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Definition 0.1 For a cardinal x and a class P of posets, we call k a Laver-generically
supercompact for P if, for any A > k and any P € P, there are a poset Q € P with
P < Q and (V,Q)-generic filter H such that there are an inner model M C V[H]| and a class
function j C V[H] with

(01  j:V3 M,

(0.2)  crit(j) =k, j(k) > A\,
(0.3) P,He M and

(0.4)  j"xe M.

A cardinal k is called Laver-generically superhuge (super almost-huge, resp.), if the con-
ditions in Definition 0.1 holds with (0.4) replaced by

(0.5)  j"j(k)e M (3"p e M for all p < j(k), resp.).

A cardinal « is tightly Laver-generically supercompact (superhuge, super almost-huge,

resp.) if we have

0.6)  [Q=j(x)

in addition for the poset Q in the definition of Laver-generial supercompactness (superhuge-

ness, super almost-hugeness, resp.)



Handout 2019/05/31 (2019 % 06 B 03 BfR) 2

Lemma 0.1 (Lemma 2.4 in [2]) Suppose that G is a (V),P-generic filter for a poset P € V
and j V> M C V[C] such that, for cardinals k, X\ in V with k < X, crit(j) = k and
j"Ne M.

For any set A € V with V = |A| < A, we have j"A € M.

2) 41 A2 e M.

3 ForanyAEVwzthAC)\07’AC/\2 we have A € M.

M > (AN, Thus, if A1)V = WHVIO, then AHM = (AH)V.

(A
HOAT)Y C M.

)
)
)
)
5)
)
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(
(
(4
(
(6) j 1 A€M forall Ae H(NF)V.

Theorem 0.2 (Theorem 6.21in [2]) (1) Suppose that ZFC + “there exists a supercompact
cardinal (super almost-huge cardinal, superhuge cardinal, resp.)” is consistent. Then ZFC +
“there exists a tightly Laver-generically supercompact cardinal (super almost-huge cardinal,

superhuge cardinal, resp.) for o-closed posets” is consistent as well.

(2) Suppose that ZFC + “there exists a superhuge cardinal” is consistent. Then ZFC +

“there exists a tightly Laver-generically super almost-huge cardinal” is consistent as well.

(3) Suppose that ZFC + “there exists a supercompact cardinal (superhuge cardinal, resp.)”
is consistent. Then ZFC + “there exists a tightly Laver-generically supercompact cardinal

(super almost-huge cardinal, resp.) for ccc posets” is consistent as well. a

Proposition 0.3 (1) (Lemma 6.3 in [2]) Suppose that k is generically measurable by a wy

preserving P. Then k > wy.

(2) (Lemma 6.4 in [2]) Suppose that k is Laver-generically supercompact for wy-preserving
P with Col(wy, {wa}) € P. Then we have k = ws.

(3) (Lemma 6.5 in [2]) Suppose that P is a class of posets containing a poset P such that
any (V, P)-generic filter G codes a new real. If k is a Laver-generically supercompact for P,
then k < 280,

(4) (Lemma 6.6 in [2]) Suppose that P is a class of posets such that elements of P do not

add any reals. If k is generically supercompact by P, then we have 280 < k.

(5) (Proposition 2.7 in [2]) Suppose that k is generically supercompact for a class P of
posets such that all P € P are p-cc for some p € Card. Then

(a) SCH holds above max{2<" u}.

(b) For all regular A > k, there is a p-saturated normal fine filter over Py(N).

(6) (Theorem 6.8 in [2]) If k is tightly Laver-generically superhuge for ccc posets, then
k=280,
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For a class P of posets and cardinals p, x, we consider the following strengthening of

the forcing axiom for P:

MATH(P < k):  For any P € P, any family D of dense subsets of P with |D| < k and any
family S of P-names such that |S| < p and |Fp “S is a stationary subset of w;”

for all S € S, there is a D-generic filter G over P such that S[G] is a stationary
subset of wy for all S € S.

For a poset P, P-name S of a set of subsets of On and a filter G on P, let

0.7y SG)={b:b={acOn:plp“acs” for ap € G} for a P-name s

such that |Fp “se S and sup(s) =sup(b)”}.

Note that if G is a (V, P)-generic filter, then S(G) = S[C].

For uncountable cardinals p and x > Ny, let MATT#(P < k) be the strengthening of
MATH(P, < k) defined by:

MATHH(P < k):  For any P € P, any family D of dense subsets of P with |D| < k and
any family S of P-names such that |S| < p and |Fp “S is a stationary subset of

777,5(9&*)” for some w < ng < 05 < p with ng regular, for all S € S, there is a

D-generic filter G over P such that S(C) is stationary in Pyy(fs) for all S € S.

Clearly MATT1 (P < k) is equivalent to MAT“1 (P, < k).

Theorem 0.4 (Theorem 6.7 in [2]) For an arbitrary class P of posets, if k > Ny is a
Laver-generically supercompact for P, then MATTH(P < k) holds for all p < k.

9

For principles “SDLS---” mentioned below, see [1] and [2].

Theorem 0.5 (Theorem 6.9 in [2]) (1) Suppose that k is Laver-generically supercom-
pact for o-closed posets. Then 280 = Vi, k = Ny, MA11(g-closed) and hence also
SDLS(LY?,, < No) holds.

(2) Suppose that k is Laver-generically supercompact for proper posets. Then Mo = i =
Ny, PFAT“1 and hence also SDLS™ (L0 . < 2%0) holds.

stat»

(3) Suppose that k is Laver-generically supercompact for ccc posets. Then 280 > k and
Pi(A) for any regular X > k carries an Wy-saturated normal ideal. In particlular, k is k-
weakly Mahlo. MAT#(cce, < k) for all u < r, SDLS™ (LY . < k) and SDLS™ (LLKE < k)
also hold.
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