Y € [w] with X C Y, |V \ X| =Rp and S, T € S such that S < T,
since T'@ FrY is isomorphic to (7@ Fr X) & Fr(Y \ X) over T'® Fr X, we have
SOFrX <gee T'® FrY by Lemma 3.11. Hence, by Theorem 6.15, B & Frw; is
Lo, -free. (1 (Lemma 7.3)

Let us first introduce some terminology on pseudo-trees we need below. A branch
in a pseudo-tree T' is a maximal linearly ordered subset of T'. For a pseudo-tree T’
the pseudo-tree algebra Treealg(T') over T is the subalgebra of P(T) generated by
{T 1t :teT}. Wesay that a Boolean algebra B is a pseudo-tree algebra if B is
of the form Treealg(T") for some pseudo-tree 7. The notion of pseudo-tree algebra
has been studied in Koppelberg-Monk [33]. If T" is linearly orders, Treealg(7T') is
also called an interval algebra over T and denoted also by Intalg(7').

As for a tree algebra, each element a of a pseudo-tree algebra Treealg(7T) can be
represented in a normal form (see [31]). We shall call the elements in 7" which
appear in such a normal form representation of a the end-points of a.

An element t in a pseudo-tree T is said to be branched if t is not maximal in T
and there are branches b and 0’ of T such that b # b and bNY =T'| ¢t. An initial
segment v of a pseudo-tree T is said to be branched if u is not a branch of T" and
there are branches b and b’ of T such that b £ 0/ and b N b = u. Note that if u is
not branched then 7' T u is downward directed.

The cofinality of an upward directed partially ordered set O is the minimal cardinal
k such that there is a cofinal subset of O of order type k. The coinitiality of a
downward directed partially ordered set O is the minimal cardinal x such that
there is a coinitial subset of O of order type x*.

A gap in a partially ordered set O is a pair (X,Y") of subsets of O such that X
is upward directed, Y is downward directed and X < Y. A gap (X,Y) has the
cofinality type (k, A*) if X has cofinality x and Y has coinitiality A. A gap (X,Y)
in O is unfilled if there is no x € O such that X <z <Y.

In the following lemmas we show that an Ny-stable pseudo-tree can be embedded
in another pseudo-tree which looks like a normal binary tree and is still Ny-stable.

Lemma 7.4 Let Ty be an Ny-stable pseudo-tree. Then there exists a pseudo-tree
T DO To such that T is Wy-stable and satisfies the following (a) — (c).
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(a) Forallt,t' € T if (T]t)N(T]t')#0D then there is the maximal element in
(T'Mt)yN (T 1t') — we shall denote this element by brar(t,t').

(b) For every t € T if t is branched in T there are t',t" € T such that t < t',t"
and for every u € T 1]t we have either t' < u ort" < u.

(¢) Every unfilled gap in T has the cofinality type (w,w*).

Proof. Let Ty = (Ty, <7,). Let I be the set of all linearly ordered initial segments
in Ty. For each s € I we insert some new elements X, between s and Tj [T s and
define an ordering <, on Ty U X,. The pseudo-tree algebra we look for is then
defined as T' = Ty U User Xs with the ordering generated from <;, s € I. Now let
sel.

Case I s is branched: Let Y C T be a maximal subset of T" with the property that
ify,y/ € Y and y # ¢ then (To]y) N (Toly) =s. Let {t, : 0 <a <k} beal-1l
enumeration of Y where k = |Y]. Let X, ={ul : 0<a<k}U{v: : 0<a <k},
where the u3’s and v]’s are distinct new elements. Let <, be the partial ordering
on Ty U X generated by <7, and the relation defined by the following inequalities:

1. x <uj, for all z € s,
2. uy, Swp, forall 0 <a < B <k,

3. u gvg,forall()<04</§anda§5§/<;.

4. v8 <z, for all x € Ty T s such that (Ty | ) N (Ty | ta) D s.

Case II s is not branched: If Ty T s # 0 and either s is of uncountable cofinality or
To T s is of uncountable coinitiality, let X; = {z°} and s < 2® < Ty Ts. Otherwise
let Xy =0 (and <,=<r,). It is easily seen that T satisfies (a) — (c).

Claim 7.4.1 T is Ny-stable.

- Let us assume by way of contradiction that there are a countable X C T and
an uncountable Y C T such that the elements of Y realize distinct types over
X. Without loss of generality let X NY =0. f {y e Y : (TTy)NnX =0} is
uncountable we may assume without loss of generality that T'TyN X = () for every
y € Y. Now by the usual binary tree argument we may also assume without loss
of generality that X is order isomorphic to “~2 and for any z, 2’ € X with x # 2/
we have Ty | x # Tyl o', For each z,2/ € X with o < 2’ let ¢, € T be such
that © < ¢, < a/. Let Xg = {t,n : z,2’ € X,z < 2'}. Foreachy € Y let
ty € ToTy. Then t,, y € Y realize distinct types over Xy. This is a contradiction
to the assumption that Tj is Ng-stable. — (Claim 7.4.1)

If{yeY : (T'Ty)NX =0} is countable we may assume without loss of generality
that there is xy € X such that y < xo for all y € Y and X C T'| zy. Without loss
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of generality we may also assume that for any =, 2’ € X with z < 2’ there exists
t € Ty such that x <t < a'. For each z,2" € X with z < ' let t,,» € T be
such that © < t,,» < a'. Let Xo = {t,» : 2,2’ € X,z < 2'}. Without loss of
generality elements of Y realize distinct types over X,. Since Tj is Ng-stable, we
may also assume that Y C 71"\ Tp.

Case I Uncountably many y € Y are of the form uf or v in Case I of the
construction of T: We may then assume without loss of generality that every
y € T is of this form. For each y € Y if y = u), or y = v} for some s € I, let
y* = v, for some o # a such that v}, £ xy and let ¢, € Ty Ty*. Then t,, y € YV
realize distinct types over Xy. This is a contradiction to the assumption that Tj is
No-stable.

Case II Only countably many y € Y are of the form u;, or v3 in Case I of the
construction of T In this case we may assume without loss of generality that every
y € Y is of the form z°, as in Case II of the construction of 7. Then for each y € Y
either Ty | y is of uncountable cofinality or Ty Ty is of uncountable coinitiality. In
both cases we can find ¢, € T such that X[y <t, < XoTy. Clearly t,, y € Y
realize distinct types over X,. Again this is a contradiction to the fact that Tj is
Ny-stable. 1 (Lemma 7.4)

Lemma 7.5 Let Ty be a pseudo-tree such that Ty is Ng-stable and satisfies (a) —
(¢). Then there exists a pseudo-tree T' D Ty such that T is Ry-stable and satisfies
(a) = (c) as well as

(d) For anyt € T, if t is not branched and T 1]t has no minimal element then
T 1Tt has uncountable coinitiality.

Proof. Let T be the pseudo-tree obtained from T by replacing every non-branched
t € Ty such that Tj 17 ¢ has uncountable coinitiality by an ordering of order type
w. Note that with this construction we add only unfilled gaps of cofinality type
(w,w"). 1 (Lemma 7.5)

Lemma 7.6 Let T be a pseudo-tree such that T is Wy-stable and satisfies (a) —
(¢). Then for every countable X C T there exists a countable Y C T such that
X CY,Y is closed with respect to braT'(+,-) and for any t,t’ € T, (Y [t)Nn(Y T¢)
has a minimal and a mazimal element provided that (Y [t) N (Y 1t) # 0.

Proof. Let Y’ be the closure of Y in 7" with respect to bra7'(-,-). Clearly Y is
still countable. Let D be a maximal set of branches in Y’ with the property that for
every b€ D, T b+# () and for bt/ € Dif b # 1 then (T b)N(T[V)=0. Since T
is Ny-stable, D is countable. For each b € D let d, € T'| b. Now let U be the set of
all branches b in Y’ such that T 1b # 0. T is Ny-stable and satisfies (a), so that U
is countable. Foreach b € U let u, € TTh. Let Y =Y'U{dy, : be D }U{u, : b€
U }. Since T is Rg-stable, we can enumerate all the types (D,U) in T over Y such
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that D # (0 and U # 0 by (D,,U,), n € w. Let X,, ={teT : D, <t<U,}. By
condition (c), for every n € w there exist ky, l, € {0,w} and a subset V,, of X,, with
order type k," 41, such that V}, is cofinal and coinitial in X,,. Let Y = Y"UU,c,, Va-

(1 (Lemma 7.6)Proof of
Theorem 7.2 If B is Ng-stable then clearly T also satisfies Ng-stable. Suppose
that T is Ny-stable. By Lemmas 7.4, 7.5 and 7.6, we may assume without loss of
generality that T satisfies (a) — (d) as well. For X C T, let

Bx = {a € Treealg(T") : end-points of a are in X }

and

S={Bx : X CT, X is countable and closed with respect to brar(-,),
for any ¢,¢ € T, (X [ t) N (X T¢') has a minimal and a
maximal element provided that (X [#) N (X T7¢) # 0 }.

By Lemma 7.6, S is cofinal in [B]™. So by Lemma 7.3 we are done by the following
Claim 7.6.1 The elements of S are relatively complete subalgebras of Treealg(T).

- Let B€ S, say B = By for some X C T as in the definition of S. It is enough
to show that every a € Treealg(7T') has a projection in Bx. For the simplicity let
us consider the case that a = (T Ttg) \ (T 1t1) for some tg,t; € T, tg < t;. The
general case can be proved similarly.

If there is no x € X such that ¢y < x < t; then () is the projection of a in By.
Otherwise let x¢ be the minimal element of X such that ¢ty < xg < ¢;. If there is no
x € X such that zyp < x < t; then ) is again the projection of a in Bx. Otherwise
let 21 be the maximal element of X such that xq < 21 < t;.

Case I z; is branched: we shall define @', a” € Bx so that (T T z)\ (T T z1)Ua'Ua”
will be the projection of a in Bx. Let ¢’ and t” be as in (b) for ¢t = x;. Assume
without loss of generality t” < ¢;. If X 1t # 0 let 2/ be the minimal element in
X 7t'. The uniqueness of x’ follows from the fact that X is closed with respect
to brar(-,+). Let o/ =T 12'. f X1t =0 let « = 0. Now if t; = ¢" let " = (.
Otherwise we have t” < t;. If (X 1t")\ (X Tt1) = 0 let a” = 0. Otherwise, as
above, there is the unique minimal element x” € (X Tt")\(X T¢1). Let a” =T 7 2".

Case I1 1z, is not branched and there is a minimal elementt € T 1T x1: If t =1 or
(X 1)\ (X 1¢1) = 0 then (T Tx)\ (T T x1) is the projection of a in By. Otherwise
there is a unique minimal element z in (X T¢)\(X T¢1). (T T2zo)\ (T T21))U(T T x)
is then the projection of a in By.

Case II1 2, is not branched and there is no minimal element in T 11 z1: By (d)
T 17 x1 has cofinality > w;. Since X is countable there is t € T 11 x; such that
XMay STt U (XTt)\ (X Tt1) =0 then (T'Txo) \ (T Tx1) is the projection
of a in Bx. Otherwise let x be the minimal element in (X 1¢) \ (X 7¢1). Then
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(T T20) \ (T Tx1)) U (T 1) is the projection of a in By. — (Claim 7.6.1)
1 (Theorem 7.2)

Since every ordered set, in particular every cardinal x is Ng-stable and linearly
ordered sets are pseudo-trees, we obtain the following

Corollary 7.7 For any cardinal k there is an Lyoy, -free Boolean algebra B which
does not satisfy the k-cc. |

In contrast to this result, every L.,,-free Boolean algebra has precalibre ¥; ( hence
satisfies the ccc ).

Since every wi-tree is Rp-stable and trees are pseudo-trees, we obtain the following
corollary of Theorem 7.2:

Corollary 7.8 Every wy-tree T' can be embedded into an Loy, -free Boolean alge-
bra. 4

We can prove the corollary above also directly from the fact that Treealg(7T) & Fr w;
is already Loox,-free. In particular if 7" is a Suslin tree we obtain by this construction
an L.y, -free Boolean algebra which satisfies the ccc but is not absolutely ccc.

7.2 A construction under V = L

In this section, we introduce a construction of non-free L., .-free Boolean algebras
(Theorem 7.9). This construction, under V' = L, yields Boolean algebras which are
counter-examples to the theorems under Axiom R given in Chapter 8.2. Thus, we
obtain the independence of these theorems from ZFC.

Theorem 7.9 for the case k = Ny and Lemmas 7.11,7.12 are due to S. Koppelberg.
Recall that a stationary subset S of a cardinal & is said to be non-reflecting it SN«
is not stationary for every a < k.

Theorem 7.9 Suppose that k is a reqular cardinal and S a non-reflecting station-
ary subset of Kk consisting of ordinals of countable cofinality. Then there exists a

Boolean algebra A of cardinality k with a continuously increasing sequence (Aa)a<x
in Sub~"(A) such that

0) Ua<m Aa = A;

i) Ag is free for every a < K;
i) Aa <tree Ag for every a, f < k such that « < 3 and o ¢ S;

i) {a<k: Ay < cA}=2S5.

For the proof of Theorem 7.9, we need the following lemmas:
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Lemma 7.10 Suppose that € is a limit ordinal and (Ba)a<e @ continuously in-
creasing sequence of Boolean algebras such that B, <pwoj Bay1 for all oo < &, Let
B = Ug<¢ Ba. By Lemma 3.7, 2), we have By, <p105 B for every o < §. Let B' > B
be such that B' = B(x) for some x € B. If B, <;. B for every a < &, then we
have By <proj B’ for every o < €.

Proof. For an arbitrary a* < £, we show that B, <,0; B'. By Theorem 4.1, we
can find a continuously increasing sequence (C)s<, of subalgebras of B for some
limit ordinal 7 such that

(]-) OO = Ba*;
(2) Cs <. B and Cpyq is countably generated over Cj for every 3 < n;
(3) for all @ < £ such that a* < o, there is 3, < 7 such that Cg, = B,.

Let (Dg)g<y be defined by

(4) Do = Cy;
(5) Dg=Cg(x) for 0 < g <n.

Then (Dg)s<y is continuously increasing, Uz, Dg = B’ and Dg,; is countably
generated over Dy for every 5 < 1. We have also Dg <,. B’ for every 8 < n: for
B = 0, this is clear. For § > 0, if a < £ is such that a* < a and § < (,, then
we have Cg <, By <proj B'. Hence Cs <, B’. By Lemma 3.1, 3), it follows that
Dg = Cg(z) <,. B'. Hence, by Theorem 4.1, d), we have By = Dy <05 B'.
0 (Lemma 7.10)

Lemma 7.11 Suppose that £ is a limit ordinal and (B, )a<e 1S an increasing se-
quence of Boolean algebras such that B, <. Bai1 for every a < £. Let B =
Ua<¢ Ba- For B' > B of the form B' = B(x) for some v € B', if By| z and
B, | —z have the largest elements s, and t, respectively for every a < &, then we
have B, <.. B’ for all o < &.

Proof. Let a < . For u € B, we show that the lower projection of u onto B,
exists. Let u =v -2z 4+ w - —x for some u, v € B. Let o < £ be such that a < o*
and v, w € By+. Then, for ¢ € B,+, we have

c<usc-z<vandc-—x <w
Sce-—v<-—zgandc-—w<z
Sc—v <ty and ¢ —w < Sy
& < (tor +0) - (Sar + w).

Hence pgz* ((tar+v)-(8q++w)) is the lower projection of u onto B,. [ (Lemma 7.11)
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Lemma 7.12 Suppose that A, B are Boolean algebras such that A <,. B and u
an element of B independent over A. Then for a € A, a # 1, there is b € B such
that a # b and p5(b) = a.

Proof. Put b =a+u-—a. Since u-—a # 0 by the independence of u over A and
a-(u-—a) =0, we have a # b. For a* € A, we have

v <bsa-—a<u
S at-—a=0
S at<a

by the independence of u over A. Hence p&(b) = a. (] (Lemma 7.12)

Proof of Theorem 7.9 We define a continuously and strictly increasing sequence
(Aa)a<r inductively so that A, = Fr(a + w) and

(%)a  Forevery § < a,if § € S then As <greo An; if § € S then A5 <_.. A,

for all @ < k. Let Ay = Frw. Suppose that Ag, 3 < a have been constructed such
that Ag = Fr (0 + w) and (x)g holds for every § < a.

Case I. « is a limit: Let A, = Ug<, Ag. Since a N S is not stationary, there
exists a closed unbounded X C « such that X NS = (). For every 3, 3 € X with
B < B, we have Ag <gee Ag by (x)3. Hence Ag <gee A, for every g € X. As
A = Ugex Ag and Ag = Fr (6 +w) for all § € X, it follows that A, = Fr (o + w).
Also (%), holds: for § < a, if § ¢ S, then for § € X such that 6 < [ we have
As <tree Ag by (%)g. Since Ag <gee Aq, it follows that As <gee An. If § € S then
A5 Sﬁrc A5+1 by (*)5+1. It follows that A(; Sﬁrc Aa.

CaseIl. a=vy+1foray¢&S: Let Ay, = A, ® Fr~y. Similarly to Case I, we can
show that A, = Fr (a + w) and (%), holds.

Case III. a = v+ 1 for a v € S: In this case we have that cf(vy) = w. Let
(Bn)new be an increasing sequence of ordinals such that v = U,e, On and 3, € S
for all n € w. Then A, = U,e, Ap,. Since (x)g holds for all 5 < v, we have
A@n Sfree Agn+1 and Aﬁn = Fr (ﬁn + w).

By Lemma 7.12 there is a strictly increasing sequence (a,,)n<, of elements of B,

such that a, € Ag, and ij”“ (Gnt1) = ap, for all n < w. Let
I={beA, :b<a,for somen<w}

and let = be (an element of a enough (model-theoretic) saturated Boolean algebra
containing A,) such that {be€ A, : b<z}=Tland {be A, : b< -z} ={0}.
Then a, and 0 are the greatest elements of Ag |z and Ag, | —x respectively.
Hence by Lemma 7.11, Ag <. A,(z) for all n < w. By Lemma 7.10, it follows
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that Ag, <pwoj A(z) for every n < w. On the other hand, we have A, < .. A, (x)
since = cannot have the projection onto A, since (a,)n<, is cofinal in A, [ z.

Let A, = A, (x) & Frv. By definition of <,.,;, we have Az <pe. A, for every
n < w. In particular A, is free. For § < « such that § ¢ S, let n < w be such
that 8 < (,. By (%), we have Ag <pee Ag,. Hence Ag <gee A, by Lemma
3.6,2). If < aand # € S then we have either 3 < v or § = . In the first case
Az <o Ay by (%),. Hence Ag <, A,. In the second, we get the same conclusion
by A, <. A (x) < A,. 1 (Theorem 7.9)

Proposition 7.13 Let k, S, (As)a<w and A be as in Theorem 7.9. Then
1) A is Looy-free;

2) A is k-free;

Co

if S is co-stationary'® in k then A has the ccc;

B

)
)
) A has the Bockstein separation property;
)

5) A cannot be embedded into any openly generated Boolean algebra.

Proof. 1): By i) in Theorem 7.9 and Proposition 6.15. Note that x \ S is
unbounded in k. 2): {A, : a < Kk} is a club subset of Sub~*(A) consisting of
free subalgebras of A. 3): for k > N; this follows from 1) and Lemma 6.8. For
k = Ny, this follows from a theorem by Solovay, e.g. see Lemma 23.7 in Jech [27].
4): there is an Lyoy,-formula ¢ such that, for any ccc Boolean algebra B, B = ¢
iff B has the Bockstein separation property'® . Since Frx = ¢, we have B |= ¢.
By %), it follows that B has the Bockstein separation property. 5): Suppose that
A could be embedded in to a openly generated Boolean algebra B. Then, by /)
and Proposition 5.20, A should be also openly generated. But it is not the case by
Theorem 5.5, ii7) in Theorem 7.9 and since S is stationary. This is a contradiction.

(1 (Proposition 7.13)

For cardinals x, A, let us denote by E? the assertion:

E}:  there is a non-reflecting stationary S C k such that

SC{a<k:cfla)=M\}.

Thus the assumption in Theorem 7.9 is just EY¥. Since {a < w; : « is a limit }
is a non-reflecting stationary subset of wi, EZ . Since we can always thin out a

stationary set to a stationary co-stationary set, we obtain the following:

12
13

i.e. k\ S is stationary. For k > w; this holds any way since S is non reflecting.

in general, we can find an L., -sentence ¢ such that, for any A-cc Boolean algebra B, B = ¢
if and only if B satisfies the Bockstein separation property. This can be seen as follows. For a
A-cc Boolean algebra B, any regular ideal of B can be represented as X+ for some X C B of
cardinality < . Hence B satisfies the Bockstein separation property if and only if the following
assertion holds in B: “for any X C B of cardinality < A, there is a countable Y C B such that
for any z € X+ there is y € Y such that z < y”. It is easy to see that this assertion can be
formulated in Looy.
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Theorem 7.14 There is a ccc Loy, -free, Ny-free Boolean algebra B such that B
15 not embeddable into any openly generated Boolean algebra.

Proof. By Theorem 7.9, Theorem 7.13 and the remark above. [ (Theorem 7.14)

By Jensen, E¥ holds in L for every regular non weakly-compact . For a successor
cardinal k, if K = AT, then E¥ follows from O, (see Kanamori-Magidor [30]).

Theorem 7.15 (V = L) Suppose that k is a reqular non weakly-compact cardinal.
Then there is a ccc, Loox-free and k-free Boolean algebra A of cardinality k which
cannot be embedded into any openly generated Boolean algebra.

Proof. By Theorem 7.9, Proposition 7.13 and the remark above.
[ (Theorem 7.15)

7.3 The construction principle CP—+

For a variety V, let Inc(V) denote the incompactness spectrum of V, i.e.

Inc(V) = { k € Card :there is a non-free, L..,-free
algebra of cardinality x in V }.

By Theorem 6.23, Inc(V) consists of regular cardinals. If V' = L then, by Theorem
7.15, Inc(BA) for the variety of Boolean algebras B.A contains all non weakly-
compact regular cardinals. Similar construction shows that, under V' = L, Inc(AG)
for the variety AG of abelian groups consists of all non weakly-compact regular
cardinals.

Inc(AG) has a nice combinatorial characterization. For a family X (of sets), f :
X — UX is called transversal for X if f is one-to—one choice function, i.e. one—
to—one mapping such that f(z) € x holds for every € X. For cardinals &, A,
NPT(x, A) is the following assertion:

NPT(k,A):  Thereis X C [V]<* such that | X| = &, there is no transversal for
X but every Y € [X]|<* has a transversal.

Theorem 7.16 (Shelah [41]) For a cardinal k the following are equivalent

1) k€ lInc(AG);
2) NPT(xk,Ny). a

One of Shelah’s recent result says that the class Inc(AG) is already quite rich
already in ZFC without any additional axioms.

Theorem 7.17 (Magidor—Shelah [36]) For a cardinal k let C; be the closure of { k }
under successor of cardinals and the operation (X, k) — AT [f ik € Inc(AG)

then C,, C Inc(AG). N



7 CONSTRUCTIONS OF Lu.-FREE BOOLEAN ALGEBRAS 61

Since it is easy to see that 8y € Inc(AG), it follows (in ZFC) that:
Corollary 7.18 {x <N,241 : K is reqular} C Inc(AG). a

For a variety V, (CP+) is the assertion!* “(CP,) holds for every n > 1”7 where
(CP,,) for n > 1 is defined by:

(CP,):  There are countably generated free algebras H < K < L and a partition
of w into n infinite subsets s°,..., st such that

1) H is generated freely by { hy, : m < w} and for every J C w,
if J N s* is finite for some k < n then the algebra generated by { hy, :
m € J} is a free factor of L and

2) L=K®Frw and H is not a free factor of L.

In a variety V with (CP+), Inc(V) is at least as rich as Inc(AG):

Theorem 7.19 (Shelah, see Eklof-Mekler [8]) For any variety V, if V satisfies the
property (CP+), then Inc(AG) C Inc(V). Moreover, for every k € Inc(AG), we
can find an Lso.-free, k-free non-free algebra of cardinality x in V. |

We shall prove here the following theorem by Shelah:

Theorem 7.20 (Shelah, see Fuchino—Shelah [20]) The variety BA of Boolean al-
gebras has the property (CP+).

By Theorem 7.19, it follows that:

Corollary 7.21 Inc(AG) C Inc(BA). Moreover, for every r € Inc(AG), we can
find an L.o.-free k-free non-free Boolean algebra of cardinality k. |

Proof of Theorem 7.20 Let n € w n > 1. We show that BA satisfies (CP,,).
Let 215, (I < n, h <w), be pairwise distinct sets and let

X=Axp:l<n h<w}.

Let A = FrX. Let I be the ideal over A generated by {Il,c,2;, : h € w} and
let B > A be such that B = A(z) for some z € B such that Al = I and
Al —x = {0}. Let C = B @& Frw. Clearly B, C are countable and atomless.
Hence B, C are free. A <_geo C since A <_,. B. Thus the following claim shows
that (A, B,C') witnesses the (CP,,) of BA.

Claim 7.21.1 Let I ={(l,h) : l<n,h<w}. If J C I is such that
|Jﬂ{(lo,h) : h<w}| < Ny

for some ly < n then A* <gee C for A* = ({a1 : (ILh) € J}),.

14 ¢«CP’ stands for “construction principle”.
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- By Theorem 4.2, it is enough to show that A* <,. B. By Lemma 7.11, it is
enough to prove it for the case that JN{ (lp,h) : h <w} = 0. Let (J;)m<w be the
increasing sequence defined by Jy = J and J,01 = { (I, h) : if [ =y then h < m }.
Then U, Jm = I. Let A,, = FrJ,, for m < w. Hence Ay = A", Uppew Am = A
and A,, <gee A for all m < w. Further we have prfm(—a:) = 0 for all m < w;
pry, () = 0 and prf  (2) = Sp<m(i<pzyn). Hence A* <, B by Lemma 7.11
and this was to show. - (Claim 7.21.1)

1 (Theorem 7.20)
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8 k-projective/openly generated Boolean algebras

8.1 Miscellaneous results on x-openly generated Boolean
algebras

In the following, we shall consider mainly x-openly generated Boolean algebras, the
reason being that k-openly generated Boolean algebras are much easier to handle
with than k-projective Boolean algebras. This is chiefly because the class of openly
generated Boolean algebras is closed under relative complete subalgebras (or even
under o-subalgebras — see Lemma 5.3) while this is not the case for projective
Boolean algebras. Let us begin with some basic properties of k-projective/openly
generated Boolean algebras.

Lemma 8.1 Let k be a reqular cardinal and B a Boolean algebra. Then:
0) B is Xy-free if and only if B is atomless; every Boolean algebra B is Wi-
projective.
1) If B is k-free then B is k-projective.
2)
3) B is Ry-projective if and only if B is Ro-openly generated.
4)

If B is k-projective then B is k-openly generated.

If B is openly generated then B is Ng-projective.

Proof. 0) The first assertion follows from the fact that a countable Boolean
algebra B is free if and only if B is atomless. Form this, if follows that every
countable Boolean algebra is projective and hence the second assertion.

1), 2), 3) follow immediately from Lemma 2.6, 1), 2), 3).
For /) Let x be sufficiently large and

C:{BQMZM'<H(X>,BEM,W1§M, ’M|:N1}

By Theorem 2.8, C contains a club in [B]<®2. By Theorem 5.1, C' <,. B for all
C € C. Hence, by Lemma 5.3 and 3), every C' € C is projective. This shows that
B is Ny-projective. (1 (Lemma 8.1)

As we have already seen in Chapter 2, s-free (k-projective, k-openly generated
resp.) Boolean algebras can be characterized by existence of a system of subalgebras
with certain properties.

Proposition 8.2 For a reqular k and a Boolean algebra B, the following are
equivalent:

a) B is k-free (k-projective, k-openly generated resp.);

b) there exists an upward directed partial ordering I = (I,<) and an indezed
family (B;)icr of subalgebras of B such that
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0) |B;| < k and B; is free (projective, openly generated resp.) for everyi € I;

1) B; < Bj foralli, j €l withi<j;

2)  for every increasing chain (iy)a<s n I of length & for some 6 < k, i* =
sup{ i, : @ <} exists and Bjx = Uyes Biy;

3) B = U Bi- [l

Let us call a system (B;);cs as above a k-free (k-projective, k-openly generated resp. )
filtration of B. The relation between k-free and k-projective Boolean algebras
parallels to the relation between free and projective Boolean algebras.

Lemma 8.3 For a reqular k, a Boolean algebra B is k-projective if and only if
B @ Frk is k-free.

Proof. Suppose that B is k-projective. Then there exists a club subset C of [B]<*
consisting of projective subalgebras of B. Let

C'={{(CUFra)pgrr : C€C,a<k,|C|<|al}.

Then C’ is a club subset of [B @ Fr x|<*. By Theorem 2.5, a), every C' € C’ is free.

Suppose now that C’ is a club subset of [B @ Fr k]<" consisting of free subalgebras

of B® Frk. Let
I={C"el :C"=C®Frafor some C < B and a < k }.

Then [ is still a club subset of [B @ Fr k]<". Let us regard I as a partially ordered
set with the subalgebra relation <. For C" € I, let Ccr = C"NB. Then (Cer)erer is
k-projective filtration of B. Hence by Lemma 8.2, B is k-projective. [] (Lemma 8.3)

Lemma 8.4 Suppose that B is k-openly generated for some reqular k > Wy. Then
B satisfies the ccc.

Proof. Otherwise there would be a pairwise disjoint X C B* of cardinality N;.
Let C be a club subset of [B]<" consisting of openly generated subalgebras of B.
Then there is C' € C such that X C C. This is a contradiction as C satisfies the
cce by Corollary 5.15. (1 (Lemma 8.4)

Lemma 8.5 Suppose that B is k-openly generated for some reqular k > Ny. If
X 18 sufficiently large and M is a V,, -like elementary submodel of H(x) such that
B, k€ M, then BN M <,. B* for some openly generated B* < B. In particular,
B N M is projective.

Proof. Let (M,)a<s, be an increasing sequence of elementary submodels of H(y)
witnessing the V,, -likeness of M. Without loss of generality we may assume B,
Kk € My. Let (B;)icr € My be a k-openly generated filtration of B. For a < wy, let
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iq =supl N M,. i, exists since I N M, is countable and directed. As i, € My,1,
we have B;, € M,,1 € M. Since B;, is openly generated, we have B; "M <.. B;,
by Theorem 5.1. Let i* = sup I N M. Then i* = sup{i, : @ < w; } and we have
BNM = Uycu, (Bi, N M) = B;= N M. Since B satisfies the ccc by Lemma 8.4,
it follows by Lemma 3.9 that BN M <,. B;«. By Lemma 5.3 and Lemma 2.6, 3),
BN M is projective. ] (Lemma 8.5)

Lemma 8.6 If B is k-openly generated for some reqular k > Xy then B satisfies
the Bockstein separation property.

Proof. Suppose that J is a regular ideal on B. Let x be sufficiently large and M
be a V,,,-like elementary submodel of H(y) such that B, J, k € M. Let (M,)a<w,
be a witness of V,,,-likeness of M. Since M |= “J is a regular ideal on B”, JNM is
a regular ideal on BNM. BN M is projective by Lemma 8.5. Hence by Proposition
5.18, J N M is countably generated. Hence there is ag < wy be such that J N M,
generates J N M. Since J N M,, € My,+1 € M, we have

M = “J N M,, generates J”.

Hence by elementarity of M, the countable set J N M,, really generates J.
1 (Lemma 8.6)

r-stability of partial orderings was introduced in Section 7.1. In the following we
shall look at k-stability again in the context of almost free Boolean algebras.

Lemma 8.7

1) Let B be a Boolean algebra. Suppose that {C € [B]* : C <, B} is cofinal
in [B]* for some reqular cardinal k such that 2<% < \. Then B is \-stable.

2) If B is <,-generated for a reqular k then B is A-stable for any A such that
A = A% If B is openly generated then B is \-stable for any A.

3) If B is k-openly generated for some k > Ny then B is Ng-stable.

Proof. 1): Suppose not. Then there is some C' < B such that |[{tpc(b) : b€ B}| >
|C] = A. Let b, € B, @ < AT be such that tpc(b,), @ < AT are pairwise distinct.
By our assumption, there is C' < kB such that C' < ¢ and |C'| = A\. Without
loss of generality we may assume that b, € B\ M for all @ < A*. Then tpc(ba),
a < AT are still pairwise distinct. Each tpci(b,) is decided by cofinal subsets X,
Y, of C'| b, and C"| —b,, respectively of cardinality less than k. But there are only
2<% < X possibility of such (X,,Y,).

2) follows from 1) since, for an <,-generated Boolean algebra B, we see, e.g. by
Theorem 5.1, that { C' € [B]* : C' <, B} is cofinal (actually club) in [B]*.

3): Otherwise there would be a countable C' < B and b, € B, a < w; such that
tpc(ba), a < wy are pairwise distinct. As B is k-openly generated there is an
openly generated C' < B such that C' < C" and b, € C’ for all & < wy. By 2), this
is a contradiction. 1 (Lemma 8.7)
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Theorem 8.8 Suppose that, for a reqular uncountable cardinal k, a Boolean al-
gebra B satisfies the k-cc, has the k™ -Bockstein separation property and p-stable
for every u < k. If x is sufficiently large and M a H(k)-like elementary submodel
of H(x) such that B, k € M, then BN M <,. B. In particular, if additionally
i) and i) in Thmofcorrection hold (this is the case e.g. under —0# ), then B is
<.-generated.

Proof. Let B, x, M be as above. For arbitrary by € B, we show that ¢5-,,(bo)
exists. Let U be a maximal pairwise disjoint subset of BNM [ —by. Since B satisfies
the k-cc, U is of cardinality less than . Hence, by H(rx)-likeness of M, thereis N €
M such that UU{ B,U } C N, N < M and |N| < k. Let T'= {tpprn(b) : b€ B}.
By |B N N|-stability of B, we have |T| < |[BN N| < k. Hence there is N' € M
such that NUT C N, N’ < M and |N’'| < k. By T'C N’, there is some b; € N’
such that tpgan(bo) = tppan(b1). Let K ={c€ BNN : ¢-by =0}. Then K € N’
and U C K. Let J = K+. By J*+ = K+ = Kt = J, J is a regular ideal on B
and J € N’. Since B has the x*-Bockstein separation property, there is X € N’
such that | X| < k and X is cofinal in J. By Lemma 5.10, 1), we have x C M and
hence X C BN M. Now, since by € J, there is some d € X such that by < d. We
claim that this d is the upper projection of by onto BN M. Otherwise there would
be ¢ € BN M such that by < cand d-—c#0. Byd-—c€ BNM,by-(d-—c) =0
and by maximality of U, we could find some e € U such that (d - —c) -e # 0. But
this is a contradiction to d € J as J = K+ C U+, (1 (Theorem 8.8)

Corollary 8.9 Let B be a Boolean algebra and assume that i) and ii) of Theorem
5.12 hold for k = Xy. If B satisfies the cce, has the No-Bockstein separation property
and Ng-stable, then B is <,-generated. [l

Corollary 8.10 Let B be a Boolean algebra and assume that 1) and i) of Theorem
5.12 hold for k = Ny. If B is k-openly generated for some reqular k > Xy, then B
15 <,-generated.

Proof. By Lemma 8.4, Lemma 8.6 and Lemma 8.7, 3), B is ccc, has the Bockstein
separation property and is Rp-stable. Hence by Corollary 8.9, B is <,-generated.
(1 (Corollary 8.10)

Theorem 8.11 Suppose that B is k-openly generated for some k > Ny. Then B
s A-stable for every A.

Proof. Let B be x-openly generated for some x > N;. We shall prove by induction
on \ that B is A-stable. For A > |B| this is clear anyway. Hence we assume that
A < |B| holds.

For A = Xy, B is Ng-stable by Lemma 8.7, 3).

Now, suppose that A > Ny and we have shown that B is u-stable for every p < .
By Lemma 8.4 and Lemma 8.6, B satisfies the ccc and has the Bockstein separation
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property. Hence, by Theorem 8.8, BN M <,. B for any sufficiently large x and
V)-like elementary submodel of H(x) such that B, A € M. By Lemma 5.10, 2),

{BNM : M is Vy-like elementary submodel of H(y) such that B, A € M }

is unbounded in [B]}. Hence by Lemma 8.7, 1), it follows that B is A-stable.
[ (Theorem 8.11)

Theorem 8.12 For a reqular cardinal Kk > Ny and a Boolean algebra B the fol-
lowing are equivalent.

a) B is k-openly generated.

b) B has the ccc, satisfies the Bockstein separation property and u-stable for ev-
ery p < k. {C : C < B, |C| <k, Cisopenly generated} is cofinal (with respect
to C) in [B]<F.

c) For some, or equivalently any sufficiently large x and for any regular un-
countable p < K, if M is H(u)-like elementary submodel of H(x) such that B,
w € M, then BN M <,. B and, if additionally |M| < k, then BN M is openly
generated.

d) For some, or equivalently any sufficiently large x and for any regular uncount-
able p < K, if M is V,,-like elementary submodel of H(x) such that B, u € M, then
BNM <, B and BN M 1is openly generated.

e) For some, or equivalently any sufficiently large x, if M is an elementary
submodel of H(x) such that B € M, wy C M and |M| < k, then BONM <, B and
BN M is openly generated.

Proof. a)=b): The first assertion of b) follows from Lemma 8.4, Lemma 8.6 and
Theorem 8.11. The second one is trivial.

b) = ¢): Suppose that B is as in b) and x, M are as in ¢). Then by Theorem 8.8,
we have BN M <,. B. If | BN M| < k, then, there is an openly generated C' < B
such that BN M < C. BNM <,. C by Lemma 3.1, 2). Hence by Lemma 5.3,
B N M is also openly generated.

¢)=d): Trivial.

d)=e): Suppose that B is as in d) and x, M are as in e). By Proposition 5.11,
B is <,-generated. Hence, by Theorem 5.1, ¢), we have BN M <, B. (Note that
wi is definable and hence w; € M holds for any elementary submodel of H(x).)
Since |M| = p < k, there is a V,-like elementary submodel M’ of H(x) such that
M C M’ by Lemma 5.10,2). Since BN M <, BN M’ and BN M’ is openly
generated by the assumption, it follows by Lemma 5.3 that B N M is also openly
generated.

e) = a): Suppose that B satisfies the condition d). Let C = { M € [H(x)]~" :
M < H(x), B€ M, w; C M}. Then C is club in [H(x)]=". Hence, by Lemma 2.8,
C'={BnNM : M e C} contains a club in [B]<*. By the assumption each C' € C’
is openly generated. [ (Theorem 8.12)
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Corollary 8.13 For any reqular k, A with k < \, if B is A-openly generated, then
B is k-openly generated.

Proof. By Theorem 8.12, ¢). (1 (Corollary 8.13)

At the moment, we do not know if the assertion corresponding to Corollary 8.13
also holds for k-projective Boolean algebras.

Problem 8.14 For reqular k, X with k < X, s it true that every A\-projective
Boolean algebra is k-projective?

Proposition 8.15 Suppose that k is a reqular cardinal greater than Ry. If B is a
k-openly generated Boolean algebra and A <, B, then A is also k-openly generated.

Proof. We shall show that A satisfies the condition of Theorem 8.12;¢). Let x
be sufficiently large and M be an elementary submodel of H(x) such that A € M.
Without loss of generality we may assume!® x, B € M. By Theorem 8.12, we
have BN M <, B. Since A <, B, we have M | “A <, B”. It follows that
ANM <, BNM. Hence ANM <, B. In particular AN M <, A. If |]M| < &,
then |B N M| < k. Hence there is openly generated C' < B such that AN M < C.
By AnM <, C and Lemma 5.3, it follows that A N M is openly generated.
(1 (Proposition 8.15)

For regular k > Ny, the assertion of Theorem 8.12, b) can be formulated'® in L.
Hence we obtain the following.

Proposition 8.16 For reqular k > Ny and a Boolean algebra B, if B 1S Lyox-
projective then B is k-openly generated. a

The following theorem generalizes Theorem 2.7 in Fuchino—Koppelberg—Takahashi
[19].

Theorem 8.17 1) If B is an Lyy,-projective Boolean algebra, then B is No-
projective.

2) If B is an Laoy,-free Boolean algebra, then B is No-free.

Proof. 1): By Proposition 8.16, B is Ny-openly generated. Hence, by Lemma
8.1, 3), B is No-projective.
2): Let x be sufficiently large and M be an elementary submodel of H(y) such

15 in M, the statement “there is some reqular cardinal £ and a Boolean algebra B such that

A <, B and B is k-openly generated” holds. Hence there are ', B’ € M witnessing the
statement above. We may rename «’, and B’ to k, B respectively and treat them as if they
were the original x and B. Similar arguments will be used in the following without any further
comments.

16 see the footnote on p.59.
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that B € M, w; € M and |M| = X;. Then, by 1) and Theorem 8.12, we have
BNM <, B. By Loo,-freeness of B, BN M is contained in some free subalgebra of
B. By Lemma 5.3, it follows that B N M is openly generated and hence projective
by |[BN M| < N;. Since BN M is Loy, -free by Corollary 6.17, BN M is free by
Corollary 4.3. Since there are club many subalgebras of B of cardinality N; of the
form B N M, it follows that B is N;-free. 1 (Theorem 8.17)

Concerning unions of chains of k-openly generated Boolean algebras, we have the
following theorem.

Theorem 8.18

1) Suppose that (Bp)new is an increasing sequence of Ro-openly generated Boolean
algebras such that B,, <, By,11 for everyn € w. Then B = U, ., Bn is Na-openly
generated.

2)  Let k, X\ be regular cardinals such that ¥y < k < X. Suppose that (Ba)a<x
18 an continuously increasing sequence of k-openly generated Boolean algebras such
that B, <, Bay1 for every oo < X. Then B = U,y Ba s k-openly generated.

Proof. 1): Let x be sufficiently large and M a V, -like elementary submodel of
H(x) such that B € M. By Theorem 8.12, it is enough to show that BN M <,. B
and B N M is openly generated. Without loss of generality we may assume that
(Bn)new € M. Hence B, € M for each n € w. Since B, is Ny-openly generated,
we have B, " M <,. B, for n € w. Now, take b € B. Then there is n* € w such
that b € B,«. Let b* = qﬁ::mM(b). We show that b* is the upper projection of
bonto BN M. Let b € BN M be such that b < /. Since B, |V’ is countably
generated, there is a countable X € M such that X C B,« [V and X is cofinal in
B[ V. As X is countable we have X C M. Since b € B, [V, there is x € X
such that b < x. By definition of b* it follows that b < b* < z. As z < I/ on the
other hand, we obtain b* < ' as desired. This shows BN M < B. Now, since
B, <, By:1, we have B = “B,, <, B,11”. Hence B,N M <, B,.1 N M for all
n € w. Since B, N M is openly generated for every n € w, it follows by Theorem
5.7 that BN M = U,c, Bn N M is openly generated as well.

2): Let x be sufficiently large and p <  an arbitrary uncountable regular cardinal
and M a V-like elementary submodel of H(x) such that B, u € M. By Theorem
8.12, it is enough to show that BN M <, B and B N M is openly generated. Let
(Mp) <, be awitness of V,-likeness of M. Without loss of generality we may assume
that (Ba)a<x € My. For f < pu, let ag = sup AN Mg. As Mz € Mgy, we have
ag € Mgy, and hence B,, € Mgy € M. Since each B,, is k=openly generated,
it follows by Theorem 8.12 that B,, N M <. B.,. Let o = SUPg<,, O3 Then
BN M = B, N M. By an argument similar to the one in the proof of 1), we can
show that BN M < B~ holds. Since B~ <, B, it follows that BN M <, B. Since
|IBN M| < p < K, there is an openly generated C' < B« such that BN M < C.
Since BN M <, C, it follows by Theorem 5.7 that B N M is openly generated.
[ (Theorem 8.18)
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8.2 Axiom R

This chapter is devoted to some independence results. The independence of the
assertions considered here will be established by Boolean algebras constructed in
Chapter 7 under £¥ on one hand and by consequences of Axiom R (see the defini-
tion below) on the other.

For regular x and a set X, 7 C [X]" is said to be tight if, for every increasing
sequence (Uq)a<x Of elements of 7, the union U, t, is also an element of 7.

Fleissner’s Axiom R ([10]) is the following statement.

(Axiom R):  Suppose A > Ry, cf A > w and T C [\J™ is cofinal in ([N, Q)
and tight. Then for any stationary S C [N\J®°, there is X € T
such that S N [ X is stationary in [ X]™.

MA™(o-closed) is the axiom which asserts that, for any o-closed partial ordering
P, P-name S of stationary subset of w; and dense subsets D, a < w; of P, there
exists a filter G on P such that G N D, # 0 for every a < w; and

S¢={a<w :plpacS” forsomepec G}

is stationary in w. It is known (and we shall also see this later) that we need the
strength of very large cardinals for the proof of the consistency of Axiom R. On the
other hand, it is known that the implication: MM = MA™(o-closed) = Axiom R
holds (see [4], [42]). In contrast to MM from which 2% = R, follows, a model of
MA™(o-closed) + CH can be constructed starting from a super-compact cardinal.

The following theorem was originally proved under MA™ (o-closed) (see [14]). Qi
Feng then pointed out that the theorem already holds under Axiom R.

Theorem 8.19 (Axiom R) (Qi Feng, see Fuchino [16]) For a Boolean algebra B
the following are equivalent:

1) B is openly generated;
2) B is Ry-projective.

Proof. 1)=-2): By Lemma 8.1, 4).

For 2)=-1), suppose that B is Ny-projective. If |B| < Wy, then B is openly
generated. Hence we may assume |B| > N,. We consider first:

Case I: cf |B| > w.
Let

T ={A: A<, B, Ais projective and |A| =N, }.

By Lemma 2.6, 3) and Theorem 8.12, 7 is cofinal in ([B]™, C). 7 is tight: suppose
that (Aa)a<w, is an increasing sequence in 7. Let A = U,-,, Aa- If A were not
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relatively complete in B then there would be b € B such that b has no lower pro-
jection onto A. Hence (p% (b))a<w, is non eventually constant increasing sequence
in A. But this is a contradiction since B satisfies the ccc by Lemma 8.4. Hence
we have A <,. B. Since 7 is cofinal in [B]™, there is some A’ < B such that
A < A" and A’ is projective. Since A <, A" and |A|] = N, it follows that A is also
projective. Hence A € 7.

Now, if B were not openly generated, then
S={C < B :|C]=2Yyand C is not relatively complete in B }

would be stationary in [B]®. Hence by Axiom R, there would be A € 7 such that
S N [A]* is stationary in [A]Y. But, since A <,. B, each C' € SN [A]™ is not
relatively complete in A. This is a contradiction to the fact that A is projective.
Case II: cf |B| = w.

Let K = |B| and k = sup,,c,, K, for an increasing sequence (k,)ne, of uncountable
regular cardinals. Since B is o-filtered by Corollary 8.10, there is a N;-Freese-
Nation mapping f : B — [B]=Y by Theorem 5.5. Let (B,),c. be an increasing
sequence of subalgebras of B such that

1) |By| = Ry for every n € w;
2) B, is closed with respect to f for every n € w and
3) B = Unew Bn-

By 2), and by Lemma 5.4, 3), B, <, B holds for every n € w. Hence by Proposition
8.15, B, is Ny-projective for every n € w. Now, by 1) and Case I, B,,, n € w are
openly generated. Hence by Theorem 5.7, it follows that B is also openly generated.

1 (Theorem 8.19)

From Theorem 8.19 it follows that there is no Boolean algebra with the property
2) and &) in Proposition 7.13'7 for any . In particular, under V' = L, Theorem
8.19 does not hold. This shows that the assertion of Theorem 8.19 is independent
from ZFC'® . Theorem 7.15 gives also counterexamples to the following Theorems
8.21, 8.27. Hence the assertions of these theorems are also independent form ZFC.
By the remark before Theorem 7.15, we obtain the following.

Corollary 8.20 (Axiom R) O, does not hold for any k > ;. N

It is known that the consistency strength of a very large large cardinal is needed
to establish the conclusion of Corollary 8.20 (see e.g. [30]).

Theorem 8.21 (Axiom R) Every L.,-projective Boolean algebra is openly gen-
erated.

17 note that, by Lemma 8.1 and Corollary 8.13, it follows from 2) that A is Ro-projective. By
Proposition 5.8, it follows from 5), that A is openly generated.

18 of course under the assumption that ZFC 4 Axiom R is consistent. By Corollary 8.20 we
need the consistency strength of some very large cardinal for the consistency.
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Proof. By Proposition 8.16 and Theorem 8.19. (1 (Theorem 8.21)

Theorem 8.21 restricted to subalgebras of openly generated Boolean algebras holds
already in ZFC.

Proposition 8.22 FEvery L.y,-projective Boolean algebra embeddable into an
openly generated Boolean algebra is openly generated.

Proof. Suppose that B is an L.y,-projective Boolean algebra and C' be an openly
generated Boolean algebra such that B < (. Then as a subalgebra of a ccc
Boolean algebra C', B satisfies the ccc. Hence, by the footnote on p.59, B satisfies
the Bockstein separation property. By Corollary 5.22, it follows that B is openly
generated. (1 (Proposition 8.22)

Corollary 8.23 Suppose that B is an Loy, -projective (Lo, -free resp.) Boolean
algebra of cardinality Ny. If B is embeddable into an openly generated Boolean
algebra (or even into a dyadic one) then B is projective (free resp.).

Proof. Suppose that B is L.y,-projective Boolean algebra of cardinality N; and
is embeddable into an openly generated Boolean algebra. Then, by Proposition
8.22, B is openly generated. Hence, by Lemma 2.6, 8), B is projective. If B is
Looy, -free, then for any countable C' < B, there is b € B independent over C'. By
Corollary 4.3, it follows that B is free. (1 (Corollary 8.23)

Problem 8.24 s Corollary 8.23 also true for Leo.-projective/free Boolean alge-
bras for k > W, ? N

Theorem 8.21 for Lx,-projective Boolean algebras is not true. An L.y, -projective
Boolean algebra can be even non ccc. Even if an L.y, -projective Boolean algebra
B of cardinality N; satisfies the ccc, by Lemma 2.6,%), it is not openly generated
unless it is projective. However, ccc Looy,-projective Boolean algebras are <,-
generated. To see this, let us first consider the next lemma. !'The next lemma and
hence also the consequences of the lemma uses Proposition 5.11 which actually
needs some additional assumptions like O-principles!!

Lemma 8.25 For a ccc Boolean algebra B, if C = {C € [BY : C <,. B} is
cofinal in [B]*, then B is <,-generated.

Proof. Let x be sufficiently large and M a V, -like elementary submodel of H(y)
such that B € M. By Proposition 5.11, it is enough to show that BN M <, B
holds. Actually, we can even show BN M <,. B. Let (M,)a<w, be a witness of
V,,,-likeness of M. Without loss of generality, we may assume that B, C € M.
For a < wy, since BN M, € M., and M.y, E “B N M, is countable”, there is
Cy € CN M,y such that BN M, C C,. Then (C,)a<w, is an increasing sequence
of relatively complete subalgebras of B and BN M = U,,, Co. Hence, by Lemma
3.9, it follows that BN M <,. B. [ (Lemma 8.25)
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Proposition 8.26 If B is a ccc Loy, -projective Boolean algebra, then B is <,-
generated.

Proof. By Theorem 2.5, if A is projective Boolean algebra, then {C € [A]™ :
C <, A} is cofinal (even club) in [A]¥. Tt follows, by L.ox,-projectivity of B,
that {C € [BY : C <,. B} is cofinal in [B]*. Hence, by Lemma 8.25, B is
<,-generated. (1 (Proposition 8.26)

For k = Ny, Theorem 5.7 can be still improved under Axiom R:

Theorem 8.27 (Axiom R) Suppose that (By)a<s is a continuously increasing se-
quence of openly generated Boolean algebras for some ordinal & such that cf § # w,
and By <5 Bat1 for all a« < 6. Then B = U <5 Ba 1S also openly generated.

Proof. By Theorem 8.18 and Theorem 8.19. [ (Theorem 8.27)
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9 Forcing

In this chapter we collect some results on almost freeness which stand in connection
with the method of the forcing.

9.1 Potentially free/projective Boolean algebras

Openly generated Boolean algebras can be also characterized in terms of potentially
projectiveness.

Theorem 9.1 For a Boolean algebra B, the following are equivalent:

a) B is openly generated;
b) B is proper—potentially projective;
c) if P is a proper partial ordering collapsing |B| to < Ny, then

I-p “ B is projective”

Proof. a)=-c¢): Let B be openly generated. Then, by Theorem 5.5, there is
an No-Freese-Nation mapping f : B — [B]<™. Clearly we have |p“f is an
No-Freese-Nation mapping on B”. Hence |p“B is openly generated”. Since
IFp“|B| < X7, it follows from Lemma 2.6, 8) that |-p “ B is projective”.

c)=1b) is clear.

b)= a): Let P be a proper partial ordering such that |p “B is projective”. If
B were not openly generated, then S = {C' € Sub™(B) : C <_.. B} would be
stationary in [B]*. Hence, by properness of P, it follows that ||-p “S is stationary
in [B]*”. Since we have |Fp“no C € § is relatively complete in B”, we obtain
IFp “ B is not openly generated”. In particular, |Fp “ B is not projective”. This
is a contradiction to our assumption. (1 (Theorem 9.1)

Theorem 9.2 For an algebra B, the following are equivalent
a) B is Xg-distributive-potentially free;
b) there is a stationary D C [BY such that D C Sub™(B), every D € D is

atomless (hence free) and, for every C € D, {D € D : C <gee D} is cofinal in
[B®. (In particular, B is Leo,-free by Proposition 6.15.)

Proof. a)=-0): Let P be an Ry-distributive partial ordering such that |Fp “B is
free”. Let X be a P-name of free generator of B. Let

D={[Y]g:Y €[B]™, plFp“Y C X” for some p € P}.

Then each C' € D is atomless since we have p ||-p “C is atomless” for some p € P.
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Claim 9.2.1 D is stationary in [B]™.

|- Otherwise there would be a club C C [B]* disjoint from D. Since P is Ny-
distributive, C remains club in V*. Since |Fp “there are club many countable
subalgebra of B of the form [Y]p for some Y € [X]®” and by Ro-distributivity of
P, there is p € P and Y € [B]* such that p|p“Y C X and [Y]p € C”. Hence
Y] € D and [Y]p is really an element of C. This is a contradiction to the choice

of C. — (Claim 9.2.1)
Claim 9.2.2 For each C € D, { D € D : C < D} is cofinal in [B]™.

 Let C = [Y]g with p|Fp“Y C X7 for some p € P. For U € [B]™, since
IFp“[X]p = B” and P is N-distributive, there is some ¢ < p and Z € [B]* such
that U C [Z]p and q|Fp“Y € Z C X”. Let D = [Z]g. Then we have D € D,
C <gee D and U C D. — (Claim 9.2.2)

Thus D is as in b).

b) = a): Suppose that B and D are as in b). Let P be a o-closed partial ordering
collapsing |B| to ®;. In V¥, D is still stationary in [B]*. In V7, let Q be an Rg-
distributive partial ordering shooting a club in D. Thus, in VP*@ there is a club
C CD. In VP*@ we can construct a continuously increasing sequence (Bq)a<u,
of elements of C such that B, <gee Bay1 for every o < w;. Returning to V, this
means that |Fp, ; ¢ B is free” holds. (1 (Theorem 9.2)

With ccc-potentially freeness/projectivity we obtain nothing new. For Boolean
algebras alone, we could give an easier proof to the following theorem by using
Theorem 4.1.

Proposition 9.3 ([12]) Let A be an algebra in a variety V.

1) If there exists a ccc partial ordering P such that |-p“A is free” then A is
really free. In particular, a Boolean algebra A is ccc-potentially free if and only if
B is really free.

2) If there exists a ccc partial ordering P such that |Fp “ A is projective” then A
is really projective. In particular, a Boolean algebra A is ccc-potentially projective
if and only if B is really projective.

Proof. 1): Let P be as above and X be a P-name such that |[Fp“X is a free
generator of A”.

Claim 9.3.1 Leta € A and B be a subalgebra of A such that |-p “B = [XNB]4”.
Then there is a subalgebra B’ of A such that B’ is countably generated over B,
a€ B and |Fp“B = [XNB|4". If B is free then B' is also free and any free
generator of B can be extended to a free generator of B'.
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- For each b € Alet Y; be a countable subset of A such that |Fp “[XNY,]4 3 b”.
This is possible since P satisfies the ccc. Let Y be a countable subset of B such
that a € [Y]4 and Y, C Y for every b € Y. Then B’ = [BU Y4 is as desired.

Now suppose that U is a free generator of B. Let Y ={y, : n € w}. Let p, € P,
k, € w and u,; € B\ B for i <k, and n € w be such that

Pn = Ppa1 for every n € w;
PnlFp “tng, .. ung, € X7 for every n € w;

PolFp “yn € [BU{Ung, ..., Unk, }a” foralnew.

It follows that
B' = [BU{uy,; : i <kn,n€wla.
Clearly UU{ u,; : i < k,, n € w} is then a free generator of B’. —| (Claim 9.3.1)

Let x = |A|. By Claim 9.3.1 we can construct sequences (A,)a<p and (X, )a<p for
some 3 < k inductively so that:

(As)a<p is a continuously increasing sequence of subalgebras of A;

(Xa)a<p is a continuously increasing sequence of subsets of A and X, is a
free generator of A, for all a < [3;

Fp Ay =[X N AL s forall a < 3
Ua<ﬁAa:A'

Then Uy« Xo is a free generator of A.

2): Suppose that |p“A is projective” for a ccc partial ordering P. Then
Fp“A® Frk is free” for k = |A|. By 1), it follows that A & Frk is really
free. Hence A is projective. (1 (Proposition 9.3)

An assertion similar to Proposition 9.3 also holds for potentially openly generat-
edness:

Proposition 9.4 A Boolean algebra B is proper-potentially openly generated if
and only if B is really openly generated.

Proof. Suppose that |-p “ B is openly generated” for some proper partial ordering
P. In VP, let Q be a proper partial ordering collapsing |B| to < X;. By Theorem
9.1, we have |lp,;“ B is projective”. Since P * Q is proper it follows again by
Theorem 9.1 that B is openly generated. (1 (Proposition 9.4)
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9.2 Large cardinals

In [44], Scepin asked if Ns-projectiveness implies projectiveness. The answer to
this question is negative by Theorem 7.20. It seems that we need the consistency
strength of some large cardinal to get a cardinal x such that s-projectiveness im-
plies projectiveness. In the following we shall give some of known results concerning
this kind of compactness. We shall formulate the following Theorems 9.5, 9.7 and
9.8 only for “k-freeness” and “freeness” but these theorems and their correspond-
ing proofs are valid for “k-projectivity” and “projectivity” as well. For Boolean
algebras they even hold for “s-openly generatedness” and “openly generatedness”.

Theorem 9.5 Let k be a weakly compact cardinal. Then every k-free algebra A
of cardinality k is free.

Proof. Suppose that A is k-free and |A| = k. Then there is a continuously
increasing sequence of elements of Sub~"(A) such that each A, is free and A =
Ua<r Aa. Toward a contradiction, let us assume that A is not free. Let

S={a<k:{f<k:a<f Ay < fee Ap} is stationary }.

Claim 9.5.1 S s stationary.

- Otherwise there would be a club C' C & such that for every a € C the set
{B <k :a<p, Ay <wee Ap} contains a club set C,, C k. Let

C, - C N Aa<,{ca.

Then C" is still club and for any a, # € C such that a < 3, we have A, <gee Ag.
By Lemma 3.7, 1), it follows that A is free which contradicts our assumption.

- (Claim 9.5.1)

Since k is weakly compact, there is a regular A < x such that |A,| < A and S, N A
is stationary in A for any v € S N A (see e.g. Proposition 4.6 in Kanamori [29]). It
follows that A, is not free. This is a contradiction. (1 (Theorem 9.5)

Theorem 9.6 1) Let k be weakly compact. For an algebra A of cardinality k,
if {C € Sub~"(A) : C is free} is cofinal in [A]<" then A is embeddable into a
free algebra. In particular, if A is an Loo.-free algebra of cardinality k, then A is
embeddable into a free algebra.

2)  Let k be strongly compact. For an algebra A, if { C € Sub~"(A) : C is free }
is cofinal in [A]<" then A is embeddable into a free algebra. In particular, if A is
an Loo.-free algebra, then A is embeddable into a free algebra.
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Proof. a): Let Ly be the language of algebras in the variety and let L = Lo U
{U}YyU{c, : a € A} where U is a unary relation symbols and ¢, a new constant
symbol for each a € A. Let

T = { “U is independent subset” }

U{¢(Cays---,Ca,) :pis a quantifier free Lo-formula such that
A E ¢lay,...,a,] for some ay,...,a, € A}
U{ “c, = t(u) for some Lo-term t anduw € U” : a € A}.

It is easy to see that T' can be formulated in L., |T| = xk and T is k-satisfiable.
Since k is weakly compact, it follows that 7' is satisfiable. Clearly, any model of T’
gives an embedding of A into a free algebra.

2): Similarly to 1). 1 (Theorem 9.6)

Theorem 9.7 Let k be supercompact. For an algebra B, if B is k-free then B 1is
free.

Proof. Suppose that there exists a non-free k-free algebra B. Let (B;);c; be a
r-free filtration of B for an index set [ = (I, <) andlet A > |B|, |I|. Let j : V — M
be an elementary embedding with critical point x such that j(k) > A and M* C M.
Let j((Bi)ier) = (Bx)iser-- By [4[B]|, |[I]| < A we have that j[B], j[I] € M. Since
J[B] (= B) is not free, M |="j[B] is not free”. By |B;| < k we have B}, = j[B;] for
all i € I. Hence we have that M |=“j[B] = U+ Bi". Since j(k) > A < Pl
and by the elementarity of j, it follows that M |“j[B] = B} for some i* € I*”.
Hence again by the elementarity of j, M |=“j[B] is free”. This is a contradiction.
1 (Theorem 9.7)

Theorem 9.8 (Shelah, see Ben-David [5]) If the existence of a supercompact car-
dinal is consistent with ZFC then the following assertion is also consistent with
ZFC:

For any algebra B, if B is 2% -free then B is free.

Proof. Let k be a supercompact cardinal. Let P = Fn(k,2) and let G be a
V-generic filter over P where V' is our ground model.

We shall show that V[G] satisfies the assertion in the theorem: otherwise, in V|G|,
there would be a non-free s-free B in V[G]. Let (B;);cr be a r-free filtration of
B in V[G]. Without loss of generality we may assume that the underlying sets of
B and I are some cardinals A and p such that A > u. Further we may assume
that 0 and 1 of the algebra B are the ordinals 0 and 1 respectively, and these facts
for the corresponding P-names are already forced by 1p. Let a, m, ¢ be “nice”
P-names (in the sense of [35], p.208) of addition, multiplication and complement
operation in B respectively and 7 be a P-name of the partial ordering of I. By the
cce of P we have: |a| = || = |¢/ = X and |#| < A. For a € p let B, be a nice



9 FORCING 79

P-name of (the underlying set of) B,. Again by the ccc of P, B, has cardinality
< k. Now let j : V' — M be an elementary embedding with critical point x such
that j(k) > X and M* C M hold. Let a* = j(a), m* = j(m), ¢* = j(¢), ©* = j(7),

§* = j((Ba)a<u) and P* = j(P). Then we have that M E“P* = Fn(j(k),2)”
and M E |Fp“S* with the index set p* = (j(u),7*) is j(k)-free filtration of
(J(A),a*,m*,¢,0,1)7.

Let af = jla], ml = j[m], ¢ = j[¢|, 7T = j[#] and PT = j[P]. Since |a|,..., |P| < A
we have ..., PT € M. P'" = Fn(j[x],2) and a',..., 7T are PT-names. Since
I pt “(j[A], @, mt, é70,1) is a non-free algebra” we have that

M= |Fpt ([N, af,m', ¢, 0,1) is a non-free algebra”.
Hence it follows by Proposition 9.3 that

M= |Fp- “(j[\, @', 1, ¢t 0,1) is a non-free algebra ™.

On the other hand, since

ME e G ml é,0,1) = (J (Ba)”

a<p

and

M = “jlu] is directed and |j[p]| < j(k)”,
it follows that

M= |Fp-“([N, af,mt ¢t 0,1) is an element of S*7.
Hence

M= |Fp-“(j[N,a",ml ¢t 0,1) is a free algebra”.

This is a contradiction. [ (Theorem 9.8)

9.3 A 0-1 law on subalgebras of openly generated Boolean
algebras

By the characterization of openly generated Boolean algebras given in Theorem 9.1,
we obtain often very elegant proofs of ZFC results on openly generated Boolean
algebras using the forcing. The proof of the following Theorem 9.11 is such an
example.

Let 7 be the set of all terms in the language of Boolean algebras.
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Lemma 9.9 (Shelah, in Fuchino-Shelah [20]) Let k be a reqular uncountable car-
dinal and let B be a dyadic Boolean algebra of size > k. Then either G = { A €
Sub<*(B) : A <,. B} contains or is disjoint from a club set in Sub~"(B).

Proof. Let B < FrX. For Y C X let By denote the Boolean algebra (Y) N B.
Let 7 =7(x1, .., T, Y1, -5 Yn) €7T.
Fora= (ay,...,a,) where {ay,...,a,} € [X]", let
Cra={By :Y € [X]*",Y D{ay,...,a,}, forany {by,..., b, } € [X\Y]"
if t =7(b1,....bp,a1,...,a,) € B, then pj (t) exists }.
Note that, if there are by, ..., b, € X\Y such that t = 7(by, ..., by, a1,...,a,) € B

and t has its projection ¢ in By, then c is the projection of d € B of the form
T(d1, ..y dm, a1, ..., a,).

Claim 9.9.1 FEither C. 5 contains or is disjoint from a club set.

- IfC, 4 is bounded in Sub~"(B) then Sub<*(B)\C, s contains a club set. Assume
that C, 4 is unbounded in Sub<~"(B).

For each 0 = o(x1, ..., 2k, Y1, .-, yn) € T let
Crao=1{By Y € [X|*",Y D{ay,...,a,}, forany {by,...,b,, } € [ X \Y]™
if t =7(by,..., by, a1,...,a,) € B then pf_(t) exists and

the projection p3_(t) is of the form o(cy, ..., ¢, a1,. .., a,)
for some {c1,...,ct } € [Y\{a1,...,a, }JF }.

Clearly

C‘r,é = U CT,&,U .

oeT

So there is a 0g € 7 such that C = C; 5, is unbounded. We claim that C is closed.

Let (Ba)a<x be an increasing sequence in C for some A < k. For a < A let
Y, € [X]<", be such that B, = By, and let Y = U,<) Ya. Then U,y Ba = By.
Let by,...,b,, € X \Y be such that t = 7(by,...,bm,a1,...,a,) € B. By the
definition of C there are ¢f, ..., € Y, \ {ai,...,a, } such that

pp () =oo(cf, ... ¢ an, ... an).

Hence we have that m(p3 (t)) = m(pf (t)) for any «,«/ < X, where m is the
canonical finitely additive strictly positive measure on Fr X. Since

pE () <pB () <ph(t) <,
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it follows that

pgo(t) :pgl(t) :ng(t) =
Hence p3_(t) = pp,(t). It follows that By € C. - (Claim 9.9.1)

Now if there are 7 € 7 and @ = (ay,...,a,), a1,...,a, € X such that C,; is
disjoint from some club set then, since G is almost contained in C.z, G is also
disjoint from a club set. Otherwise, by Claim 9.9.1, for any term 7 € 7 and
a=(ay,...,an), a1,...,a, € X, the set C,; contains a club subset. Since

GO ({By :Ye[X|I™ By €({Cra:a€c"Y}},
T€T

it follows that G contains a club set. (1 (Lemma 9.9)

Corollary 9.10 Let k be a reqular cardinal > Wy and let B be a dyadic Boolean
algebra. Then either G = { A € Sub~"(B) : A <,. B} is bounded or G contains a
club subset in [B]<".

Proof. We may assume that |B| > k. Suppose that G is not bounded in [B]<".
By Lemma 9.9 it is enough to show that G is stationary. Let C be a club set in
[B]<". Let (Ba)a<w, and (By)a<w, be increasing sequence in G and C respectively
such that

Ca g Ba g C(oz—&—l

for every a < wq holds. If C, € G for some a < w; we are done. So assume that
Co ¢ G for every a < wy. Let C = Uy, Ba = Ua<w, Ca- Since C is closed we have
C € C. On the other hand, by Lemma 3.9, we have C' € G. (1 (Corollary 9.10)

Theorem 9.11 (Fuchino-Shelah [20]) If B is a subalgebra of an openly generated
Boolean algebra then either

C={C < B :|C|=Xy, C is relatively complete in B}

contains a closed unbounded subset of [B]X or is disjoint from a closed unbounded
subset of [B]™.

Proof. Suppose that B is a subalgebra of a openly generated Boolean algebra A.
Assume that C = {C < B : |C] = Ny, C is relatively complete in B } does not
contain any closed unbounded subset of [B]*. Let P be a o-closed partial ordering
such that |Fp“|A] < N;”. Then |Fp“A is a projective Boolean algebra” by
Theorem 9.1. By the assumption and properness of P, we have |p “[B]™ \ C is
stationary ”. Hence by Theorem 9.9, it follows that

- p “C is disjoint from a closed unbounded set of [B]™ 7.
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Let x be sufficiently large such that B, P, |Fp € H(x).

Claim 9.11.1 For any countable M < H(x) such that B, P, |Fp € H(x), we
have BN M <_,. B.

|f Clearly, we have BN M < B. Let BN M = {b, : n € w}. Take a P-name
C € M such that

- “C is closed unbounded subset of [B]* and YC € C(C <_,. B)”.

Let f:w — w? n+— (fo(n), fi(n)) be a surjection such that fy(n) < n holds
for every n € w. We can construct sequences (ppn)new; (Bn)new and (bnm)n.mew
inductively such that

(1) (pn)new is a decreasing sequence in P and p, € M for every n € w;

(2)  (Bp)new and (bym)nmew are sequence of P-names and B, by, € M for
all n,m € w;

3) pulkp“B.€C, B, = {bn,m :mew}” for all n € w;
(4) Prnt1 H_P ¢ Bn < Bn+17 bn € BnJrl 7 for every n € w;

(5)  pus1 decides bz .
(i.e. there is b € B such that p,i1|Fp “bpym),nm) = b”. Note that, we

have b € M since pni1, |Fp, biom),nm) € M).

As P is o-closed, there is p € P such that p < p, for every n € w. By (5), p decides
each of l')mm, n,m € w. Hence, for every n € w, there is a countable C,, < B such
that p|Fp “B, = C,” and C,, < BN M by the remark after (5). Let C' = U,c,, Ch.
By (4), we have b, € C,4q for every n € w. Hence C = BN M. By (3), we
have p|-p“C, € C” for every n € w. Hence p|Fp“C € C”. It follows that
plFp“C <. B”. Thus we have BN M = C <_,. B. - (Claim 9.11.1)

Since there are club many countable subalgebras of B of the form B N M for M
as in Claim 9.11.1, it follows that {C' < B : |C]| = Ry, C <_,. B} contains a club
subset of [B]™0 1 (Theorem 9.11)
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