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Riis’” Axiom — The guessing game Ris Aom (3/20)
» N := the ideal of null sets C R.

> We consider the following guessing game between Player | and
Player II: Player | guesses a real a € R; simultaneously, Player Il
guesses a countable set A € [R]™°.

> Player Il wins, if 2 € A.

> A sequence (A, : r € R) of countable sets is called a Monte Carlo
strategy of Player Il if, for any a € R,

{reR:agA}eN.

> Player Il wins the game as above with the
“probability 1", if it chooses a real r € R randomly

and take A, as its move. cER




Riis’ Axiom Ri's Axom (4/20)

» Sgren Riis thought that, since countable sets should be negligible
compared to the continuum, it should be impossible that Player Il
has such a strategy in the game and formulated:

(Riis’ Axiom [Riis]) There is no Monte Carlo st. for Player Il in
the game as on the previous slide.
» Riis’ Axiom has several interesting consequences, for example:
Theorem 1. (Riis’ Axiom) CH does not hold.
Proof. Suppose CH holds. Let (/, : o € wq) be a filtration of R.

Let +: R — wi a bijection.
> For r € R, let A, := ;). Then (A, : r € R) is a Monte Carlo st.

for Player Il in the game. )|

[Riis] Sgren Riis, FOM: A proof of not-CH, Sun Sep 13 12:24:49 EDT (1998).


https://cs.nyu.edu/pipermail/fom/1998-September/002118.html

Riis’ Axiom — A more general setting Ri's A (5/20)
» For ideals /I, J C P(R),

(R{): There is a sequence (A, : r € R) of elements of J s.t.,
forany a€ R, we have {re R : a¢ A} el

» We write "< k" to denote the ideal [R]<*; A := the ideal of null
sets C R. With this notation
Riis' Axiom < - RX/M.

> We shall call (A, : r € R) in the statement of R/ a Monte Carlo st.
for (1, J), and {r e R : a ¢ A,} the set of exceptions.

» R/ can be also defined similarly for ideals /, J over an arbitrary
infinite set X (instead of over R).
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Tukey connections on triples (relational systems) Ris Ao (7/20)

The following framework which also appeared in the tutorial lectures
and some other talks as well was introduced by Peter Vojtas at
beginning of 1990's and further developed by people including
Andreas Blass and Tomek Bartoszynski.
> Let
T ={A: A= (A_A; A), A_ AL non empty sets, AC A_ x A, }.
> For A, Be T with A=(A_,A;, A) and B= (B_, B, B),
A <7 B :&thereis p = (p_, 1) st. o : A — B_, ¢4 : By — A4,
foranyac A, be By, (¢p—(a)Bb = aApi(b)).

adp () = p_(a)Bb

> If A<y B, and ¢ = (p_, ) is as in the definition of <, we shall
write. A<?7B or A Sﬁ”w B.



Tukey connections on triples 2/5 Ris Aom (8/20)

» We can also consider Tukey relation <7 restricted to some
appropriate subclass 7" of 7.

> If we define 7" := {(A_,AL,A) € T : A_ = A;} and identify
structures (X, R) with binary relation R with the triple (X, X, R),
the class structure (77, <7) corresponds to the classical
Galois-Tukey connection of binary relations.



Tukey connections on triples 3/5 Ris am (3/20)
Lemma 1. <y is transitive.

Proof. If A <27+ Band B <\~ ¥* Cthen A <\~*~¥V+C. [

> For Ac T withA=(A_ A A) let Al:=(A A AL
where At = {{y,x) € A, x A_ : x Ay}

Lemma 2. (1) (AH)L=A.

(2) A<rB & Bt STAJ‘.

Proof. (1) is clear by the definition of “(-)*".

(2:A<E" B < VacAVbe B, (go_(a) Bb = aA<p+(b))
o Vbe B, VacA_ (a Api(b) = ¢ _(a) B b)
= BL S%D_%(Pf AL 5}

back to the proof of Lemma 4. back to the proof of Corollary 7.
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Tukey connections on triples 4/5

» Suppose A € T with A = (A_, A, A), let

Ri's Axom (10/20)
0(A):={DeP(Ay) : Vac A_dde D (aAd)},

b(A):={BeP(A-) : Vde A,3dbe B (bAd)}
and

04 :=min{|D| : D ed(A)},
by :=min{|B| : B€b(A)}
Lemma 3.

04 =by1 and by =00
Proof. D€ d(A) & Vac A_3de D (aAd)

& Yac A 3de D (d At a)

& Deb(Ah).
Thus 9(A) = b(A') and 0y = by ..

The second equation is proved similarly by showing b(A) = d(A™1).

[m]

=




Tukey connections on triples 5/5 Ris Asom (11/20)

Lemma 4. A<y B = 04 <0pandby > bp.

Proof. Assume A <7'** B holds. We show:

Claim. D € 3(B) = ¢+"D €d(A).

I Suppose D € 9(B). Then, for any a € A_, there is d € D with
v_(a) B d. It follows, by the definition of <7, that a A . (d).

This shows that ¢ "D € 2(A). c 0. "D =
+

Let D € 9(B) be s.t. | D| = dp. Then, we have,
24 < |¢2"D|<|D| =0

—~—

by Claim above.

For the second inequation, since we have B+ <7 A+ by Lemma 2.
It follows that o1 < 0,1 by above.

Thus by < by by Lemma 3.



Cardinal invariants of ideals Ris Asom (12/20)
» Let X be an infinite set and / an ideal over X.

> the usual cardinal invariants of the ideal / can be represented as
dominating and bounding numbers of triples:

Lemma 5.

(
(2) add(/) = b0y = 01,0+ = 01,1,2).
(3) cov(/)
)

0(x,1,€)

b<X7I7€> = D<X7’7€>L = D<I7X7¥>'

Proof. (3):3((X,l,€))={DCI :¥xeX3Isel(xes)}
={DCI:UD=X)}. Thus 0(x /.y = cov(/).
(4):6((X,1,e))={SCX :VselIxeS (x¢s)}
={SCX:S5¢&0)}. Thus b(x ¢y = non(/).

(x,1,e) = Vx,1,¢)+ follows from Lemma 3.

(x.1,e)- = 0(1.x,%) from the definition of At

o o

(1) and (2) are proved similarly. I}



Riis’ principles in terms of Tukey connection Ri's Aion (13/20)

Proposition 6. For ideals /, J over an infinite set set X, we have
Ri & (X,1,€) <7 (X, J,€)* (= (4, X, 2)).

Proof. =: Suppose R,J holds. This means that there is a sequence
(Ex : xe X)indst, foranyy e X, {xe X : E,#y} el
> Let o : X — J; x — E, and
o X=1ly—=D,={xeX: E.#y}
> Forx,yeX, p_(x)Zy & EZy 2 xeD, & xepi(y).

This shows that (X, /,€) <7%" (X, J, €)*.

<: Suppose (X, I, €) S?’W (X,J,€)*. Then, for x,y € X, we have
p-(x) Zy = x € pi(y).
> Let E, := ¢_(x) for all x € X. Then, for any y € X,
xeX ExZyt={xeX:p_(x)Zy}
C{xeX xecpi(y) =wpsly) €l
Thus, (Ex : x € X) witnesses R7. I5)



Riis’ principles in terms of Tukey connection (2/4) Ris iom (14/20)

Corollary 7. (1) For any ideals I, J over an infinite set X we have,
R/ < Rl. (2) R/ implies cov(/) < non(J) and cov(J) < non(/).

Proof. R/ & (X,l,€)<r (X,J,e)t & (X, J,€) <y (X,[l,e)*
—~—

~—
by Proposition 6 by Lemma 2
(1): o Rj, \ Lemma 4

~—
by Proposition 6

(2):

cov(l) = Ux1e) SVx eyt = non(J)
~— ~—
by Lemma 5 by Lemma 5 )}

~—
by by Lemma 5



Riis’ principles in terms of Tukey connection (3/4) Rifs iom (15/20)

» Let NV := null ideal over R, M := meager ideal over R.
Lemma 8. (Rothberger) R//\Vlf holds. Hence R4? also holds.

Proof. By Proposition 6 (and Corollary 7), it is enough to show

R,N,e) <+ (M,R, Z). meager set
( ) <7 ( 7) .

» LetR= N U M. Let
p_: a— a+M —_—
/\ null set
R N M R

S~~~

wr: b—=Nb

» Fora, beR, a+ MZEb & a+N>5b = acb—N.
This shows that (R, N, €) <7 %" (MR, %). i)



Riis’ principles in terms of Tukey connection (4/4) Rifs iom (16/20)

Remark 9. If non(/) = non(J) = | X |, then we have R/.

Proof. Let | X|=pand X = {x¢ : £ < pu}. Foreach & < p, let
Ee = {x, : n <&}. Then (E¢ : £ < p) reindexed by elements of X
is a Monte-Carlo st. [

Corollary 10. Suppose that / is a (proper) ideal over X, x < | X|
and R;* holds. Then cov(/) < x and | X | = non(!)

Proof. By Corollary 7, cov([X]<") = | X | and non([X]<") = k. I§j



Independence of RJf/Nl over ZFC + —-CH Ris om (17/20)

Theorem 11. MA + —CH implies Riis’ Axiom (—REM).

Proof. MA implies cov(N\') = 2%, By Corollary 10, it follows that
_|R< Ny @
N .

A set L C R is called a Luzin set, if for any uncountable X C L is
non-meager.

Theorem 12. (Yoshinobu, Rectaw-Zakrzewski) If there is a Luzin set
of cardinality 280 then RX/M holds.

Remark 13. If M is generic extension of ground model obtained more
than continuum many (appropriate number of) Cohen reals, then,
in M, the set of Cohen reals is a Lusin set of size 280,

Corollary 14. RX/N:‘ is independent over ZFC 4+ —CH.



Independence of Ry™ over ZFC + —CH (2/2) Ris o (18/20)

Theorem 12. (Yoshinobu, Rectaw-Zakrzewski) If there is a Luzin set
of cardinality 28, then RX/NI holds.

» The proof is similar to the proof of Lemma 8. meager set

Proof. Let L C R be a Luzin set with [L|=2% andletR= N U M .
~—

> Llet Ly:=LNNand Ly = LN M. null set

Note that L), is at most countable.
> Note: ([L]<™, L, %) = ([RI™M,R,Z). ¢_: aw— a+ly

We show (R, €) <7 (U, L.~

> let R N L= 1L

SN~

oy b—Ly«ib

» Fora, beR,a+LyZEb & a+Lly>b = acb—Ly.
This shows that (R, N, €) <7 ([L]<% L, Z). [



Some work in progress Ris om (19/20)
Lemma 8. (Rothberger) R/\/\Q holds. Hence R4 also holds.
Proposition A. Rgﬁf‘ is independent.

Theorem 13. (Rothberger 1938)

If there are Luzin set and Sierpinski

set and at least one of then is of size 2% then CH holds.
Proposition A.(?) R/<V(Nl + R}Nl + —CH is consistent.




Gracias por su atencion.

CRBNNL I CEVELE.

Thank you for your attention!




Irek Rectaw! S.F. Peter Vojtas
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around 1992, in Wilmersdorf, Berlin
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