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Outline Resurrection and Maximality (3/21)

▷ References
▷ Outline

[The upper-half of the “Higher Infinite”] — chart given in the last talk
▷ Consistency strength of super almost-huge cardinal

[The upper-half of the “Higher Infinite”] — updated chart
▷ Irreversibility of some implications

▷ Maximality Principle
▷ Maximality Principle is preserved by set-forcing
▷ A normal notion of normal large cardinal
▷ Maximality Principle is independent over Laver-ge. large cardinal
▷ Further references
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The upper-half of the “Higher Infinite” [Higher-Inf] Resurrection and Maximality (4/21)
▶ Chart given

in the last talk:
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Consistency strength of super almost-huge cardinal Resurrection and Maximality (5/21)

▶ [Theorem 3] is what I want to establish below.

▶ For cardinals κ ≤ λ and a sequence U⃗ = ⟨Uγ : κ ≤ γ < λ⟩ s.t. Uγ is a
normal ultrafilter over Pκ(γ) for all κ ≤ γ < λ, we say that U⃗ is coherent if
Uγ = Uδ|γ := {{a ∩ γ : a ∈ A} : A ∈ Uδ} for all κ ≤ γ ≤ δ < λ,.

▷ For a coherent sequence of normal ultrafilters U⃗ = ⟨Uγ : κ ≤ γ < λ⟩, We
let jγ : V ≺→κ Mγ

∼= Ult(V,Uγ) be the standard embedding, and, for κ ≤ γ ≤ δ

< λ, we define kγ,δ : Mγ
≺→ Mδ by kγ,δ([f ]Uγ ) := [⟨f (x ∩ γ) : x ∈ Pκ(δ)⟩]Uδ

.
▷ Then we have jδ = kγδ ◦ jγ .

Theorem 1. ([Higher-Inf] , Theorem 24.11 reformulated) For a cardinal
number κ and inaccessible λ > κ the following are equivalent:

( a ) κ is a almost-huge cardinal with almost-huge elementary embedding
j with the target j(κ) = λ.

( b ) There is a coherent sequence ⟨Uγ : κ ≤ γ < λ⟩ of normal ultrafilters s.t.
① for all κ ≤ γ < λ and α with γ ≤ α < jγ(κ), there is γ ≤ δ < λ s.t.

kγ,δ(α) = δ. □□
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Consistency strength of super almost-huge cardinal (2/3) Resurrection and Maximality (6/21)

Lemma 2. If κ is an (almost) huge cardinal and ② j : V ≺→κ M is a(n
almost) huge elementary embedding. Thus, in particular,

③ j(κ)>M ⊆ M. Then ( 1 ) j(κ) is inaccessible.
( 2 ) {α < κ : α is measurable} is normal measure 1 subset of κ.
( 3 ) M |= “ {α < j(κ) : α is measurable} is stationary in j(κ)” .
( 4 ) {α < j(κ) : α is measurable} is cofinal in j(κ).

Proof. (1): Since κ is inaccessible. M |= “ j(κ) is inaccessible” by
elementarity ② . By ③ , it follows that j(κ) is really inaccessible.
(2): κ is measurable and an ultrafilter witnessing this is an element
of M by ③ and (1). Thus M |= “ κ is measurable” .
U := {A ⊆ κ : κ ∈ j(A)} is a normal ultrafilter over κ and
{α < κ : α is measurable} ∈ U . (3): By (2),
{α < κ : α is measurable} is a stationary subset of κ. By
elementarity ② , it follows that M |= “ {α < j(κ) : α is measurable}
is stationary ⊆ j(κ)”. (4): follows from (3) and ③ . □□ (Lemma 2)
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Consistency strength of super almost-huge cardinal (3/3) Resurrection and Maximality (7/21)

Theorem 3. Suppose that κ is huge. Then, {α < κ : Vκ |= “ α is super
almost-huge”} is a normal measure 1 subset of κ. see the extended chart

Proof. Let j : V ≺→κ M be a huge elementary embedding, so that we have
④ j(κ)M ⊆ M.
▶ For κ ≤ γ < j(κ), let Uγ := {A ⊆ Pκ(γ) : j ′′γ ∈ j(A)}.
▷ Then U⃗ := ⟨Uγ : κ ≤ γ < j(κ)⟩ ∈ M by ④, and U⃗ |= ① (see the proof

of [Higher-Inf] , Theorem 24.11).
▷ Since ① is a closure property, M knows that there are club many
α < j(κ) s.t. ⟨Uγ : κ ≤ γ < α⟩ |=① .

▷ By Lemma 2 , (2), M thinks that there are stationarily many α < κ which
are inaccessible (actually even measurable!). Thus

▶ M |= “ there are stat. many inaccsessible α < j(κ) s.t. ⟨Uγ : κ ≤ γ < α⟩ |=①”
▶ By Theorem 1 , ⑤M |= “ Vj(κ) |= κ is super almost-huge”.
▶ U := {A ⊆ κ : κ ∈ j(A)} is a normal ultrafilter over κ.
▶ By ⑤，{α < κ : Vκ |= “ α is super almost-huge”} ∈ U . □□ (Theorem 3)
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The upper-half of the “Higher Infinite” [Higher-Inf] Resurrection and Maximality (8/21)
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Irreversibility of some implications Resurrection and Maximality (9/21)

Proposition 4. Suppose that P = all σ-closed p.o.s or P = all ccc p.o.s.
Then tightly P-Laver gen. supercompactness of κ does not nec-
cessarily imply the P-gen. ultrahugeness of κ.

▷ For the proof of Proposition 4, we use the following:

Lemma 5. Suppose that κ is P-gen. ultrahuge for an arbitrary class P
of p.o.s. If there is an inaccessible λ0 > κ then there are cofinally
many inaccessible in V.

Proof of Lemma 5: Let λ > λ0 be an arbitrary cardinal. Then there
is P ∈ P s.t., for (V,P)-generic G, there are j ,M ⊆ V[G] s.t.
⑥ j : V ≺→κ M, ⑦ j(κ) > λ, and ⑧ (Vj(λ))

V[G] ∈ M.
▶ By ⑦ and elementarity ⑥ , we have j(λ0) > λ.
▶ By elementarity ⑥ , M |= “ j(λ0) is inaccessible”.
▷ By ⑧ , V [G] |= “ j(λ0) is inaccessible” , and hence

V |= “ j(λ0) is inaccessible”. □□ (Lemma 5)
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Irreversibility of some implications (2/2) Resurrection and Maximality (10/21)

Proposition 4. Suppose that P = all σ-closed p.o.s or P = all ccc p.o.s.
Then tightly P-Laver gen. supercompactness of κ does not nec-
cessarily imply the P-gen. ultrahugeness of κ.

Lemma 5. Suppose that κ is P-gen. ultrahuge for an arbitrary class P
of p.o.s. If there is an inaccessible λ0 > κ then there are cofinally
many inaccessible in V. □□

Proof of Proposition 4: Suppose that κ is a supercompact cardinal and
λ0 > κ is an inaccessible cardinal.

▶ We may assume that λ0 is the largest inaccessible cardinal: If there is
inaccessible cardinal larger than λ0, then let λ1 be the least such
inaccessible cardinal. Then, in Vλ1 , λ0 is the largest inaccessible cardinal
and κ is supercompact.

▷ Vλ1 |= “ κ is supercompact” can be seen using the characterization of
supercompactness in terms of ultrafilters.

▶ By Theorem 5 (in the main slides), (a), (c), there is a po P of size κ s.t.,
for (V,P)-generic G, we have V[G] |= “ κ is tightly P-Laver gen. supercompact”.

▶ V[G] |= “ λ0 is the largest inaccessible caridnal”.
▷ By Lemma 5 above, it follows that V[G] |= “ κ is not P-gen. ultrahuge”.

□□ (Proposition 4)
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Maximality Principle Resurrection and Maximality (11/21)

▶ Maximality Principle (MP) in its non parameterized form is formu-
lated in an infinite set of formulas asserting that all buttons are
already pushed. I.e., for any Lε-sentence φ, if, for a p.o. P,

(*) ∥–Q “ φ ” for all Q with P ≤◦ Q,

then φ holds.

▷ If (*) holds then we shall say that φ is a button with the push P.

Proposition 6. MP implies V ̸= L. □□

▶ For an Lε-sentence φ let
mpφ :↔ ∃P (P is a p.o. ∧ ∀Q(P ≤◦ Q → ∥–Q “ φ ”)) → φ.

▷ Formally we define: MP := {mpφ : φ is an Lε-sentence}.
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Maximality Principle (2/3) Resurrection and Maximality (12/21)

Lemma 7. Suppose that φ is an Lε-sentence. If ZFC is consistent,
then so is ZFC + mpφ.

Proof. Suppose otherwise. Then we have ⑨ ZFC ⊢ ¬mpφ.
▶ Note that
⑩ ¬mpφ ↔ ∃P (P is a p.o. ∧ ∀Q(P ≤◦ Q → ∥–Q “ φ ”)) ∧ ¬φ.
▷ In ZFC, let P be a p.o. as above. Then ∥–P “ φ ”.
▷ On the other hand, since ∥–P “ ψ ” for all ψ ∈ ZFC and by ⑨ , ⑩ ,

we have ∥–P “ ¬φ ” which is equivalent to ¬∥–P “ φ ”.
▶ Thus we obtained a proof of contradiction from ZFC. This is a

contradiction to our assumption. □□ (Lemma 7.)

Lemma 8. For any Lε-sentences φ0,...,φn−1, we have
ZFC ⊢ (mpφ0 ∧ · · · ∧mpφn−1) ↔ mpφ0∧···∧φn−1 .

Proof. If P0,...,Pn−1 are pushes of the buttons φ0,...,φn−1 resp., then
P0 × · · · × Pn−1 is a push for φ0 ∧ · · · ∧ φn−1. □□ (Lemma 8)
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Maximality Principle (3/3) Resurrection and Maximality (13/21)

Lemma 7. Suppose that φ is an Lε-sentence. If ZFC is consistent,
then so is ZFC + mpφ. □□

Lemma 8. For any Lε-sentences φ0,...,φn−1, we have
ZFC ⊢ (mpφ0 ∧ · · · ∧mpφn−1) ↔ mpφ0∧···∧φn−1 . □□

Theorem 9. (Hamkins,[Hamkins] ) If ZFC is consistent, then so is
ZFC + MP.

Proof. By Compactness Theorem, Lemma 7 and Lemma 8.
□□ (Theorem 9)

▶ The same proof also shows the following:

Theorem 10. Suppose that “x-large cardinal” is a notion of large cardinal
s.t. “κ is an x-large cardinal” is preserved by set-forcing of size < κ.
If ZFC + “there are class many x-large cardinals” is consistent,
then so is ZFC + MP + “there are class many x-large cardinals”. □□
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Maximality Principle is preserved by set-forcing Resurrection and Maximality (14/21)

Theorem 11. (Hamkins, [Hamkins] )
MP is preserved by any set-generic extension.

Proof. The theorem follows immediately from the following Lemma.
□□ (Theorem 11)

Lemma 12. MP is equivalent to {mp+φ : φ is a Lε-sentence}
where
mp+φ :↔ ∃P (P is a p.o. ∧ ∀Q(P ≤◦ Q → ∥–Q “ φ ”))

→ ∀R(R is a p.o. → ∥–R “ φ ”).

Proof. ⇐: is trivial.
⇒: Write 2φ for ∀R(R is a p.o. → ∥–R “ φ ”).
▷ We have 2φ ↔ 22φ. Thus mp2φ is equivalent to mp+φ .

□□ (Lemma 12)
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A normal notion of normal large cardinal Resurrection and Maximality (15/21)
▶ A kind of inverse of Theorem 10 also holds:

Theorem 13. Suppose that MP holds. If “x-large cardinal” is a notion
of large cardinal s.t. ① “κ is an x-large cardinal” implies that κ
is inaccessible; ② “κ is an x-large cardinal” can not be destroyed
by forcing of size <κ; ③ no new x-large cardinal is created by
set-forcing.
If there is an x-large cardinal, then there are cofinally many x-large
cardinals in V.

Proof. Suppose otherwise. Let κ0 be a x-large cardinal, and
κ1 > κ0 be a cardinal above which there are no x-large cardinals.

▶ Let P be a p.o. which collapses κ1 to, say cardinality ω1, and let G
be a (V,P)-generic filter. Then by ① and ②, there is no x-large
cardinal in V[G]. Also there is no x-large cardinal in any further
generic extention by ③ .

▷ By MP it follows that there is no x-large cardinal in V but this is a
contradiction to the assumption of the theorem. □□ (Theorem 13.)
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A normal notion of normal large cardinal (2/2) Resurrection and Maximality (16/21)

▶ We shall say a notion of large cardinal (call this notion “x-large
cardinal”) normal if ① “κ is an x-large cardinal” implies that κ is
inaccessible.

② “κ is an x-large cardinal” cannot be destroyed by a forcing of size <κ.
③ No new x-large cardinal can be created by small set-forcing.
④ ZFC + “there are unboundedly many x-large cardinals” is consistent.
▶ Most of the known notions of large cardinal are normal in the sense

above under the assumption of the consistency of the existence of a
sufficiently large cardinal.

Example 14. The notion of super almost-huge cardinal is normal
under the consistency of ZFC + “there is a huge cardinal” ( Theorem 3 ).

▶ A normal notion of large cardinal “x-large cardinal” is suspiciously
normal if “small” in ③ is dropped. The notion of “x-large cardinal”
in Theorem 13 is rather suspiciously normal.
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Maximality Principle is independent over Laver-ge. large cardinal Resurrection and Maximality (17/21)

Theorem 10 reformulated. Suppose that “x-large cardinal” is a normal
notion of large cardinal. Then
ZFC + MP + “there are class many x-large cardinals” is consistent. □□

Theorem 11. (Hamkins, [Hamkins] )
MP is preserved by any set-generic extension. □□

Theorem 13 reformulated. Assume that MP holds. If “x-large cardi-
nal” is a normal notion of of large cardinal and there is at least one
x-large cardinal, then there are cofinally many x-large cardinals in V. □□

Theorem 15. Suppose that P is an iterable class of p.o.s, and “x-large
cardinal” is a normal notion of large cardinal s.t. its (tightly) Laver-
generic version is well-defined and can be forced starting from an
x-large cardinal κ by a set forcing of small size, then MP is consistent
with ZFC + “ there exists a (tightly) P-gen. Laver-gen. x-large cardinal”.
If, in addition, “there exist y-large cardinals above an x-large cardinal
but only boundedly many” is consistent for a suspiciously normal notion
of large cardinal “y-large cardinal”, then MP is independent over
ZFC + “ there exists a (tightly) P-gen. Laver-gen. x-large cardinal”.

Proof. By Theorem 10, ZFC + MP + “there are class many x-large cardinals”
is consistent.
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Maximality Principle is independent over Laver-ge. large cardinal (2/2)Resurrection and Maximality (18/21)
▷ Starting from a model of this theory, if we force the existence of (tightly)

P-Laver-gen. x-large cardinal by a set-forcing then MP survives in the
generic extension by Theorem 11.

▷ This shows the consistence of ZFC + MP +
“there is a (tightly) P-Laver gen. x-large cardinal”.

▶ For the second-half of the theorem, we start from a model with an x-large
cardinal κ0 and with at least one but only many y-cardinals above κ0.

▷ Working in such a model V, Force the existence of (tightly) P-Laver gen.
x-large cardinal using κ0.

▷ Let V[G] be the generic extension. By the properties ② and ③ of
normality there are y-large cardinals in V[G] but they are bounded.

▷ By Theorem 13, it follows that V[G] |= ¬MP. □□ (Theorem 15)

Corollary 16. Suppose that P is an iterable class of p.o.s for which a forc-
ing construction of P-Laver gen. supercompact cardinal like the one in
Theorem 5, (1) or (3) in the main slides is available. Then MP is inde-
pendent over ZFC + “there is a P-Laver gen. supercompact cardinal”.

Proof. Use “inaccessible” as “y-large cardinal” in Theorem 15.□□ (Corollary 16)
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Further references Resurrection and Maximality (19/21)
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Thank you for your attention!
ご清聴ありがとうございました．

1 日本語
すべての人間は、生まれながらにして自由であり、かつ、尊厳と権利とに

ついて平等である。人間は、理性と良心とを授けられており、互いに同胞の
精神をもって行動しなければならない。

2 中国語・簡体字 简体中文
谢谢您的倾听。

3 中国語・繁体字

4 韓国語 한국어
관심을 가져 주셔서 감사합니다

1

8 ロシア語 Русский

Все люди рождаются свободными и равными в своем достоинстве и
правах. Они наделены разумом и совестью и должны поступать в от-
ношении друг друга в духе братства.

9 ギリシア語 Ελληνικά
΄Ολοι οι άνθρωποι γεννιούνται ελεύθεροι και ίσοι στην αξιοπρέπεια και τα

δικαιώματα. Είναι προικισμένοι με λογική και συνείδηση, και οϕείλουν να

συμπεριϕέρονται μεταξύ τους με πνεύμα αδελϕοσύνης.

Σας ευχαριστώ για την προσοχή σας.

10 日本語
すべての人間は、生まれながらにして自由であり、かつ、尊厳と権利とに

ついて平等である。人間は、理性と良心とを授けられており、互いに同胞の
精神をもって行動しなければならない。

2

Dziękuję za uwagę.

Ich danke Ihnen für Ihre Aufmerksamkeit.

http://www2.kobe-u.ac.jp/~fuchino/kobe-set-theory-seminar/IMG_3171-panorama.JPG

