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SAEHEZHRAFH (Set-generic Multiverse) Makiere (3/12)

> BROEGHTE, H’AD HEATWS ) BEHROLI=Y 7 —RAV ={x : x=x}
6 3 U CHEdlE (forcing) ZHWT, genericERZ MRS 5 2 &%, WHE
TAEMRT 22, 2O 00OMKEDOKRDIRL OHEMZEDET VO
BIZ X DAERENS, FERDOL=Y 7 —Ab0MKEEZ S, LWV HAD
HARICZ 2 ZeMRZWn. O XD MR, BEmIZIHTTH (set theoretic
multiverse) &FHIN 5.

> R, LEFRIRORERT, £ I TERIRENEEET V& generic-HER DifiR{fE
TIFHNL5 DD (sef-forcing TH & D universe ICR2 Z ¥ DTE 3 X 5 RAHRE
7L: grounds of V & HIER) IR o 7z & F AR S N 2 ZHFFH 1L, £EMR
HIREZ A FLFH (set-generic multiverse) EFHENE Z 23D 5.

> WINDBEICD, (A DEATVD) AMOEETHL=Y 7 — AV &, TRNTD
LEANDBEZ TAKDT, TNODEDIEREZL S, LWVW5DREHHEDT7 47
TarvTLeHhRRN. —dbBAA, TD7 47 a Yy EHMHRHYOFEE
FWTEYELT 3 HREV L D2H SN TV B DR, e 2F, U 250

[ Kenneth Kunen, Set Theory: An Introduction to Independence Proofs (1980).
IS F., Iterated forcing, Lecture note (2018).


https://fuchino.ddo.jp/notes/iterated-forcing-katowice-2018.pdf#page=14

SARHEZHAFHOET I Mutverse (4/12)

> PEOEO—DDITIEE, "V D po. P2k, H2 generic-iik V[G] T ¢
DD ID" & "HB peP WL, pllp“e” DIRDID" LHAHEZIL L
TH5.

> L2L IO TFEAZ ] 13 meta mathematical R EEZATWS 728, TR T
X, BERNZMAFTHROEZNZERE EE VDRV bDICKR->TLE->TY
% L, generic set G ICB3 % features IZELEN HHIEDBLTLES.

> ZD [ITRTOEENSKR DI 7 — ADER ZHRR) OREE [E#S 2 720
12, ZFC F£721%, ZFC O+ K& 72 fragment ORJERHERIET L M 22 D,
MV = {N : N is a generic extension of a ground of M}
ZEARENEZHAFHOETLLELTLE S, VWS e EILNS.

> ZOETIUX, ATEREED 5725 toy model TL2RW ("AY)" O multiverse &
DOREMESTHATH S — 7272L, FED ne NIIMLT, M=5, VEFTEZ
LIETE ).



Steel DZHAFHETIL MVé{,ﬁG Multverse (5/12)

MV 1E, ZH8 toy model TH B Z ¥ DATHL, ZNH upward closed TR,
EWVOEDE - TV 5.

Theorem 1. (H.Woodin, see see Hamkins [31) For a countable transitive model
M of ZFC and P € M with M |= P = Fn(w, w), there are (M, P)-generic Gy,
Gy such that M[Go] and M[G;] do not have any common extension. I5}

> J.Steel 1¥, ZOMEEMERT 27-DICRD &5 BEMHRFHOEF NV EEALT
L\}Z)M] , 151 :

> Let M be an arbitrary countable transitive model of ZFC and let G be a
(M, Col(w, OnM))-generic filter.

MVQ/.IEG :={N : Nis a ground of M[G | «] for some a € OnM}.

Bl Joel D. Hamkins, Upward closure and amalgamation in the generic multiverse of a
countable model of set theory, HFEEATHTFERTAFLER (RIMS Kokyd-roku) Vol.1988, (2016).

Bl John. R. Steel, Gédel's program, in: J. Kennedy (ed.), Interpreting Godel:
Critical Essays. Cambridge, UK: Cambridge University Press (2014).

[5] , Generically invariant set theory, in: S. Arbeiter, and J. Kennedy (eds.),
The Philosophy of Penelope Maddy, Springer (2024).


https://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/1988-02.pdf#page=4
https://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/1988-02.pdf#page=4

The Super-C(®)-LgL.CAA for hyperhuge Mierse (6/12)

> MVEE I M L G IiRELTWA L, AL LT toy model IZF F751y, LW
5 IR - TV 5.

NI the Super-C(*)-Laver generic Large Cardinal Axiom for All p.o.s and for
hyperhugeness (L{R The super-C(*)-LgLCAA for hyperhuge ¥ %), Z{ET %
&, upward closedness % & s Steel DEFE L7z multiverse DEE 27z 5ET L
MY T, “AYD multiverse” DIRWZE LD RIRKMLTWD LFROTE 25D
DEATES.

The super-C(®)-LgL.CAA for hyperhuge: (ZHTH XZREVDT, LIRTIE (A) LHET)

For all n € N, for any \g > 2%° and p.o. P, there are X > Ao with Vy <s, V,
and a P-name Q of a p.o. s.t., for (V,PxQ)-generic H, there are j, M C V[H]
with - -

( )J v ‘>2N0 M,

) J(2%) >\ P, PxQ He M,

c) (tlghtness) |RO(P + Q)| < j(2%), and
d) j”j()\) € M (the closure property corresponding to hyperhugeness),

(b
(
(
(e) Vi VE o5 VIH] (ie. A e (CM)Y; () € (C)VE) (super-C(>) feature).



The super-C(*)-LgL.CAA for hyperhuge (2/2) e (1/12)

Theorem 2. (S.F.-Usuba [l Lemma 4.5, Theorem 4.6 and Theorem 4.7,(4))
Consistency of the (A) can be established starting from ZFC + there is a
2-huge cardinal. )

Lemma 3. (S.F.-Usuba®l rather hidden) (A) implies CH. Isj

> MCV DV D bedrock TH2 i, M2V D (C IZEIL T) minimal 7% ground
TH>5ZrTH5. Bedrock IZFFETIUI—ETH 3.

Theorem 4. (S.F.-Usuba 6], Theorem 5.2, Theorem 5.8) Assume that (A ) holds.
Then the bedrock W exists and (2%)V is a super-C(>) hyperhuge cardinal in
W. )

Theorem 5. (S.F.-Usuba®!, Lemma 4.1) For a model M of ZFC if & is a super-
e hyperhuge cardinal in M then we have V., < M. In particular, under

(A), Viprop"’ < W holds. i}

1S F. and Toshimichi Usuba, On Recurrence Axioms, Annals of Pure and
Applied Logic, Vol.176, (10), (2025).



https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=17
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=19
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=20
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=17
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=17
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=27
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=33
https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=15

LHRFHOD geology ADRM (reflection) Motese (8/12)
b (M) BIZELT, k= (2%)Y &L,

MV = {VKW[G] : G is a (W, P)-generic filter € V for some P € VKW}

35,

> Theorem 4 12X D, bedrock W ZMF#EL, k = (2%)V 1& W T super-C(>)
hyperhuge T® %.

> By Theorem 5, 12k b, V,"V <W TH3. LEA>T, MY DEHXTOLS %
G xtL, V.V[G] < W[G] A3 b 3.

Theorem 6. (S.F.-Usuba [¥1, Theorem 4.10) (A ) implies the Maximality Principle
MP(all p.o.s, H(2%)).

> ZDZLE[MES L, MV 2 upward closedness % & LZITFH DR ONEEE %
FTARTHT ZEHAATE 3.


https://fuchino.ddo.jp/papers/recurrence-axioms-x.pdf#page=23

gﬁﬁ?ﬁo) geology ’\OJ&H% (reﬂection) (2/3) Mutierse (9/12)
> LUROFEADS, VICHET2HE—D fromula & L TR T = 3£ AL
HAFHDOMWEIX, T “geological 72 multiverse” MV IZKXN 3 Z
L% (KR O ER G THE):

v

Assume that (A) holds.  Then there is the bedrock W (Theorem 4),
MP(all-p.o.s, #(2%¢)) ( Theorem 6), and x := 2% = N; (Lemma 3) holds.

> Let V= W[G] for a (W, P)-generic G € V for some P € W.

> Suppose that V [= [Fg “¢” for an L.-sentence p and a p.o.Q € V. Let Q € w
be a P-name of Q@ s.t. W = |Fp.g “¢ 7.

> InV, let R be a p.o. that forces the continuum is > | P x @|
Then we have V= |Fr“IPeW(|P|<2% A W |Fp“p?)”.

> By MP(all-p.o.s, H(2")), there is a ground W of V s.t.
W SPeW(|P|<2% A WE |Fpe”)



ZHRFHD geology ADRM (reflection) (3/3) e (10/12)

> Since (2%)W < (2%)V, and W is absolute between W and V, it follows that
VEIPeW([P[<2% A W |Fp ™).

> Let P* € W be sit. |[P*| <k, and W |= |-p+ “¢7. By a consequence of Theorem
6, there is a (W, P*)-generic G* € V. We have W[G*] |= ¢.

» Thus, under (A),  VVETe My, and  VWET = by Theorem 5. [



Open Problems and reference Muvese (11/12)
» Problems: MV IZDWT, Steel ONER MV &z 3 2 & LIS fns
SR/ MV ICET 20 U THEIGEMTE 207
— MV +BA?
— the L, ., theory:
MV + “thereis W e W st. W = (A)" ?
— the L, . theory:
MV + “thereis W e W st. W = (A)”
-+ “for all transfinitely iterable stationary preserving P, there is W € W s.t.
W [= the super-C(>)P-LgLCA for extendible” ?

— Bedrock = ultimate-L ?
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