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The Hamburger’'s Question in original from Generc Hamburger (4/22)

» Is the following statement consistent?
— a question asked by P. Hamburger in 1970's

(The Hamburger’s Statement in original form): For any non-
metrizable topological space X, there is a non-metrizable subspace
Y of X of cardinality < Nj.

> A topological space X = (X, Q) is metrizable if there is a metric d
on X s.t. O = O4 where Oy is the topology induced from d. X is
non-metrizable if there is no such metric d.

» Note that if X is metrizable then any subspace of X is also
metrizable.

(Reformulation of the Hamburger’s Statement):  For any topo-
logical space X, X is metrizable if and only if all subspace Y of
X of cardinality < N, are metrizable.



The Hamburger's statement in its original form is false  Genec Hamburger (5/22)

» Is the following statement consistent?
— a question asked by P. Hamburger in 1970's

(Hamburger’'s Statement in original form): For any non-
metrizable topological space X, there is a non-metrizable subspace
Y of X of cardinality < Nj.

The statement above is false.

Example 1 (Hajnal and Juhasz (1976)). For any set X of uncount-
able cardinality and p ¢ X. Let O be the topology on X U {p}
generated by

{{a} 1 ae XIU{XU{pI\A: Ac[X]<IXN.

» X U {p} is non-metrizable but any Y € [X U {p}]<!X! is metrizable.



Revised Hamburger's Problem HH Generc Hamburger (6/22)

» The following revised problem is called as Hamburger's Problem
today:

> Is the following hypothesis consistent?

(HH):  For any first countable (i.e. x(X) = Np) topological space
X, X is non-metrizable if and only if there is a non-metrizable
subspace Y of X of cardinality < Nj.

» This problem is still open.

> However several partial (positive) answers are known.



Known results around HH Generic Hamburger (7/22)
(HH):  For any first countable (i.e. x(X) = Np) topological space
X, X is non-metrizable if and only if there is a non-metrizable
subspace Y of X of cardinality < N».

Lemma 2. The assertion of HH with < N, replaced by < Nj is false.

Prop.3 (Hajnal and Juhasz (1976)). If there is a non-reflecting
stationary S C E2 for a regular cardinal A then HH does not hold.

Cor.4. HH implies that =0, holds for all uncountable «.

Thm.5 (A.Dow). For any countably compact space X, the space
X is non-metrizable if and only if there is a subspace Y of X of
size <Ny s.t. Y is non-metrizable. [

Thm. 6 ([Juhasz-S.F.-et al]). The following follows from
MAT (o-closed): For any locally countably compact space X,
the space X is non-metrizable if and only if there is a non-
metrizable subspace Y of X of cardinality <N,. [h



Known results around HH (2/3) Generic Hamburger (8/22)
(HH):  For any first countable (i.e. x(X) = w) topological space
X, X is non-metrizable if and only if there is a non-metrizable
subspace Y of X of cardinality < Nj.

Thm. 6 ([Juhasz-S.F.-et al]). The following follows from
MAT (o-closed): For any locally countably compact space X,
the space X is non-metrizable if and only if there is a non-
metrizable subspace Y of X of cardinality < Nj. (O

» The following Proposition (an improvement of the result by Hajnal
and Juhasz (Prop. 3)) shows that the reflection statement in
Thm. 6 is also a large cardinal property:

Prop. 7 ([Juhdsz-S.F.-et al]). If there is a non-reflecting stationary
set S C Eui‘ for a regular cardinal A > w; then we can construct a
counter-example to the reflection statement of Thm. 6.

Cor. 8. ([Juhész-S.F -et al]). The reflection statement of Thm.6 im-
plies =0, for all uncountable k. l.e. O, for a Kk > w; — —claim of Thm.6.



Known results around HH (3/ 3) Generic Hamburger (3/22)
» The following variation of Hamburger's Hypothesis is known to be
consistent:
(HH)_%:  For any topological space X with x(X) < 2%, X is
non-metrizable if and only if there is a non-metrizable subspace
Y of X of cardinality < 2%0.

Thm. 9. (A.Dow, F.Tall, and W. Weiss, 1990) HH_ ,x, is consistent
under the consistency of a supercompact cardinal.

Proof. Adding supercompact many Cohen reals makes a model of HH_ ,x,

(0] (Thm. 9)



An extra slide added after the first talk. Generc Hamburger (10/22)

» In most of the cases, O, for some uncountable x negates the
reflection property in consideration.

» Actually the reflection property of Thm.6 is known to be
equivalent to the combinatorial principle called the Fodor-type
reflection principle, and it can be characterized as a total negation
of a weak variant of square principle ([1]).

[1] S.F., Hiroshi Sakai, Lajos Soukup and Toshimichi Usuba, More about
Fodor-type Reflection Principle,
https://fuchino.ddo. jp/papers/moreFRP-x.pdf

> Some more explanations about generic large cardinals and
Laver-generic large cardinals (— blackboard)
[Two lemmas illustrating the background of generic large cardinals]

The Higher Infinite
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Generic Hamburger’s Problem GHH Generic Hamburger (11/22)

» We can prove the consistency of the following modification of HH
(under the consistency of an large large cardinal < 2-huge) :

» In the following we assume that the topology of a topological space
X is given by its open base X = (X, 7).

> Suppose that P is a class of p.o.s.

> A topological space X = (X, 7) is said to be P-indestructibly

non-metrizable if |Fp“ X = (X, ¥) is non-metrizable ” holds for all
PeP.

(GHHZY): For any P-indestructibly non-metrizable space X of char-
acter < k, there is a non-metrizable subspace Y C X of size < k.

(GHHEH): For any P-indestructibly non-metrizable space X of char-

acter <k, there is a P-indestructibly non-metrizable subspace
Y C X of size < k.



Generic Hamburger’s Problem GHH (2/2) Generic amburgr (12/22)

» k is P-generically supercompact, if for any A > « there is P € P
s.t. for (V,P)-generic G there are j, M C V[G] s.t. j : V 5. M,
Jj(k) > Xand j"\ e M.

» An inner model W (of ZFC) in V is said to be a ground if V is a set
generic extension of W.

» For a set I, (P, M)-Recurrence Axiom ((P,1)-RcA, for short) is
the assertion:

((P,M)-RcA): Forany P € P and pe N, if |Fp“p(p)” then there
is a ground Win Vsit. p € W and W = ¢(p).

Thm.10. (1) If k> Ny is P-generically supercompact, then
GHHZ holds.

(2) If k> Ny is P-generically supercompact, and (P, H(x))-RcA
holds, then GHH” . holds.



Three typical instances of Thm. 10 Generic Hamburger (13/22)
P Kl = max{2%0 N}
» « is (tightly) P-Laver-gen. supercompact (superhuge) if ...

K is P-Laver-gen. supercompact + (P, H (Kt ))-RcA

for P= o-closed p.o.s. > This implies k = 2% = Xy,
MA**(o-closed), and GHH<2&0 (i.e. GHH<KNﬂ)
k is P-Laver-gen. supercompact + (P, H (ki ))-RcA

for P=semi-proper p.o.s. (or proper) > This implies kK =
2% = Ny, MM™ (or PFAT™), and GHH<N2 (i.e. GHH<,,Wf[)

K is tightly P-Laver-gen. superhuge + (P, H(Kreji ))-RcA
for P=c.c.c. p.os. > This implies that K = 2% is ex-
tremely large, a strong variant of MA, and GHH<2NO

(ie.GHHZ, )

» In the next talk, we shall improve the axiomatic framework of these
instances (in particular, replacing the assumptions with axioms
whose exact consistency strength is known).



Proof of Thm. 10 Generic Hamburger (14/22)

»» The proof will be given on the blackboards!!!

» k is P-generically supercompact, if for any A > k there is P € P
s.t. for (V,P)-generic G there are j, M C V[G] s.t. j: V S5, M,
Jj(k) > Xand j"X e M.

» An inner model W (of ZFC) in V is said to be a ground if V is a set
generic extension of W.

» For a set I, (P, M)-Recurrence Axiom ((P, M)-RcA, for short) is
the assertion:

((P,M)-RcA): Forany P € P and g M, if |Fp“p(p)” then there
is a ground Win Vsit. p € W and W = ¢(p).

Thm.10. (1) If k> Ry is P-generically supercompact, then
GHHZ. holds.

(2) If k> Ny is P-generically supercompact, and (P, H(x))-RcA
holds, then GHH” . holds.



Sufficiently almost-free algebras are free Generic Hamburger (16/22)

Prop.11. ([2]) Let V be a universal algebraic variety and A € V. If
P is a ccc p.o. and |Fp“Ais free” then A is really free.

[2] S.F., On Potential embedding and versions of Martin’s axiom, Notre Dame
Journal of Formal Logic, Vol.33.No.4 (1992), 481-492.

Thm. 12. Suppose that x is ccc-generic supercompact. Let V be as
above. Then For any A € V of cardinality >k, A is free if and
only if {B : B< A,|B| <k, Bis free} contains a club in [A]<".

Cor.13. Suppose that k is ccc-generic supercompact. Then any (abelian)
group G is not a(n abelian) free group if there is H < G of cardinality
< Kk s.t. H is non-free.
Proof. Any subgroup of (abelian) free group is (abelian) free.
[Nielsen-Schreier Theorem (Dedekind Theorem)] (Cor.13)

Cor.14. Suppose that x is ccc-generic supercompact. Then any Boolean
algebra B is non-free if and only if there are stationary many non-free
A < B of cardinality < k. [


https://fuchino.ddo.jp/papers/xembed.pdf

Restricted Recurrence Axioms Generc Hamburger (16/22)

» For n € w,

((P,M)g,-RcA): Forany P e P, p €, and X ,-formula ¢,

if |Fp“@(P)” then there is a ground W in V sit. p € W and
W = ¢(p).

Lemma 15. "X is metrizable" is Z1: over the parameters (X,7,Q), (3d ---)

Thm. 16 ([S.F.&Usuba]). Suppose that & is tightly P-Lever-gen.
ultrahuge for an iterable class P of p.o.s. Then (P, H(x))s,-RcA

holds (the theorem in [S.F.& Usuba] is slightly stronger than this
statement).

Cor. 17. Suppose that « is tightly P-Lever-gen. ultrahuge for one of

the “typical” classes P of p.o.s on the previous slide .
Then GHHY _ holds.

Rrefl
Proof. Just repeat the proof of Thm.10, (1) using Lemma 15 and
Thm.16. [0 (Cor. 17)



Generic Reflection Principle Generic Hamburger (17/22)

» For a topological structure 2 (like topological group, Banach
algebra, etc. but also purely algebraic structure without topology
like group, abelian group, Boolean algebra, etc.) a property P of 2
is P-indestructible (or 2 is P-indestructibly P) if
- “ 2l has the property P” for all P € P.

(GREK): Suppose that 7 is any class of topological structures s.t.
all 20 € T is of character < (as topological space). Then, for
any X1 property P of elements of T, if 2{ € T is P-indestructibly
=P, there are stationarily many (topological) substructures 98 of
2 of size < k which is also P-indestructibly —P.

Cor. 17A. Suppose that & is tightly P-Lever-gen. ultrahuge for one of

the “typical” classes P of p.o.s on the previous slide .
Then GR” _ holds.

Rrefl
Proof. Similarly to Cor. 17. [ (Cor. 17A)

» Note that reflection statements of Thm.10., Thm.12
are special cases of Cor.17A



Laver-genericity with exact consistency strength Generc Hamtburger (18/22)

» An inner model W of V is said to be a bedrock if it is the minimal
ground.

Thm. 18 ([S.F.&Usubal). Suppose that  is tightly P-gen. hyperhuge
(this is stronger than tightly P-gen. ultrahuge), then there is a
bedrock and k is a hyperhuge cardinal in the bedrock. )}

Cor.19 ([S.F.&Usubal). For a natural class P (as in the three in-
stances of Thm. 10) of p.o.s the following statements are equicon-
sistent ((a) = (b) and (a) = (c) are implications):

) K = Kt is tightly P-Laver-gen. hyperhuge.

) There is a k which is tightly P-gen. hyperhuge.
) Kt is hyperhuge in the bedrock of V.

) There is a hyperhuge cardinal.

AN TN N N
o 0 T o



Laver-genericity with exact consistency strength (2/3)  Geeric Hanburger (19/2)

» For most of the notions of large large cardinals, The tightly
P-Laver-gen. large cardinal axiom (the axiom asserting the
existence of such a cardinal) does not imply the full (P, ()-RcA.

— Theorem 5.11 in [S.F. o]

[S.F. o0] S.F., Maximality Principles and Resurrection Axioms under a
Laver-generic large cardinal, preprint,
https://fuchino.ddo. jp/papers/RIMS2022-RA-MP-x.pdf

Thm. 20 ([S.F.&Usuba]). Suppose that P is iterable class of p.o.s
and £ is tightly super C(®)-P-Laver-gem. ultrahuge cardinal.
Then ('P,H(/{))—RCA holds. T definition: on the blackboard —


https://fuchino.ddo.jp/papers/RIMS2022-RA-MP-x.pdf

Laver-genericity with exact consistency strength (3/3)  Geeric Hanburger (20/2)

Thm. 20 ([S.F.&Usuba]). Suppose that P is iterable class of p.o.s

and k is tightly super C(Oo)—P—Laver—gem. ultrahuge cardinal.
Then (P, H(k))-RcA holds. T definition: on the blackboard —

Proof. Similarly to the proof of Thm.16. (] (Thm. 20)

Thm. 21 ([S.F.&Usuba]). Let P be as above. Then the following
statements are equiconsistent. Their consistency follows from a
2-huge cardinal:

(a) K = ke is tightly super C()_ P-Laver-gen. hyperhuge cardinal.
(b)) Keej is super C(*)_hyperhuge in the bedrock of V.
Proof. By (the proof of) Thm.18. [ (Thm.22)

Open problem. Can “hyperhuge” in Thm. 18 (and Cor. 19, Thm. 21)
be replaced by “ultrahuge” (or by “superhuge” or even by “super
almost-huge”) ? — for genuine large cardinals “hyperhuge” can
be replaced by “extendible” by a result of Usuba.
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Two Lemmas in connection with generic large cardinals

Lemma Al. (Proposition 22.4 in [higher-infinite]) Suppose that U
is an wi-complete ultrafilter over a set S and j : V 2. M is the

elementary embedding induced from U then for any cardincal 7,
j"v € M if and only if "M C M.

Lemma A2. (Lemma 2.5 in S.F., Rodrigues and Sakai[ll])
Suppose that G is a (V,P)-generic filter for a p.o. P € V, and
j:V ANy C V[G] is s.t., for cardinals k, A in V with K < A,
crit(j) =k and j”"X € M.

(1) Foranyset AeV withVE|A| <A we have j”Ae M.

(2) jIAjINeM.

(3) Forany AcV with AC Xor AC A2 we have A€ M.

(4) AHM > DY, Thus, if (AH)Y = WHVIE then (AH)M = (AH)V.
(5) HOAN)VCm.

(6) jTAEMforall AcH(AT)V.



