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Strong downward Löwenheim-Skolem theorems for stationary logics, II
— reflection down to the continuum, Archive for Mathematical Logic, Vol.60,
3-4, (2021), 495–523. https://fuchino.ddo.jp/papers/SDLS-II-x.pdf

[ S.F & Sakai ] S.F.. and H. Sakai, The first order definability of generic large
cardinals, submitted. https://fuchino.ddo.jp/papers/definability-of-glc-x.pdf

[ S.F.1 ] S.F., Maximality Principles and Resurrection Axioms under a Laver
generic large cardinal, (a pre-preprint version for the paper “Maximality
Principles and Resurrection Axioms in light of a Laver generic large cardinal”, in
preparation) https://fuchino.ddo.jp/papers/RIMS2022-RA-MP-x.pdf

[ S.F. & Usuba ] S.F., and T.Usuba, On Recurrence Axioms, preprint.
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf

[ S.F.2 ] S.F., Reflection and Recurrence, to appear in the Festschrift on the
occasion of the 75. birthday of Professor Janos Makowsky, Birkhäuser, (2025).
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Outline DID (3/35)

▷ References

▷ Outline

▷ Identity crises

▷ Large cardinals characterized by elementary embeddings

▷ Large large caridnals ordered by implication

▷ Ordered by implication, and by “normal measure one occurrence below”

▷ There are many super-almost-huge cardinals in Vκ for a huge κ

▷ Another (classical) DID with extendible cardinal

▷ From large cardinals to generic large cardinals

▷ From generic large cardinals to Laver-generic large cardinals

▷ Laver-generic large cardinals

▷ LgLCs imply strong mathematical reflection theorems

▷ LgLCs provide an integrated picture of axioms and principles of set theory

▷ LgLCs for extendible

▷ DID around LgLCs for extendible

▷ Consistency proof of LgLCs for extendible

▷ LgLCs
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Identity crises DID (4/35)

▶ One of M. Magidor’s classical theorems says that it is consistent
that the first strongly compact cardinal is equal to the first
measurable cardinal while it is also consistent (modulo a
supercompact cardinal) that the first strong compact cardinal is the
first supercompact cardinal. Magidor called this kind of phenomena
identity crises.

[Magidor] M. Magidor, How large is the first strongly compact cadinal? or a study

of identity cirses, AML, 10 (1976), 33-57.

▷ Similar kind of identity crisis is also studied in the recent paper:

[Hayut-Magidor-Poveda] Y. Hayut, M. Magidor, and A. Poveda, Identity crisis

between supercompactness and Vopěnka principle, JSL, Vol.87 (2), 2022, 626-648.

▶ In this talk, we study some cases of dissociative identity disorder
(DID, previously known as MPD (多重人格)) among large cardinals
(LCs) and Laver-generic large cardinal axioms (LgLCs) where the
apparent consistency strengths of certain LCs and LgLCs are shown
to be totally different from the actual consistency strengths.

https://pdf.sciencedirectassets.com/272681/1-s2.0-S0003484300X00563/1-s2.0-0003484376900243/main.pdf?X-Amz-Security-Token=IQoJb3JpZ2luX2VjEAEaCXVzLWVhc3QtMSJIMEYCIQCe9OjglM8u2RdnIOm2WkWMew6cOlOcvp6TRQM7TMhNwQIhAJ4T9RGBiel6ePK8LLW4jt%2Biovvuu%2FiQ1rcvE%2FTcMUxIKrwFCMr%2F%2F%2F%2F%2F%2F%2F%2F%2F%2FwEQBRoMMDU5MDAzNTQ2ODY1IgwCJV8YybBw1V1ZhI8qkAWrFVVuid9wm7KY9BcwaafpKYENoIbPk%2FbAHCXMT18OxCqBgJtYjGxjICUymNKQK3haA8yUf6LATsdb8yy7LXPTLwntDesF%2FJIiVy84hzi29xebIeG8xCINjF3mIA0q5g%2FyKHTswN6n9rvawt5O22Dir7copvJ%2BavI3vuua2ZW65r9FmPd1nro48VdloHOhVAMYNKEObWm3wmQhJ%2BwkQRxFU0Huu%2BcvPtXKGoMM8prp32szsKh0t2Crfvq8CQrO6DkbONyPFRCLYnhGU%2F8reVqNOsa2Fd%2BFcQHrSRjrWdZ%2BPZtJxusku0gaJdi%2Fp2ZGXTj95sRPzHHZ7OuGjEv%2FpMpIRYwB8lxZqQ%2BbSdfkHrutA3kx1jI78%2BGNUDIaC5m4RiRHsq76qteUP5ZZ%2B4K68dXYlFXHi2v7KU6RIaVYWcA%2B4FPH8ficgQ8EmDycBWtNv1FIt%2F%2FEQ%2BjQ0HbpSz9ubkMh89pbjY%2BeR%2FDX1sbKbqFP0P%2BGFz4469Z%2B2t81rAinnU6UEjl%2B959wO49KUWfnqgv56uxjadhsbUftqeXHx6MJ3frkMZdE1vLQZ2QnSV2DbTlg%2FjxdLmIiulyOsT9Kqoxs73xcgLD1NDTvr4JxpVBlvllxx8XnGc%2BmacyTJWODatfdOUGY%2FlDikF3zKzT0spSY9FJO8b0qfL%2F4U9VAtPeLb96dYLNiDk44PjjNi2QjmNE8d6M7Q0sxOxykKH09Bxro37QC7qkp8yMxk0H%2FF%2FOLzBKFBHNB80Yh41PMMgZGgrDPWQWocccaYqtcEIOaoyxvL9y3A%2BfzJTgGQyBhva1xsyVkVNK1TnKIFPiWggqNx49Wfd%2BxRprNo5k5OC0p0VnkQ9u2lZYXvQQSnUVgCIKGKDCE46K7BjqwAQe0uW9yWD%2FkGHpDTBFu0wgN5VCYyfCof2fBs90kJiFrN1PQTPm5NWnTOtR1SgZV8qK%2BHqFr1t5W00jHizJ12gO0bP78zsvwjEZazuv1cwH0Bqnu9Q%2B%2BdZC%2B0odoHkkDJbdXf0reN9HCMfCLgu24AD8%2FP6iVzAiB%2FnikMqjazcU6jz3xLiq39NhalKH4y%2FFpfQv6WZq4qEgq2dgiuK8CjHdhiAPUUDFBpbSW1d3eDERN&X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Date=20241223T013911Z&X-Amz-SignedHeaders=host&X-Amz-Expires=300&X-Amz-Credential=ASIAQ3PHCVTYT6COD3ON%2F20241223%2Fus-east-1%2Fs3%2Faws4_request&X-Amz-Signature=f4d017ddfcb4368b36a6aa4fa6b4f986d5728d0f8558700148153343122f026a&hash=d14d950b58efbc2d140b186b1aedead1d928db0cb1c07cc6405d18021249f62d&host=68042c943591013ac2b2430a89b270f6af2c76d8dfd086a07176afe7c76c2c61&pii=0003484376900243&tid=spdf-512217f6-825c-48d4-bbee-3d98a745daf7&sid=2627bb286498394e608ba1695ebad7480aecgxrqa&type=client&tsoh=d3d3LnNjaWVuY2VkaXJlY3QuY29t&ua=0c17560052570e55025b&rr=8f64a2e81bf9d3f9&cc=jp
https://pdf.sciencedirectassets.com/272681/1-s2.0-S0003484300X00563/1-s2.0-0003484376900243/main.pdf?X-Amz-Security-Token=IQoJb3JpZ2luX2VjEAEaCXVzLWVhc3QtMSJIMEYCIQCe9OjglM8u2RdnIOm2WkWMew6cOlOcvp6TRQM7TMhNwQIhAJ4T9RGBiel6ePK8LLW4jt%2Biovvuu%2FiQ1rcvE%2FTcMUxIKrwFCMr%2F%2F%2F%2F%2F%2F%2F%2F%2F%2FwEQBRoMMDU5MDAzNTQ2ODY1IgwCJV8YybBw1V1ZhI8qkAWrFVVuid9wm7KY9BcwaafpKYENoIbPk%2FbAHCXMT18OxCqBgJtYjGxjICUymNKQK3haA8yUf6LATsdb8yy7LXPTLwntDesF%2FJIiVy84hzi29xebIeG8xCINjF3mIA0q5g%2FyKHTswN6n9rvawt5O22Dir7copvJ%2BavI3vuua2ZW65r9FmPd1nro48VdloHOhVAMYNKEObWm3wmQhJ%2BwkQRxFU0Huu%2BcvPtXKGoMM8prp32szsKh0t2Crfvq8CQrO6DkbONyPFRCLYnhGU%2F8reVqNOsa2Fd%2BFcQHrSRjrWdZ%2BPZtJxusku0gaJdi%2Fp2ZGXTj95sRPzHHZ7OuGjEv%2FpMpIRYwB8lxZqQ%2BbSdfkHrutA3kx1jI78%2BGNUDIaC5m4RiRHsq76qteUP5ZZ%2B4K68dXYlFXHi2v7KU6RIaVYWcA%2B4FPH8ficgQ8EmDycBWtNv1FIt%2F%2FEQ%2BjQ0HbpSz9ubkMh89pbjY%2BeR%2FDX1sbKbqFP0P%2BGFz4469Z%2B2t81rAinnU6UEjl%2B959wO49KUWfnqgv56uxjadhsbUftqeXHx6MJ3frkMZdE1vLQZ2QnSV2DbTlg%2FjxdLmIiulyOsT9Kqoxs73xcgLD1NDTvr4JxpVBlvllxx8XnGc%2BmacyTJWODatfdOUGY%2FlDikF3zKzT0spSY9FJO8b0qfL%2F4U9VAtPeLb96dYLNiDk44PjjNi2QjmNE8d6M7Q0sxOxykKH09Bxro37QC7qkp8yMxk0H%2FF%2FOLzBKFBHNB80Yh41PMMgZGgrDPWQWocccaYqtcEIOaoyxvL9y3A%2BfzJTgGQyBhva1xsyVkVNK1TnKIFPiWggqNx49Wfd%2BxRprNo5k5OC0p0VnkQ9u2lZYXvQQSnUVgCIKGKDCE46K7BjqwAQe0uW9yWD%2FkGHpDTBFu0wgN5VCYyfCof2fBs90kJiFrN1PQTPm5NWnTOtR1SgZV8qK%2BHqFr1t5W00jHizJ12gO0bP78zsvwjEZazuv1cwH0Bqnu9Q%2B%2BdZC%2B0odoHkkDJbdXf0reN9HCMfCLgu24AD8%2FP6iVzAiB%2FnikMqjazcU6jz3xLiq39NhalKH4y%2FFpfQv6WZq4qEgq2dgiuK8CjHdhiAPUUDFBpbSW1d3eDERN&X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Date=20241223T013911Z&X-Amz-SignedHeaders=host&X-Amz-Expires=300&X-Amz-Credential=ASIAQ3PHCVTYT6COD3ON%2F20241223%2Fus-east-1%2Fs3%2Faws4_request&X-Amz-Signature=f4d017ddfcb4368b36a6aa4fa6b4f986d5728d0f8558700148153343122f026a&hash=d14d950b58efbc2d140b186b1aedead1d928db0cb1c07cc6405d18021249f62d&host=68042c943591013ac2b2430a89b270f6af2c76d8dfd086a07176afe7c76c2c61&pii=0003484376900243&tid=spdf-512217f6-825c-48d4-bbee-3d98a745daf7&sid=2627bb286498394e608ba1695ebad7480aecgxrqa&type=client&tsoh=d3d3LnNjaWVuY2VkaXJlY3QuY29t&ua=0c17560052570e55025b&rr=8f64a2e81bf9d3f9&cc=jp
https://scholar.harvard.edu/sites/scholar.harvard.edu/files/apoveda/files/identity-crisis-between-supercompactness-and-vpenkas-principle.pdf
https://scholar.harvard.edu/sites/scholar.harvard.edu/files/apoveda/files/identity-crisis-between-supercompactness-and-vpenkas-principle.pdf
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Large cardinals characterized by elementary embeddings DID (5/35)

▶ Most of the notions of large cardinals, in particular the notions of
large cardinals stronger than measurable cardinals, are characterized
as critical points of certain elementary embeddings. For example:

▷ A cardinal κ is said to be supercompact if and only if, for any

λ > κ, there are classes j , M ⊆ V s.t. (1) j : V
≺→κ M,[1] (2)

j(κ) > λ, and M is sufficiently closed, or more specifically:
(3) λM ⊆ M.

▷ The existence of j with the target model M can be considered as a
strong reflection property.

▶ Many notions of large cardinals are obtained by modifying the
definition of supercompact cardinals around the closedness
condition (3), and/or by changing “for all λ > κ” to “for some λ > κ”.

[1]With “j : V
≺→κ M” we denote the circumstance “M is a transitive class, j

is an elementary embedding of the class structure (V,∈) into the class structure
(M,∈), and κ is the critical point of j (i.e. κ = min{µ ∈ Card : j(µ) ̸= µ})”
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Large cardinals characterized by elementary embeddings (2/3) DID (6/35)

▷ A cardinal κ is said to be supercompact if and only if, for any

λ > κ, there are classes j , M ⊆ V s.t. (1) j : V
≺→κ M,(2)

j(κ) > λ, and M is sufficiently closed, or more specifically:
(3) λM ⊆ M.

▶ Many notions of large cardinals are obtained by modifying the
definition of supercompact cardinals around the closedness
condition (3), and/or by changing “for all λ > κ” to “for some λ > κ”.

▷ Thus, we obtain the definition of super-almost-huge cardinal by
replacing (3) with (3)’ j(κ)>M ⊆ M in the definition of
supercompactness.

▷ The definition of superhuge cardinal is obtained by replacing (3)
with (3)” j(κ)M ⊆ M in the definition of supercompactness.

A more comprehensive list:
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Large cardinals characterized by elementary embeddings (3/3) DID (7/35)

▷ A cardinal κ is said to be supercompact if and only if, for any

λ > κ, there are classes j , M ⊆ V s.t. (1) j : V
≺→κ M,(2)

j(κ) > λ, and M is sufficiently closed, or more specifically:
(3) λM ⊆ M.

▶ Many notions of large cardinals are obtained by modifying the
definition of supercompact cardinals around the closedness
condition (3), and/or by changing “for all λ > κ” to “for some λ > κ”.

The condition (3): λM ⊆ M
replaced by

“ for all λ > κ”
replaced by “ for some λ > κ”

hyperhuge j(λ)M ⊆ M -

ultrahuge j(κ)M ⊆ M and Vj(λ) ∈ M -

superhuge j(κ)M ⊆ M -

super-almost-huge j(κ)>M ⊆ M -

huge j(κ)M ⊆ M ✓
almost-huge j(κ)>M ⊆ M ✓
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Large large caridnals ordered by implication DID (8/35)

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい
<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

▶ By definition:

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A : “ if a cardinal κ is A then κ is B.”

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

: “ if a cardinal κ is A then there are cofinally many 0 < µ < κ

s.t. µ is B in Vκ”
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Large large cardinals ordered by implication (2/2) DID (9/35)

▶ The global character “for all λ > κ ...” of super-almost-huge
cardinal gives the impression that it might be much stronger than
hugeness in terms of consistency strength.

▷ However, we can show in the following:
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Ordered by implication, and by “normal measure one occurrence below” DID (10/35)
<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

: “ if a cardinal κ is A then there are cofinally many 0 < µ < κ
µ is B in Vκ”

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A: “ if a cardinal κ is with the large cardinal property A, then

there are normal measure one many λ with B in Vκ”.
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There are many super-almost-huge cardinals in Vκ for a huge κ DID (11/35)

Proposition 1. Suppose that κ is huge. Then,

{α < κ : Vκ |=“α is super almost-huge”}
is a normal measure 1 subset of κ.

Idea of Proof: Modify Theorem 24.11 in

[kanamori] Akihiro Kanamori, The Higher Infinite, Springer Verlag (2004)

to characterize super-almost hugeness. Then solve the
corresponding modification of Exercise 24.12 (see these slides for
more details).

□□ (Proposition 1.)

https://fuchino.ddo.jp/slides/2003_Book_TheHigherInfinite350-351.pdf
https://fuchino.ddo.jp/slides/kobe2023-06-05a-pf.pdf#page=7
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Another (classical) DID with extendible cardinal DID (12/35)

The condition (3): λM ⊆ M
replaced by

“ for all λ > κ”
replaced by “ for some λ > κ”

hyperhuge j(λ)M ⊆ M -

ultrahuge j(κ)M ⊆ M and Vj(λ) ∈ M -

superhuge j(κ)M ⊆ M -

super-almost-huge j(κ)>M ⊆ M -

huge j(κ)M ⊆ M ✓
almost-huge j(κ)>M ⊆ M ✓
extendible Vj(λ) ∈ M -
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Another (classical) DID with extendible cardinal (2/2) DID (13/35)
x

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい
<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="9hHZmftKICbpL6l4rYh+oylZp0M="></latexit>

extendible

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

: “ if a cardinal κ is A then there are cofinally many 0 < µ < κ
µ is B in Vκ”

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A: “ if a cardinal κ is with the large cardinal property A, then

there are normal measure one many λ with B in Vκ”.
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From large cardinals to generic large cardinals DID (14/35)

▶ Small cardinals like ℵ1, ℵ2, 2
ℵ0 cannot be a large cardinal! But

they can have many features of large cardinals by being generic
large cardinals.

▷ An important ingredient for the composition of the notion of
generic large cardinal is Proposition 22.4 (b) in [kanamori].

▶ For a class P of p.o.s, κ is said to be P-generic supercompact if,
for all λ > κ there is P ∈ P s.t. for a (V,P)-generic G there are

j M ⊆ V[G] s.t. j : V
≺→κ M, j(κ) > λ, and (3)∗ j ′′λ ∈ M.

▷ The equivalence in Proposition 22.4 (b) in [kanamori] is no more
valid in the generic elementary embedding context but (3)∗ is still a
closedness property of the target model M. This fact is summarized in
Lemma 3.5 in S.F., A.Ottenbreit Maschio Rodrigues, and H. Sakai [ II ].

▶ A small cardinal can be P-generic large cardinal. For example, in
the standard model of Proper Forcing Axiom (PFA), 2ℵ0 is P-generic
supercompact (for P = proper p.o.s).

https://fuchino.ddo.jp/slides/2003_Book_TheHigherInfinite317.pdf
https://fuchino.ddo.jp/slides/2003_Book_TheHigherInfinite317.pdf
https://fuchino.ddo.jp/papers/SDLS-II-x.pdf#page=10
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From generic large cardinals to Laver-generic large cardinals DID (15/35)

▶ A small cardinal can be P-generic large cardinal. For example, in
the standard model of Proper Forcing Axiom (PFA), 2ℵ0 is P-generic
supercompact (for P = proper p.o.s).

▷ Similarly, in the standard model of Martin’s Maximum (MM), 2ℵ0

is P-generic supercompact (for P = semi-proper p.o.s).

▶ Analyzing the standard model of PFA and Martin’s Maximum MM,
we obtain the notion of Laver-generic large cardinal:

▷ A cardinal κ is tightly P-Laver-generic supercompact if, for any λ > κ,
and for any P ∈ P , there is a P-name

∼
Q s.t. ‖– P “Q ∈ P ” and for any

(V,P ∗
∼
Q)-generic H, there are j , M ⊆ V[H] s.t. j : V

≺→κ M, j(κ) > λ,

P, P ∗
∼
Q, H ∈ M, (4) j ′′λ ∈ M, and (5) |RO(P ∗

∼
Q) | ≤ j(κ).

The word “tightly” refers to the condition (5).

▷ The P-Laver-generic large cardinal axiom for the notion of supercompact-
ness (P-LgLC for supercompact, for short) is the assertion that
κrefl := max{2ℵ0 ,ℵ2} is tightly P-Laver-generic supercompact cardinal.
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Laver-generic large cardinals DID (16/35)

▶ The condition “κ = κrefl ” is (almost) a consequence of Laver-gen.
supercompactness.

Proposition 2. (Theorem 5.9 in [ II ]) For P = σ-closed p.o.s, proper
p.o.s, semi-proper p.o.s, ccc p.o.s, etc., if κ is tightly P-Laver gen.
supercompact then κ = κrefl .

▶ Along with the hierarchy of large cardinals, we can introduce
corresponding LgLC by modifying the condition (4) in the definition
of P-LgLC for supercompact.

P-LgLC for
The condition (4): j ′′λ ∈ M
is replaced by

hyperhuge j ′′j(λ) ∈ M

ultrahuge j ′′j(κ) ∈ M and Vj(λ)
V[H] ∈ M

superhuge j ′′j(κ) ∈ M

super-almost-huge j ′′j(µ) ∈ M for all µ < j(κ)

https://fuchino.ddo.jp/papers/SDLS-II-x.pdf#page=41
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Laver-generic large cardinals (2/3) DID (17/35)

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

▶ By definition:

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A : “ the axiom A implies the axiom B”

▶ By Theorem 5.3 in S.F., and T.Usuba [ S.F. & Usuba ], it follows
that P-LgLC for hyperhuge, and for transfinitely iterable P is
equiconsistent with the existence of an hyperhuge cardinal.

https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=31
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Laver-generic large cardinals (3/3) DID (18/35)
<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい
<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

<latexit sha1_base64="AEoVTac2O06ZonPAbp5LZ3aUq04="></latexit>

B A

<latexit sha1_base64="RVvyMbm3D25oZVmmWCO8BJbLlHI="></latexit>

9 a hyperhuge
cardinal

Theorem 5.3 in [ S.F.& Usuba ]

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A : “ the axiom A implies the axiom B”

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4=">AAACsXicbVFNb9QwEPWGr1I+ugVuXCxWSD2gzaZIheMWLlwqFbVpFzWrZexMdq04cWRPUJdoj/wPrvCP+Dc46Qq1W8ay9Pxmnu2ZJyqtHI1Gf3rBnbv37j/Yerj96PGTpzv93WdnztRWYiyNNnYiwKFWJcakSOOksgiF0Hgu8o9t/vwbWqdMeUr LCqcFzEuVKQnkqVn/ReIy/iHh19fhrD8YDUdd8NsgWoMBW8fxbLf3I0mNrAssSWpw7iIaVfSmrjQQXk4bsKSkxtV2UjusQOYwxwsPSyjQTZuujRV/7ZmUZ8b6XRLv2OuKBgrnloXwlQXQwm3mWvK/ubmFaqHkpX+/gBzBT4kI/d0pZokXCtG05eNWObemrnhyNI554h87PDoR/2SGFnjzR0IYna42qGKjT8reTxtVVjVhKa/azGrNyfDWEZ4qi5L00gOQVvlJcbkAC9J/0ffRCZswdv4UnkAOOIvCU5yE3WwVhd7R2pqhP6y8cdGmTbfB2f4wOhgefN4fjPfWFm6xl+wV22MRe8fG7BM7ZjGT7Dv7yX6x38Hb4EvwNRBXpUFvrXnObkSQ/wV2mNWO</latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4=">AAACsXicbVFNb9QwEPWGr1I+ugVuXCxWSD2gzaZIheMWLlwqFbVpFzWrZexMdq04cWRPUJdoj/wPrvCP+Dc46Qq1W8ay9Pxmnu2ZJyqtHI1Gf3rBnbv37j/Yerj96PGTpzv93WdnztRWYiyNNnYiwKFWJcakSOOksgiF0Hgu8o9t/vwbWqdMeUr LCqcFzEuVKQnkqVn/ReIy/iHh19fhrD8YDUdd8NsgWoMBW8fxbLf3I0mNrAssSWpw7iIaVfSmrjQQXk4bsKSkxtV2UjusQOYwxwsPSyjQTZuujRV/7ZmUZ8b6XRLv2OuKBgrnloXwlQXQwm3mWvK/ubmFaqHkpX+/gBzBT4kI/d0pZokXCtG05eNWObemrnhyNI554h87PDoR/2SGFnjzR0IYna42qGKjT8reTxtVVjVhKa/azGrNyfDWEZ4qi5L00gOQVvlJcbkAC9J/0ffRCZswdv4UnkAOOIvCU5yE3WwVhd7R2pqhP6y8cdGmTbfB2f4wOhgefN4fjPfWFm6xl+wV22MRe8fG7BM7ZjGT7Dv7yX6x38Hb4EvwNRBXpUFvrXnObkSQ/wV2mNWO</latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4=">AAACsXicbVFNb9QwEPWGr1I+ugVuXCxWSD2gzaZIheMWLlwqFbVpFzWrZexMdq04cWRPUJdoj/wPrvCP+Dc46Qq1W8ay9Pxmnu2ZJyqtHI1Gf3rBnbv37j/Yerj96PGTpzv93WdnztRWYiyNNnYiwKFWJcakSOOksgiF0Hgu8o9t/vwbWqdMeUr LCqcFzEuVKQnkqVn/ReIy/iHh19fhrD8YDUdd8NsgWoMBW8fxbLf3I0mNrAssSWpw7iIaVfSmrjQQXk4bsKSkxtV2UjusQOYwxwsPSyjQTZuujRV/7ZmUZ8b6XRLv2OuKBgrnloXwlQXQwm3mWvK/ubmFaqHkpX+/gBzBT4kI/d0pZokXCtG05eNWObemrnhyNI554h87PDoR/2SGFnjzR0IYna42qGKjT8reTxtVVjVhKa/azGrNyfDWEZ4qi5L00gOQVvlJcbkAC9J/0ffRCZswdv4UnkAOOIvCU5yE3WwVhd7R2pqhP6y8cdGmTbfB2f4wOhgefN4fjPfWFm6xl+wV22MRe8fG7BM7ZjGT7Dv7yX6x38Hb4EvwNRBXpUFvrXnObkSQ/wV2mNWO</latexit>

B A

<latexit sha1_base64="oci6cAMuj05YOsLt8BqxOc9oAtg="></latexit>

super C(1)-P-LgLC for extendible
<latexit sha1_base64="Pj1MVYH2eEWxjodS6xnQYzGtoa8="></latexit>

P-LgLC for extendible

<latexit sha1_base64="JMcCpjIRfrOjc5dxl8pyUXxqIh0="></latexit>

super C(1)-P-LgLC for ultrahuge

<latexit sha1_base64="P79V5H1OJW6gx3qusuEvn4UNxhs="></latexit>

super C(1)-P-LgLC for hyperhuge
<latexit sha1_base64="QqzhCGQf2fbbrN3F/owQhAo0gJU="></latexit>

9 a hyperhuge
cardinal

<latexit sha1_base64="Db2jOgqBPFVjz1SnKWBj/rgH6dc="></latexit>

9 an extendible
cardinal

<latexit sha1_base64="riZQ6Tu5SFEAb0eFyYRU7I0VIBg="></latexit>

9 an almost-huge
cardinal

<latexit sha1_base64="nTLkGhFTgGBQIbGAZ1G6fyIrjZc=">AAADA3icbVLLbhMxFHWGVwmvFJZsLBKkINEk00VhGdQNm0pFbdpIcYjueO5kTDz2yPagRKNZ9mvYIbb8AT/Ab7CFBc40AppyJUvH597j+3KUS2HdYPC9Edy4eev2nZ27zXv3Hzx81Np9fGZ1YTiOuJbajCOwKIXCkRNO4jg3CFkk8TxaHK795x/ RWKHVqVvlOM1grkQiODhPzVoJq98oI1lgxZQWKkblOgyXPrftUKC2yNHQzuH7ssuEStzqRdXZS9dkWsyRscleyD5oN22yPAXldFb+VVccTCwUyFmrPegNaqPXQbgBbbKx49lu44LFmheZr4ZLsHYSDnL3ssglOFxOSzBOcIlVkxUWc+ALmOPEQwUZ2mlZN1XR556JaaKNP8rRmv1XUUJm7SqLfGQGLrXbvjX5X9/cQJ4KvvT5M1gg+Lk7h/7tGBPmhVFUrsOHa+Xc6CKn7Gg4oswne3N0Ev2RaZfi1YqiSMu42qKyrT5d8npaCpUXDhW/bDMpJHWarndMY2GQO7nyALgRflKUp2CA+xJ9H7Ww7I+sv/VPYAE4C/unOO7XsxWu7/9IYXTPXyq/uHB7TdfB2X4vPOgdvNtvD7ubFe6Qp+QZ6ZKQvCJD8pYckxHh5Bv5QX6SX8FF8Cn4HHy5DA0aG80TcsWCr78BKh75sA==</latexit>

9 a super C(1)-huperhuge
cardinal

<latexit sha1_base64="sDFYT+8vXwYkOJGeGIMfT2QxMck="></latexit>

9 a 2-huge
cardinal

: “the axioms A and B are equi-consistent.”

▶ P-LgLC for hyperhuge, for transfinitely iterable P is one of only few families
of strong axioms of set-theory whose exact consistency strength is known.

https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=31
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LgLCs imply strong mathematical reflection theorems DID (19/35)

Proposition 3. (ccc-LgLC for supercompact) For any non-free algebra
A (in universal algebra) there is non-free subalgebra B of A of size
< 2ℵ0 .

Proof. Note that ccc-LgLC for supercompact implies that the
continuum is extremely large and hence κrefl = 2ℵ0 .

▶ Suppose toward a contradiction, that A is a non-free algebra s.t. all
subalgebras of A of size < 2ℵ0 are free.

▶ Let λ := 2|A |. W.l.o.g., the underlying set of A is µ < λ. Let P be
a ccc p.o. adding λ′ ≥ λ many reals and let

∼
Q be a P-name of a

ccc p.o. s.t. for a (V,P ∗
∼
Q)-generic H, there are j , M ⊆ V[H] as in

the definition of ccc-LgLC with the critical point κ = 2ℵ0 .

▶ Then A ∈ M. Since M |= A ≤ j(A) and M |= |A | < j(κ) = 2ℵ0 .,
by elementarity, it follows that M |= A is free.

▶ On the other hand, since P ∗
∼
Q is ccc, V[H] |= A is not free. Hence

M |= A is not free. This is a contradiction,. □□ (Proposition 3)
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LgLCs imply strong mathematical reflection theorems (2/3) DID (20/35)

Proposition 4. (Cohen-LgLC for supercompact) Any non-metrizable
topological space X with character < 2ℵ0 has a non-metrizable
subspace Y of size < 2ℵ0 .

Proof. Similarly to Proposition 3. Using a result of Dow, Tall, and
Weiss, Cohen forcing preserve non-metrizability of a topological space.

□□ (Proposition 3.)

Proposition 5. (1) For any σ-closed generically supercompact cardi-
nal κ, if T is non-special tree then there is T ′ ∈ [T ]<κ which is
also non-special.

(2) If σ-closed-LgLC for supercompact holds, then Rado Conjecture
(RC) holds.

(3) If P contains all ccc p.o.s, then P-LgLC for supercompact implies ¬RC.
Proof. (1),(2): Similarly to Proposition 3. Using the fact that

σ-closed p.o.s preserve non-specialty of trees (Todorcévic).
(3): Since MA implies ¬RC and by Theorem 6 below. □□ (Proposition 5)
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LgLCs imply strong mathematical reflection theorems (3/3) DID (21/35)

Theorem 6. (Theorem 5.7 in S.F., A.Ottenbreit Maschio Rodrigues, and H. Sakai [ II ])
(P-LgLC for supercompact for a stationary preserving P)

MA+<κrefl (P) holds. □□

Corollary 7. Suppose that P is stationary preserving and contains
all σ-closed p.o.s. Then P-LgLC for supercompact implies the
Fodor-type Reflection Principle (FRP).

Proof. By Theorem 6, it follows that P-LgLC implies MA+(σ-closed).

It is known that this principle implies FRP (See Section 2 of S.F.,

I.Juhász, L.Soukup, Z.Szentmiklóssy and T.Usuba, Fodor-type Reflection

Principle and reflection of metrizability and meta-Lindelöfness ). □□ (Corollary 7)

▶ In contrast:

Proposition 8. FRP is independent over P-LgLC for supercompact
(actually for any large cardinal property) for any class P of ccc
p.o.s as far as the axiom “P-LgLC for supercompact” is consistent.□□

https://fuchino.ddo.jp/papers/SDLS-II-x.pdf#page=39
https://fuchino.ddo.jp/papers/ssmL-erice-x.pdf#page=7
https://fuchino.ddo.jp/papers/ssmL-erice-x.pdf#page=7
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LgLCs provide an integrated picture of axioms and principles of set theory DID (22/35)

Theorem 6. (Theorem 5.7 in S.F., A.Ottenbreit Maschio Rodrigues, and H. Sakai [ II ])
(P-LgLC for supercompact for stationary preserving P)

MA+<κrefl (P) holds. □□

Theorem 9. ([S.F.& Usuba], see Theorem 6.1 in [S.F.&Gappo&Parente])

(P-LgLC for ultrahuge) The restricted version of Recurrence Axiom
(P,H(κrefl ))Γ-RcA

+ holds for Γ = conjunctions of Σ2 and Π2 formulas. □□

Theorem 10. (Theorem 7.2 in [ S.F.1 ]) (P-LgLC for ultrahuge)
The Unbounded Resurrection Axiom for P of Tsaprounis [Tsaprounis]
holds. □□

Theorem 11. (Theorem 4.10 in [S.F.& Usuba]) (Super-C (∞)-P-LgLC
for ultrahuge) The Maximality Principle (Hamkins [Hamkins1])
MP(P,H(κrefl )) holds. □□

https://fuchino.ddo.jp/papers/SDLS-II-x.pdf#page=39
https://fuchino.ddo.jp/papers/generic-absoluteness-revisited-x.pdf#page=41
https://fuchino.ddo.jp/papers/RIMS2022-RA-MP-x.pdf#34
https://www.jstor.org/stable/43864237
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=23
https://www.jstor.org/stable/4147695
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LgLCs provide an integrated picture of axioms and principles of set theory (2/2) DID (23/35)

Theorem 12. (Theorems 5.2 and 5.3 in [S.F.& Usuba])

(P-LgLC for hyperhuge (for any P)) The bedrock exists and κrefl is
hyperhuge in the bedrock. Note that this implies ¬GA. □□

Theorem 13. (1) (Proposition 2.8 in [ II ]) Suppose that κ is P-
generically supercompact and all elements of P are µ-cc for a
cardinal µ. Then Singular Cardinal Hypothesis (SCH) above
max{2<κ, µ} holds.

(2) (Corollary 5.2 in [S.F.& Usuba] ) (P-LgLC for hyperhuge (for an
arbitrary P)) There are class many huge cardinals, and SCH
holds above some cardinal.

Proof. (1): A modification of the proof of Solovay’s theorem on SCH
above a supercompact cardinal will do.

(2): By Theorem 12. □□ (Theorem 13)

https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=27
https://fuchino.ddo.jp/papers/SDLS-II-x.pdf#page=39
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=32
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LgLCs for extendible DID (24/35)

▶ A cardinal κ is tightly P-Laver generically extendible if if, for any λ > κ,
and for any P ∈ P , there is a P-name

∼
Q s.t. ‖– P “Q ∈ P ” and for any

(V,P ∗
∼
Q)-generic H, there are j , M ⊆ V[H] s.t. j : V

≺→κ M, j(κ) > λ,

(1): V
V[H]
j(λ) ∈ M, and (2): |RO(P ∗

∼
Q) | ≤ j(κ).

▷ The P-Laver-generic large cardinal axiom for the notion of extendibility
(P-LgLC for extendible, for short) is the assertion that κrefl is tightly
P-Laver-generic extendible cardinal.

▶ A cardinal κ is tightly super-C (∞)-P-Laver generically extendible if, for
any n ∈ N, λ0 > κ, and P ∈ P , there are λ ≥ λ0 and a P-name

∼
Q s.t.

Vλ ≺Σn V, ‖– P “Q ∈ P ” and for any (V,P ∗
∼
Q)-generic H, there are j ,

M ⊆ V[H] s.t. (3): Vj(λ)
V[H] ≺Σn V[H], j : V

≺→κ M, j(κ) > λ,

(1): V
V[H]
j(λ) ∈ M, and (2): |RO(P ∗

∼
Q) | ≤ j(κ).

▷ The super-C (∞)-P-Laver-generic large cardinal axiom for the notion of
extendibility (super-C (∞)-P-LgLC for extendible, for short) is the asser-
tion that κrefl is tightly super C (∞)-P-Laver-generic extendible cardinal.
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LgLCs for extendible (2/2) DID (25/35)

▶ Note that, in general, “κ is tightly super-C (∞)-P-Laver generically
extendible” is not formalizable in the language of ZF. In contrast,
the axiom “super-C (∞)-P-LgLC for extendible” is formalizable in
the language of ZF in infinitely many formulas. This is because the
axiom refers to the definable cardinal κrefl .

P-LgLC for
The condition (4): j ′′λ ∈ M
is replaced by

hyperhuge j ′′j(λ) ∈ M

ultrahuge j ′′j(κ) ∈ M and Vj(λ)
V[H] ∈ M

superhuge j ′′j(κ) ∈ M

super-almost-huge j ′′j(µ) ∈ M for all µ < j(κ)

extendible Vj(λ)
V[H] ∈ M
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DID around LgLCs for extendible DID (26/35)

▶ In Theorems 9 and 11, P-LgLC for ultrahuge, and
super-C (∞)-P-LgLC for ultrahuge can be replaced by P-LgLC for
extendible, and super-C (∞)-P-LgLC for extendible, respectively.

▶ In the proof of Theorem 10, it seems that P-LgLC for ultrahuge is
used in its full strength. However we have

Theorem 14. (Theorem 7.1 in [ S.F.1 ]) (P-LgLC for extendible)
The Boldface Resurrection Axiom for P of Hamkins [Hamkins2]
holds. □□

▶ P-LgLC for extendible has consistency strength below that of an
extendible cardinal (see Theorem 15 below).

▶ Super-C (∞)-P-LgLC for extendible have consistency strength
strictly less than that of an almost-huge cardinal (see Conjecture 16 ).

https://fuchino.ddo.jp/papers/RIMS2022-RA-MP-x.pdf#32
https://www.jstor.org/stable/4147695
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DID around LgLCs for extendible (2/2) DID (27/35)

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="RVvyMbm3D25oZVmmWCO8BJbLlHI="></latexit>

9 a hyperhuge
cardinal

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="oci6cAMuj05YOsLt8BqxOc9oAtg="></latexit>

super C(1)-P-LgLC for extendible
<latexit sha1_base64="Pj1MVYH2eEWxjodS6xnQYzGtoa8="></latexit>

P-LgLC for extendible

<latexit sha1_base64="JMcCpjIRfrOjc5dxl8pyUXxqIh0="></latexit>

super C(1)-P-LgLC for ultrahuge

<latexit sha1_base64="P79V5H1OJW6gx3qusuEvn4UNxhs="></latexit>

super C(1)-P-LgLC for hyperhuge

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A : “ the axiom A implies the axiom B”

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4=">AAACsXicbVFNb9QwEPWGr1I+ugVuXCxWSD2gzaZIheMWLlwqFbVpFzWrZexMdq04cWRPUJdoj/wPrvCP+Dc46Qq1W8ay9Pxmnu2ZJyqtHI1Gf3rBnbv37j/Yerj96PGTpzv93WdnztRWYiyNNnYiwKFWJcakSOOksgiF0Hgu8o9t/vwbWqdMeUr LCqcFzEuVKQnkqVn/ReIy/iHh19fhrD8YDUdd8NsgWoMBW8fxbLf3I0mNrAssSWpw7iIaVfSmrjQQXk4bsKSkxtV2UjusQOYwxwsPSyjQTZuujRV/7ZmUZ8b6XRLv2OuKBgrnloXwlQXQwm3mWvK/ubmFaqHkpX+/gBzBT4kI/d0pZokXCtG05eNWObemrnhyNI554h87PDoR/2SGFnjzR0IYna42qGKjT8reTxtVVjVhKa/azGrNyfDWEZ4qi5L00gOQVvlJcbkAC9J/0ffRCZswdv4UnkAOOIvCU5yE3WwVhd7R2pqhP6y8cdGmTbfB2f4wOhgefN4fjPfWFm6xl+wV22MRe8fG7BM7ZjGT7Dv7yX6x38Hb4EvwNRBXpUFvrXnObkSQ/wV2mNWO</latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4=">AAACsXicbVFNb9QwEPWGr1I+ugVuXCxWSD2gzaZIheMWLlwqFbVpFzWrZexMdq04cWRPUJdoj/wPrvCP+Dc46Qq1W8ay9Pxmnu2ZJyqtHI1Gf3rBnbv37j/Yerj96PGTpzv93WdnztRWYiyNNnYiwKFWJcakSOOksgiF0Hgu8o9t/vwbWqdMeUr LCqcFzEuVKQnkqVn/ReIy/iHh19fhrD8YDUdd8NsgWoMBW8fxbLf3I0mNrAssSWpw7iIaVfSmrjQQXk4bsKSkxtV2UjusQOYwxwsPSyjQTZuujRV/7ZmUZ8b6XRLv2OuKBgrnloXwlQXQwm3mWvK/ubmFaqHkpX+/gBzBT4kI/d0pZokXCtG05eNWObemrnhyNI554h87PDoR/2SGFnjzR0IYna42qGKjT8reTxtVVjVhKa/azGrNyfDWEZ4qi5L00gOQVvlJcbkAC9J/0ffRCZswdv4UnkAOOIvCU5yE3WwVhd7R2pqhP6y8cdGmTbfB2f4wOhgefN4fjPfWFm6xl+wV22MRe8fG7BM7ZjGT7Dv7yX6x38Hb4EvwNRBXpUFvrXnObkSQ/wV2mNWO</latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4=">AAACsXicbVFNb9QwEPWGr1I+ugVuXCxWSD2gzaZIheMWLlwqFbVpFzWrZexMdq04cWRPUJdoj/wPrvCP+Dc46Qq1W8ay9Pxmnu2ZJyqtHI1Gf3rBnbv37j/Yerj96PGTpzv93WdnztRWYiyNNnYiwKFWJcakSOOksgiF0Hgu8o9t/vwbWqdMeUr LCqcFzEuVKQnkqVn/ReIy/iHh19fhrD8YDUdd8NsgWoMBW8fxbLf3I0mNrAssSWpw7iIaVfSmrjQQXk4bsKSkxtV2UjusQOYwxwsPSyjQTZuujRV/7ZmUZ8b6XRLv2OuKBgrnloXwlQXQwm3mWvK/ubmFaqHkpX+/gBzBT4kI/d0pZokXCtG05eNWObemrnhyNI554h87PDoR/2SGFnjzR0IYna42qGKjT8reTxtVVjVhKa/azGrNyfDWEZ4qi5L00gOQVvlJcbkAC9J/0ffRCZswdv4UnkAOOIvCU5yE3WwVhd7R2pqhP6y8cdGmTbfB2f4wOhgefN4fjPfWFm6xl+wV22MRe8fG7BM7ZjGT7Dv7yX6x38Hb4EvwNRBXpUFvrXnObkSQ/wV2mNWO</latexit>

B A

<latexit sha1_base64="oci6cAMuj05YOsLt8BqxOc9oAtg="></latexit>

super C(1)-P-LgLC for extendible
<latexit sha1_base64="Pj1MVYH2eEWxjodS6xnQYzGtoa8="></latexit>

P-LgLC for extendible

<latexit sha1_base64="JMcCpjIRfrOjc5dxl8pyUXxqIh0="></latexit>

super C(1)-P-LgLC for ultrahuge

<latexit sha1_base64="P79V5H1OJW6gx3qusuEvn4UNxhs="></latexit>

super C(1)-P-LgLC for hyperhuge
<latexit sha1_base64="QqzhCGQf2fbbrN3F/owQhAo0gJU="></latexit>

9 a hyperhuge
cardinal

<latexit sha1_base64="Db2jOgqBPFVjz1SnKWBj/rgH6dc="></latexit>

9 an extendible
cardinal

<latexit sha1_base64="riZQ6Tu5SFEAb0eFyYRU7I0VIBg="></latexit>

9 an almost-huge
cardinal

<latexit sha1_base64="nTLkGhFTgGBQIbGAZ1G6fyIrjZc=">AAADA3icbVLLbhMxFHWGVwmvFJZsLBKkINEk00VhGdQNm0pFbdpIcYjueO5kTDz2yPagRKNZ9mvYIbb8AT/Ab7CFBc40AppyJUvH597j+3KUS2HdYPC9Edy4eev2nZ27zXv3Hzx81Np9fGZ1YTiOuJbajCOwKIXCkRNO4jg3CFkk8TxaHK795x/ RWKHVqVvlOM1grkQiODhPzVoJq98oI1lgxZQWKkblOgyXPrftUKC2yNHQzuH7ssuEStzqRdXZS9dkWsyRscleyD5oN22yPAXldFb+VVccTCwUyFmrPegNaqPXQbgBbbKx49lu44LFmheZr4ZLsHYSDnL3ssglOFxOSzBOcIlVkxUWc+ALmOPEQwUZ2mlZN1XR556JaaKNP8rRmv1XUUJm7SqLfGQGLrXbvjX5X9/cQJ4KvvT5M1gg+Lk7h/7tGBPmhVFUrsOHa+Xc6CKn7Gg4oswne3N0Ev2RaZfi1YqiSMu42qKyrT5d8npaCpUXDhW/bDMpJHWarndMY2GQO7nyALgRflKUp2CA+xJ9H7Ww7I+sv/VPYAE4C/unOO7XsxWu7/9IYXTPXyq/uHB7TdfB2X4vPOgdvNtvD7ubFe6Qp+QZ6ZKQvCJD8pYckxHh5Bv5QX6SX8FF8Cn4HHy5DA0aG80TcsWCr78BKh75sA==</latexit>

9 a super C(1)-huperhuge
cardinal

<latexit sha1_base64="sDFYT+8vXwYkOJGeGIMfT2QxMck="></latexit>

9 a 2-huge
cardinal

: “the axioms A and B are equi-consistent.”
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Consistency proof of LgLCs for extendible DID (28/35)

▶ The following theorem was suggested by Gabe Goldberg:

Theorem 15. Suppose that κ is extendible. Then for many natural
classes P of p.o.s consisting of stationary preserving p.o.s (includ-
ing the class of all ccc p.o.s, all σ-closed p.o.s, all proper p.o.s, all
semi-proper p.o.s, etc.), there is a p.o. Pκ s.t.
‖–Pκ “κ = κrefl and κ is tightly P-Laver generic extendible ”.[2]

Lemma 15.0. If κ is extendible then there are class many measurable
cardinals.

Proof. If κ is extendible then it is supercompact (Proposition 23.6 in

[kanamori]). Hence, in particular κ is measurable. If j0 : Vγ
≺→κ Vδ

with j0(κ) > γ then Vδ |=“ there is a normal ultrafilter over j0(κ)”
by elementarity. Since the normal ultrafilter over j0(κ) in Vδ is
really a normal ultrafilter, j0(κ) is measurable. □□ (Lemma 15.0)

[2]The corresponding theorem for the super C (∞)-P-Laver generic
ultrahugeness can be formulated for all transfinitely iterable classes P.
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Consistency proof of LgLCs for extendible (2/6) DID (29/35)

▶ We call a mapping f : M → N cofinal (in N) if for all b ∈ N there
is a ∈ M s.t. b ∈ f (a).

Lemma 15.1. (A special case of Lemma 6 in [S.F. & Sakai]) For

any cardinal θ and j0 : H(θ)
≺→ N, letting N0 =

∪
j0

′′H(θ), we

have j0 : H(θ)
≺→ N0 and j0 is cofinal in N0. □□

Lemma 15.2. (A special case of Lemma 7 in [S.F. & Sakai]) For

any regular cardinal θ and cofinal j0 : H(θ)
≺→ N, there are j ,

M ⊆ V s.t. j : V
≺→ M, N ⊆ M, and j0 ⊆ j . □□

Lemma 15.3. For a cardinal κ, the following are equivalent:
( a ) κ is extendible. ( b ) For all λ > κ, there are j , M s.t.

j : V
≺→κ M s.t. j(κ) > λ and Vj(λ) ∈ M.

Proof. (b) ⇒ (a) is trivial. The other direction follows from Lemma
15.0, Lemma 15.1, and Lemma 15.2. □□ (Lemma 15.3)

https://fuchino.ddo.jp/papers/definability-of-glc-x.pdf#page=10
https://fuchino.ddo.jp/papers/definability-of-glc-x.pdf#page=11
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Consistency proof of LgLCs for extendible (3/6) DID (30/35)

Lemma 15.4. An extendible cardinal κ admits a Laver-function. I.e.,
there is a mapping f : κ → Vκ s.t. for any x , and λ > κ there are

j , M s.t. j : V
≺→κ M s.t. j(κ) > λ, Vj(λ) ∈ M and j(f )(κ) = x .[3]

Proof. A modification of the proof of Theorem 20.21 in
[Millennium book] (Th. Jech, Set Theory, The Third Millennium Edition) will do.

▶ Assume, toward a contradiction, that there is no Laver function
f : κ → Vκ.

▷ Let φ(f ) be the formula

∃α∃δ∃x ( f : α → Vα ∧ α < δ ∧ δ is inaccessible ∧ x ∈ Vδ

∧ ∀δ′∀j ( j : Vδ
≼→ Vδ′ ∧ j is cofinal in Vδ′ → j(f )(α) 6= x))

▷ If φ(f ) holds then the witness of α in φ(f ) is uniquely determined.
In this case, let δf and xf be witnesses for δ and x in φ(x). Let
µf := rank(xf ). We choose δf , xf and µf so that δf minimal
among the possible witnesses of δ and xf is chosen so that µf is
minimal. ▷ If φ(f ) does not hold, we let δf := 0 and µf := 0.
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Consistency proof of LgLCs for extendible (4/6) DID (31/35)

⊕ By assumption, we have φ(f ) for all f : κ → Vκ.
▶ Let ν be an inaccessible cardinal

≥ max{δf , µf : f : α → Vα for inaccessible α ≤ κ}.
▷ Let j∗ : V

≺→κ M be s.t. (1†): j∗(κ) > ν and (2†): Vν ∈ M.
▷ Let A := {α < κ : ∀f ( f : α → Vα → φ(f ))}.
▶ By assumption, V |=“ ∀f (f : κ → Vκ → φ(f ))”. By (2†), it follows that
▷ M |=“ ∀f (f : κ → Vκ → φ(f ))”. Thus we have M |= j∗(A) 3 κ.
▶ Let f ∗ : κ → Vκ be defined by

f ∗(α) :=

{
xf ∗↾α, if α ∈ A;

∅, otherwise.

▶ Let x∗ := j∗(f ∗)(κ). ▷ By definition of f ∗, by ⊕, and since
j(f ∗) ↾ κ = f ∗, x∗ together with δf ∗ and µf ∗ witnesses φ(f ∗).
(x∗ may be different from xf ∗ but this does not matter.)

▶ In particular, x∗ 6= ((j∗ ↾ Vδf ∗ )(f
∗)(κ) = j(f ∗)(κ). This is a

contradiction. □□ (Lemma 15.4)
[3] Lemma 15.4 is well-known. See e.g. [corraza]. I go through the details of

the proof in the present setting so that I can reuse them in the future proof of
Conjecture 16 .

https://www.jstor.org/stable/2586614
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Consistency proof of LgLCs for extendible (5/6) DID (32/35)

A (sketch of a) proof of Theorem 15: ▶ We show the Theorem for
the case that P is the class of all proper p.o.s. ▶ Let f be a Laver
function for extendible cardinal κ (f exists by Lemma 15.2).

▶ Let 〈Pα, ∼
Qβ : α ≤ κ, β < κ〉 be an CS-iteration of elements of P

s.t.

∼
Qβ :=


f (β), if f (β) is a Pβ-name

and ‖–Pβ
“ f (β) ∈ P ”;

Pβ-name of the trivial forcing, otherwise.

▶ We show that ‖–Pκ “P-LgLC for extendible ”.

▷ First, note that ‖–Pκ “κ = 2ℵ0 = κrefl ” by definition of Pκ.

▷ Let Gκ be a (V,Pκ)-generic filter. In V[Gκ], suppose that P ∈ P
and let ∼P be a Pκ-name for P.

▷ Suppose that λ > κ. By Lemma 15.0, there is an inaccessible

λ∗ > λ. Let j : V
≺→κ M be s.t. (1*): j(κ) > λ∗, (2*): Vj∗(λ∗) ∈ M

and (3*): j(f )(κ) = ∼P. (This is possible since f is a Laver function for extendible κ.)
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Consistency proof of LgLCs for extendible (6/6) DID (33/35)

▶ In M, there is a Pκ ∗ ∼P-name
∼
Q s.t. ‖–Pκ∗P∼“Q ∈ P and

∼
Q is the

direct limit of CS-iteration of small p.o.s in P of length j(κ), and
Pκ ∗ ∼P ∗

∼
Q ∼ j(Pκ) ”, ▷ By (2*), the same situation holds in V.

▷ We have j(Pκ)/Gκ ∼ P ∗
∼
Q.

Here, we are identifying
∼
Q with

corresponding P-name.

▶ Let H be (V, j(Pκ))-generic filter with Gκ ⊆ H.

▶ The lifting j̃ : V[Gκ]
≺→κ M[H]; ∼a[Gκ] 7→ j(∼a)[H] witnesses that

κ = (κrefl )
V[Gκ] is tightly P-Laver generic extendible. For this, it

suffices to show:

Claim 15.5 Vα
V[H] ∈ M[H] for all α ≤ j(λ).

` By induction on α ≤ j(λ). The successor step from α < j(λ) to
α+ 1 can be proved by showing that Pκ-names of subsets of
Vα

V[H] can be chosen as elements of M. This is possible because of
(2*). a (Claim 15.5.)

□□ (Theorem 15)



‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

‌

LgLCs DID (34/35)

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="oci6cAMuj05YOsLt8BqxOc9oAtg="></latexit>

super C(1)-P-LgLC for extendible
<latexit sha1_base64="Pj1MVYH2eEWxjodS6xnQYzGtoa8="></latexit>

P-LgLC for extendible

<latexit sha1_base64="JMcCpjIRfrOjc5dxl8pyUXxqIh0="></latexit>

super C(1)-P-LgLC for ultrahuge

<latexit sha1_base64="P79V5H1OJW6gx3qusuEvn4UNxhs="></latexit>

super C(1)-P-LgLC for hyperhuge
<latexit sha1_base64="QqzhCGQf2fbbrN3F/owQhAo0gJU="></latexit>

9 a hyperhuge
cardinal

<latexit sha1_base64="Db2jOgqBPFVjz1SnKWBj/rgH6dc="></latexit>

9 an extendible
cardinal

<latexit sha1_base64="riZQ6Tu5SFEAb0eFyYRU7I0VIBg="></latexit>

9 an almost-huge
cardinal

<latexit sha1_base64="nTLkGhFTgGBQIbGAZ1G6fyIrjZc="></latexit>

9 a super C(1)-huperhuge
cardinal

<latexit sha1_base64="sDFYT+8vXwYkOJGeGIMfT2QxMck="></latexit>

9 a 2-huge
cardinal

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="mU38YA86PcnCid1Ifadb6CL7OcA="></latexit>

huge

<latexit sha1_base64="3A4EEosbbetq6CrNGbvE0nHvZhg="></latexit>

almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A
<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A : “ the axiom A implies the axiom B”

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="oci6cAMuj05YOsLt8BqxOc9oAtg="></latexit>

super C(1)-P-LgLC for extendible
<latexit sha1_base64="Pj1MVYH2eEWxjodS6xnQYzGtoa8="></latexit>

P-LgLC for extendible

<latexit sha1_base64="JMcCpjIRfrOjc5dxl8pyUXxqIh0="></latexit>

super C(1)-P-LgLC for ultrahuge

<latexit sha1_base64="P79V5H1OJW6gx3qusuEvn4UNxhs="></latexit>

super C(1)-P-LgLC for hyperhuge
<latexit sha1_base64="QqzhCGQf2fbbrN3F/owQhAo0gJU="></latexit>

9 a hyperhuge
cardinal

<latexit sha1_base64="Db2jOgqBPFVjz1SnKWBj/rgH6dc="></latexit>

9 an extendible
cardinal

<latexit sha1_base64="riZQ6Tu5SFEAb0eFyYRU7I0VIBg="></latexit>

9 an almost-huge
cardinal

<latexit sha1_base64="nTLkGhFTgGBQIbGAZ1G6fyIrjZc="></latexit>

9 a super C(1)-huperhuge
cardinal

<latexit sha1_base64="sDFYT+8vXwYkOJGeGIMfT2QxMck="></latexit>

9 a 2-huge
cardinal

: “the axioms A and B are equi-consistent.”

<latexit sha1_base64="Kf2jUyKM1xwRkrUtWY4dX0iF3c8="></latexit>

hyperhuge

<latexit sha1_base64="nH1MVRoKeRr91mTLW6e9LJYE11A="></latexit>

ultrahuge

<latexit sha1_base64="QwEEIL/fcu7wmD8fH2mLvETdvHI="></latexit>

superhuge

<latexit sha1_base64="e5iFmpW/yIRbQ1USgAvge6tOP+Y="></latexit>

super-almost-huge

<latexit sha1_base64="xXcFoiNXFS6ozHuINCiMdZlQJ+c="></latexit>あああああああああいあああああああああいあああああああああい

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="qfdRD2OUTN6ABNcJmg7Ws2e9YDk="></latexit>

P-LgLC for

<latexit sha1_base64="8sASgM7XW9IilSYiV662LDOSRzQ="></latexit>

supercompact

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="5HYzJvxqNjxVGEGYN0ojG7IjFb4="></latexit>

B A

<latexit sha1_base64="oci6cAMuj05YOsLt8BqxOc9oAtg="></latexit>

super C(1)-P-LgLC for extendible
<latexit sha1_base64="Pj1MVYH2eEWxjodS6xnQYzGtoa8="></latexit>

P-LgLC for extendible

<latexit sha1_base64="JMcCpjIRfrOjc5dxl8pyUXxqIh0="></latexit>

super C(1)-P-LgLC for ultrahuge

<latexit sha1_base64="P79V5H1OJW6gx3qusuEvn4UNxhs="></latexit>

super C(1)-P-LgLC for hyperhuge
<latexit sha1_base64="QqzhCGQf2fbbrN3F/owQhAo0gJU="></latexit>

9 a hyperhuge
cardinal

<latexit sha1_base64="Db2jOgqBPFVjz1SnKWBj/rgH6dc="></latexit>

9 an extendible
cardinal

<latexit sha1_base64="riZQ6Tu5SFEAb0eFyYRU7I0VIBg="></latexit>

9 an almost-huge
cardinal

<latexit sha1_base64="nTLkGhFTgGBQIbGAZ1G6fyIrjZc="></latexit>

9 a super C(1)-huperhuge
cardinal

<latexit sha1_base64="sDFYT+8vXwYkOJGeGIMfT2QxMck="></latexit>

9 a 2-huge
cardinal

: “the consistency of A implies the consistency of B but not the other way around.”

Conjecture 16. A model of super-C (∞)-P-LgLC for extendible, for arbitrary
tranfinitely iterable P can be obtained starting from a model with a super-
C (∞) extendible cardinal, and this cardinal has consistency strength below
that of almost huge.

The followsing conjecture has been solved positively in the meantime.
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Thank you for your attention!
ご清聴ありがとうございました．

http://www2.kobe-u.ac.jp/~fuchino/kobe-set-theory-seminar/IMG_3171-panorama.JPG

